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Abstract

@ This work examines finite-dimensional wavelet systemis’(T) and
L?(T?) in which dilation is achieved by a dyadic downsampling of the
Fourier transform. At scalp> 0 these systems will have dimension 2
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Abstract

@ This work examines finite-dimensional wavelet systemis’(T) and
L?(T?) in which dilation is achieved by a dyadic downsampling of the
Fourier transform. At scalg> 0 these systems will have dimension 2

@ On the circle:

o Dilation: Df (k) = f(2k), ke Z.
o TranslationT,, wherea € I'j = 271Z/7Z.

@ On the torus:

s Dilation: Df (k) = f(Ak), k € Z2, where

A= (3 7))

e TranslationT,, wherea € I} = A7172/72.
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Preliminaries on thecircle
Dilation

Definition 1

Forf € L2(T), Df (k) = f(2k), k € Z.
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@ Dilation on the circle performs downsamplingf the Fourier
coefficients.
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Preliminaries on thecircle
Dilation

Definition 1

Forf € L2(T), Df (k) = f(2k), k € Z.

v

@ Dilation on the circle performs downsamplingf the Fourier
coefficients.

o Dilation on the circle is not invertible, hence MRAs will bae-sided.

o Dilation of a trigonometric polynomial will eventually rek in a
constant function, i.e., if is a trigonometric polynomial theB'f = f(0)
for sufficiently largegj € N.
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Preliminaries on thecircle

Shift-Invariant Spaces

Definition 2

The principal shift-invariant space of orde? generated by € L?(T) is the
finite-dimensional spac¥(¢) = spark;(¢), where

Xi(4) = {Th¢: 0<n<2 —1}.
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Preliminaries on thecircle

Shift-Invariant Spaces

Definition 2

The principal shift-invariant space of orde? generated by € L?(T) is the
finite-dimensional spac¥(¢) = spark;(¢), where

Xi(4) = {Th¢: 0<n<2 —1}.

Definition 3

Thebracket product of orde®’ of two functionsf, g € L?(T) is the vector
[f,0]; € ¢(Zy) defined by

[fvg]j(n) =2 Zf(n+ k2j)m’ 0<n<2 -1
keZ

Here,/(Zy ) is the finite-dimensional space of functions definedZg@iZ.

4
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Preliminaries on thecircle

Shift-Invariant Spaces

Proposition 1

Forall f,g € L(T),

Fo <{<f=T2—Jg> 32—01) = Tii[ﬂ@]j,

whereF,; is the Fourier transform or(Z, ).
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Preliminaries on thecircle
Shift-Invariant Spaces

Proposition 1

Forallf,g e L%(T),

Fo <{<faT2—Jg> ﬁj:_ol> = 2_%[f7g]j7

whereF,; is the Fourier transform or(Z, ).

Proposition 2

The collection X ¢) forms an orthonormal basis for;®) if and only if

[qj;, qj,;]J(n) = 17 ne ZZJ"
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Preliminaries on thecircle

Refinable Functions

Definition 4
A function ¢ € L2(T) is said to beefinable of order? if there exists anask

C € {(Zy) such that

Do = > c(n)T5¢. @)

NEZy
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Preliminaries on thecircle

Refinable Functions

Definition 4
A function ¢ € L2(T) is said to beefinable of order? if there exists anask

C € {(Zy) such that

Do = > c(n)T5¢. @)

NEZ,j

Suppose thap € L2(T) is refinable of orde®!, then there exists ra £(Zy)
such that

H(2k) = m(k)p(k), ke Z. 2)
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Preliminaries on thecircle

Refinability of Dilates

If ¢ € L2(T) is refinable of order2with filter m € ¢(Z,) then

Dp= ) ( > c(n+£21'—1)) T5-.D¢,

NEZy—1 \£€{0,1}

i.e.,D¢ is refinable of orderi21.
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Refinability of Dilates

If ¢ € L2(T) is refinable of order2with filter m € ¢(Z,) then
Dp= ) > cn+27Y) | T5..Dg,
NEZy—1 \£€{0,1}

i.e., D¢ is refinable of orderi2?. It is not difficult to show tham(2.) is a
filter for Dep.
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Preliminaries on thecircle

Refinability of Dilates

If ¢ € L2(T) is refinable of order2with filter m € ¢(Z,) then

Dp= ) > cn+27Y) | T5..Dg,
NEZy—1 \£Le{0,1}

i.e., D¢ is refinable of orderi2?. It is not difficult to show tham(2.) is a
filter for Dep.

v

Notice thatDy(0) = m(0)@(0). Hence, ify is refinable with3(0) # 0, it
follows thatm(0) = 1.

N
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Multiresolution Analysis on thecircle

Multiresolution Analysis

Definition 5
A multiresolution analysis (MRA) of ordé¥ is a collection of closed

subspaces df(T), {Vi}H_,, satisfying
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Multiresolution Analysis

Definition 5
A multiresolution analysis (MRA) of ordé¥ is a collection of closed
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Multiresolution Analysis on thecircle

Multiresolution Analysis

A multiresolution analysis (MRA) of ordé¥ is a collection of closed
subspaces df(T), {Vi}H_,, satisfying

) For1<k<j, Vier C Vi

i) Forl<k<j—1,f € Vcifand only if Df € V_1;
i) Vo is the subspace of constant functions;

iv) There exists acaling functiony € V; such thai (2 Di-¥y) is an
orthonormal basis fov.
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Multiresolution Analysis on thecircle

Multiresolution Analysis

Definition 5
A multiresolution analysis (MRA) of ordé is a collection of closed

subspaces df?(T), {Vi}_,, satisfying
) For1<k<j, Vier C Vi
i) Forl<k<j—1,f € Vcifand only if Df € V_1;
i) Vo is the subspace of constant functions;
iv) There exists acaling functiony € V; such thai (2 Di-¥y) is an
orthonormal basis fov.

| \

Remark 4

Notice that MRA properties i, ii, and iv imply that a scalingntctiony is
necessarily refinable of ordet. Moreover, it follows from MRA properties
iii and iv that Dl must be constant and nonzero, implying théd) # 0.
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Multiresolution Analysis on thecircle

Characterization of Scaling Functions

Supposey € L%(T) is a refinable function of orde2’ with $(0) # 0. Theny
is the scaling function of an MRA of ord@rif and only if

Imo(n)> + [mo(n+ 2712 =1, ne Zy, ©)

and
[, ¢li(n) =1, n€Zy. 4)
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Multiresolution Analysis on thecircle

Characterization of Scaling Functions

Supposey € L%(T) is a refinable function of orde2’ with $(0) # 0. Theny
is the scaling function of an MRA of ord@rif and only if

Imo(n)> + [mo(n+ 2712 =1, ne Zy, ©)
and

[2,2li(n) =1, neZjy. (4)

v

Equation (3) will be referred to as tlg&mith-Barnwell equatiofor the filter.
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Multiresolution Analysis on thecircle

Existence of Scaling Functions

Suppose J€ £(Zy) satisfies(3) with mp(0) = 1. Then ng is the low-pass
filter of a trigonometric polynomial scaling function of end? .
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Multiresolution Analysis on thecircle

Existence of Scaling Functions

Suppose J€ £(Zy) satisfies(3) with mp(0) = 1. Then ng is the low-pass
filter of a trigonometric polynomial scaling function of end? .

The construction:
1. Let (0) = 2~ ¢.
2. For—2-2<k<2-2-1, letp(2k + 1) = 27 ¢.
3. For—272 < k<272 _-1and 1< n<j — 1, definep(2"(2k + 1))
according to (1), i.e.,

P(2"(2k + 1)) = mp(2"1(2k + 1)) p(2" 1 (2k + 1)).
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MRA waveletson thecircle
Orthonormal Wavelets

Let {Vk}j _o be an MRA of order 2 A function € V; is awaveletfor the
MRA if the collection

(27T, D=0y 0<k<j—1, neZy}

is an orthonormal basis faf; © Vo.
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MRA waveletson thecircle
Orthonormal Wavelets

Definition 6

Let {Vk}j _o be an MRA of order 2 A function € V; is awaveletfor the
MRA if the collection

(27T, D=0y 0<k<j—1, neZy}

is an orthonormal basis faf; © Vo.

This construction rests on a decompositdn= Vi_1 & Wi_1, L < k <,
whereW is of the form

Wi = V(D= (D),
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The High-Pass Filter

Theorem 3

Suppose thap is the scaling function of an MRA of ord@rand define
Y € Vj by

~

P(k) = mu(k)p(k), ke Z,
where m € ¢(Zy) is chosen as

m(n) = mp(n+ 2 1) e 227" ne 7z, (5)

Theny is a wavelet for the MRA.
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MRA waveletson thecircle
Borrowing from the Line

Proposition 3

Suppose & ¢?(Z) is an absolutely summable sequence whose Fourier
transform m= € satisfies

ImE)P+mE+21)2=1 ¢£e€eT,

If co € (Zy) is defined by

co(n) = 24 D cn+k?d), nezy,
kez

then my = ZjécAo satisfies the Smith-Barnwell equati(s).

Brody Dylan Johnson (St. Louis University) Quincunx wavelets on T? 4 December 2009



MRA waveletson thecircle
The Haar Scaling Function

A low-dimensional example will be good for illustrating tbenstruction ofp.
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MRA waveletson thecircle
The Haar Scaling Function

A low-dimensional example will be good for illustrating tbenstruction ofp.

Example 1 (Haar Filter)

Fix j = 3 and letc € ¢(Zsg) be given byc(0) = ¢(1) = 1 with c¢(n) = 0 for
n # 0,1. The low-pass filtemy € ¢(Zs) is given by

mo(n) = e ™8 cos(nr/8), n e Zs.

It is easy to verify the Smith-Barnwell equation (3).
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MRA waveletson thecircle
The Haar Scaling Function

B3 = = — p(-6) = A-IIm(S) — E-12) = H-Em(Sm(2).
D) = oo — B2 = A7) — E(-4) = A(-2)m(TIm(6).
(0 = =
Y = 22— B2 = UML) — 2(4) = ADm(Dm(2),
(@) = = — 90 = SEAm(E) — (12) = HEm(EAm(6)

Each “strand” terminates because the next computationdinalude
mo(4) = O.
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MRA waveletson thecircle

The Haar Scaling Function £ 3)
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MRA waveletson thecircle

The Haar Waveletj (= 3)
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MRA waveletson thecircle
Approximation Error

The error of approximation will be studied for trigonometnonomials.
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MRA waveletson thecircle
Approximation Error

The error of approximation will be studied for trigonometnonomials.

Definition 7

The error of approximation, denotég;(k), is defined as

1
2

Ex(k) = [1-2|p(K)[]?, keZ

An elementary calculation shows tHay (k) is the approximation error
|Pf — || wheref = e7** andP is the orthogonal projection onig(¢).
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MRA waveletson thecircle
An Approximation Result

If m(¢) is a continuous function on the circle with(0) = 1 and satisfying the
Smith-Barnwell equation (3), one can define a scaling fonctissociated to
mof order 2.
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MRA waveletson thecircle
An Approximation Result

If m(¢) is a continuous function on the circle with(0) = 1 and satisfying the
Smith-Barnwell equation (3), one can define a scaling fonctissociated to
mof order 2.

Proposition 4

Fixr € Nande > 0. Then there exists} O such that Bj(k) < ¢ for |k| <,
wherey is constructed as in Theorem 2.
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MRA waveletson thecircle
An Approximation Result

If m(¢) is a continuous function on the circle with(0) = 1 and satisfying the
Smith-Barnwell equation (3), one can define a scaling fonctissociated to

m of order 2.

Proposition 4

Fixr € Nande > 0. Then there exists} O such that Bj(k) < ¢ for |k| <,
wherey is constructed as in Theorem 2.

| A\

Remark 6
Notice that this discussion does not apply to the classicbah8on filter or
scaling function. The next example seeks to remedy thiatsito.
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MRA waveletson thecircle
The Shannon Scaling Function

Example 2 (Shannon Filter)

Letmg € ¢(Zy) be defined fof > 2 by

1o 35
1, n<z2orn> 32,
mo(n) = %, n=12orn=32, nez,,

0, otherwise

Brody Dylan Johnson (St. Louis University) Quincunx wavelets on T? 4 December 2009



MRA waveletson thecircle
The Shannon Scaling Function

Example 2 (Shannon Filter)

Letmg € ¢(Zy) be defined fof > 2 by

1o 35
1, n<221. orn>221.,
mo(n) = %, n=12orn=32, nez,,

0, otherwise

If ¢ is constructed as in Theorem 2, thg(k) = 2~ wheneverk| < 21,
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MRA waveletson thecircle

The Shannon Scaling Function=£ 6)
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MRA waveletson thecircle

The Shannon Wavelet € 6)
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Preliminaries on thetorus

Part II: The Torus

Part Il: The Torus
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Preliminaries on thetorus
Matrices & Lattices

@ The matrices:
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Preliminaries on thetorus
Matrices & Lattices

@ The matrices:
1 -1 « (1 1
A:<l 1) B_A _(_1 1).
o The lattices:

s Thelattice of order2 generated by A
N =A77%/72

Convention: Eacl € I; should lie in[0, 1) x [0, 1).
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Preliminaries on thetorus
Matrices & Lattices

@ The matrices:
1 -1 « (1 1
A:<l 1) B_A _(_1 1).
o The lattices:

s Thelattice of order2 generated by A
N =A77%/72

Convention: Eacl € I should lie in[0, 1) x [0, 1).
o Thedual lattice of order2 generated by A

rr=7°/87?

ConventionT; = BIRN Z2, whereR = (-3, 3] x (-3, 3].
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Preliminaries on thetorus

The Dual Lattices J-*

3 4 5
3 4
2 3 x x
2
i . 2 x ox o oxox
1 < oxxx 1
0 x x x 0 xoxoxox OF x x x x x x x x
= x ox o oxoxoxox
= xoxoxox
-1 x x x o) P
-2 xoxoxox
-2 x -3 o
-3 4
_3l 4 s
-3 -2 -1 0 1 2 3 4 -3 -2-1 0 1 2 3 4 -5-4-3-2-1 012 3 45
* * *
3 I_4 I_5
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Preliminaries on thetorus

Dilation & Translation

Recall:
e Dilation, D : L%(T?) — L?(T?), is defined by

Df (k) = f(Ak), ke Z2
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Preliminaries on thetorus

Dilation & Translation

Recall:
e Dilation, D : L%(T?) — L?(T?), is defined by

Df (k) = f(Ak), ke Z2
e Translation,T, : L%(T?) — L(T?), « € T}, is defined by

TS(X) =f(x—a), xeT2
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Preliminaries on thetorus

Dilation & Translation

Recall:
e Dilation, D : L%(T?) — L?(T?), is defined by

Df (k) = f(Ak), ke Z2
e Translation,T, : L%(T?) — L(T?), « € T}, is defined by
TS(X) =f(x—a), xeT2
o Interplay ofD andT:
DT.f = Ta,Df, acTj.

Note thatBa < T for all o € Tj.
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Preliminaries on thetorus

Shift-Invariant Spaces

Definition 8

Let ¢ € L2(T?). Theprincipal A-shift-invariant space of orde¥ generated
by ¢, denotedV;(¢), is the finite-dimensional subspaceld{T?) spanned by

the collection

Xi(¢) ={Tadp: a €Tj}. (6)

4 December 2009 28/48
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Preliminaries on thetorus

Shift-Invariant Spaces

Definition 8

Let ¢ € L2(T?). Theprincipal A-shift-invariant space of orde¥ generated
by ¢, denotedV;(¢), is the finite-dimensional subspaceld{T?) spanned by
the collection

Xi(¢) ={Tadp: a €Tj}. (6)

Definition 9

Letf,g € L?(T?). TheA-bracket product of f and g of ordé¥ is the element
of £(I'}") defined by

| A\

f.aun(3) =2 Y f(B+Ka(B+K), Felf.

keBizZ2

Here, (') is the space of-valued functions offi".

N
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Preliminaries on thetorus
Shift-Invariant Spaces

Define g, € ((T}),j > 0, € Tj, by

8.0(8) = exp(2ri(a, B), BETT.

The coIIection{Z‘%q,a}aer,» is an orthonormal basis fof(I'}").

Brody Dylan Johnson (St. Louis University) Quincunx wavelets on T? 4 December 2009 29/48



Preliminaries on thetorus
Shift-Invariant Spaces

Define g, € ((T}),j > 0, € Tj, by

§.0(8) = exp(2ni(a, ), BET].

The coIIection{Z‘jiq,a}aerj is an orthonormal basis fof(I'}").

Proposition 5

The collection X ¢) forms an orthonormal basis for;{) if and only if

[6,8la(B) =1, BeT;.
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Preliminaries on thetorus

Refinable Functions

Definition 10
A function ¢ € L2(T?) is A-refinable of orde® if there exists a mask
c € /(T;) such that
Do = > c(a) Tad. 7
aErj
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Preliminaries on thetorus
Refinable Functions

Definition 10

A function ¢ € L2(T?) is A-refinable of orde® if there exists a mask
c € /(T;) such that

Do =) c(e) Ta. @)

aErj

If ¢ is refinable of orde, then
S(AK) = m(K)p(K), ke Z?, ®)

where me {(T'}") is given by

m(g) = Y c(a)ga(), BeT].

aErj
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Preliminaries on thetorus

Refinability of Dilates

If ¢ is refinable of orde? with filter m e ((T}), then Dp is refinable of order
2= with filter m(A-) € (7).
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Multiresolution Analysison the Torus
Multiresolution Analysis

Definition 11

A multiresolution analysis (MRA) of ordét (j € N) is a collection of closed
subspaces df?(T?), {Vi}_,, satisfying
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A multiresolution analysis (MRA) of ordét (j € N) is a collection of closed
subspaces df?(T?), {Vi}_,, satisfying

) For1<k<j, Vi1 € Vi

i) Fori<k<j,f e Vkifand only if Df € Vx_3;
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) For1<k<j, Vi1 € Vi

i) Fori<k<j,f e Vkifand only if Df € Vx_3;
i) Vo is the subspace of constant functions;

Brody Dylan Johnson (St. Louis University) Quincunx wavelets on T? 4 December 2009 32/48



Multiresolution Analysison the Torus
Multiresolution Analysis

Definition 11

A multiresolution analysis (MRA) of ordét (j € N) is a collection of closed
subspaces df?(T?), {Vi}_,, satisfying
i) For1<k<j,Vk-1C Vi
i) Fori<k<j,f e Vkifand only if Df € Vx_3;
i) Vo is the subspace of constant functions;
iv) There exists acaling functiony € V; such thanxk(zj%k Di=kp) is an
orthonormal basis fovy, 0 < k <.
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Multiresolution Analysison the Torus
Main Results

Suppose thap € L%(T?) is refinable of orde® (j € N) with ¢(0) # 0. Then
¢ is the scaling function of an MRA of ord@rif and only if

Imo(B)? + Imo(B+ B B)P =1, Beli,, (9)

and
[2,2la(B) =1, Belf, (10)
where, is the nonzero element bf.
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Multiresolution Analysison the Torus
Main Results

Suppose thap € L%(T?) is refinable of orde? (j € N) with $(0) # 0. Then
¢ is the scaling function of an MRA of ord@rif and only if

Imo(B)? + Imo(B+ B B)P =1, Beli,, (9)

and
[2,2la(B) =1, Belf, (10)
where, is the nonzero element bf.

4

Fixj > Oand let my € /(I'}") be a candidate low-pass filter satisfyi(@) and
mp(0) = 1. Then ng is the low-pass filter of a trigonometric polynomial
scaling function of orde®’.

v
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MRA Waveletson the Torus
Orthonormal MRA Wavelets

Definition 12

Let {Vi},_, be an MRA of order 2 A function+) € V; is awaveletfor the
MRA if the collection

{2%TQDJ'—('<+1)¢ 0<k<j-1 ac rk}

is an orthonormal basis fof; © Vo.
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MRA Waveletson the Torus
The High-Pass Filter

Lety be the scaling function of an MRA of ord&r Definey by

~

D(K) = my(k)p(k), ke Z?
where m € {(T) is defined by

my(3) = mo(B + BI-16;) exp(2ri(A-0"Day, ). (11)

Then,y is an orthonormal wavelet for the MRA.
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MRA Waveletson the Torus
Real-Valued Scaling Functions

Proposition 6

Letmy € (") be a low-pass filter satisfyin@) and such that i{0) = 1 and
mo(—B) = mo(B), B € I}". Then there is a real-valued scaling functign
which is refinable with respect toggiving rise to an MRA of orde.
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MRA Waveletson the Torus

Construction of Real-Valued Scaling Functions

Let B =7\ AZ?. Definey by
1) Let 3(0) = 275.
2) If B,—8 € B, let(8) = 2~z and define

k—1
GAB) = 2(B) [ [mo(AB), 1<k<j-1.

¢=0
3) If B € B,but—p3 ¢ B, let$(£3) = 2-'% and define

k—1
P(EAB) = p(£8) [ [ mo(+A'B), 1<k<j-1
{=0

4) The remaining Fourier coefficients will be zero.
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MRA Waveletson the Torus
Shannon Filter

Proposition 7 (Shannon Filter)

Fixj > 2andlet$= {f € [ :8,-B€lf " 1}- The low-pass filter
mo € {(I'}") defined by

1 Bes
mo(8) = { BeTi\S feT,
V/1—|mo(3 —B~16;1)]2  otherwise,

satisfie3) and is symmetric in the sense thag(m3) = mo(3), 3 € I}
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MRA Waveletson the Torus

Shannon Filter

Shannon filtemy for j = 5
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MRA Waveletson the Torus
Shannon Scaling Function

5 -5 ¥

X

Shannon Scaling Functignforj =5
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MRA Waveletson the Torus

Shannon Wavelet

Shannon Wavelep forj = 5
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MRA Waveletson the Torus

Approximation with the Shannon Wavelet

Proposition 8

Lety be the scaling function corresponding to the low-pass fofer
Proposition 7 given by Proposition 6. I£} 6 + log, r?, then E(k) = 0 for all
ke {k=(ki, ko) : max{|kal,|ka|} <r}.

Brody Dylan Johnson (St. Louis University) Quincunx wavelets on T? 4 December 2009 42148



MRA Waveletson the Torus
Haar Filter

Proposition 9 (Haar Filter)

Fixj > 2. Define ng € ((T") by

mo(3) = 5 (1+ exp(~2ni(A 0Dy, 3)))

wherea; is the nonzero element Bf. Then ng satisfieg3) with my(0) = 1
and is conjugate-symmetric, i.e.o®3) = mo(3), 8 € I}
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MRA Waveletson the Torus

Haar Filter
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Haar filtermg forj =5
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MRA Waveletson the Torus
Haar Scaling Function
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Haar Scaling Functiop forj =5
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MRA Waveletson the Torus

Haar Wavelet

X 5 5 y

Haar Wavelet) forj =5
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MRA Waveletson the Torus
Approximation with the Haar Wavelet

Proposition 10

Lety be the scaling function corresponding to the low-pass fofer
Proposition 9 given by Proposition 6. Then for ang 7?2,

lim Ej(r) =0.

j—o0
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MRA Waveletson the Torus
The Last Slide

The End.
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