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ABSTRACT. We introduce and study the Bourgain index of an operator between two Banach spaces.
In particular, we study the Bourgain ¢, and co indices of an operator. Several estimates for finite
and infinite direct sums are established. We define classes determined by these indices and show that
some of these classes form operator ideals. We characterize the ordinals which occur as the index of
an operator and establish exactly when the defined classes are closed. We study associated indices
for non-preservation of Kf, and cg spreading models and indices characterizing weak compactness of
operators between separable Banach spaces. We also show that some of these classes are operator

ideals and discuss closedness and distinctness of these classes.

CONTENTS
1. Introduction 1
2. Trees, orders, and combinatorial lemmas 3
3. The Bourgain index of an operator 7
4. Sequential indices 16
5. Dualization 20
6. Direct sums and p-convexifications 21
7. Distinction between classes 30
8. Descriptive set theoretic results 36
9. Open questions and discussion 44
References 46

1. INTRODUCTION

The Bourgain ¢; index uses trees and ordinal numbers as a way of quantifying the representation
of the unit vector basis for ¢; in a Banach space [10]. The larger the Bourgain ¢; index of a Banach
space, the better represented the unit vector basis for ¢; is in that space. In particular, a separable
Banach space has countable Bourgain ¢; index if and only if /; does not embed into the space. It
was quickly realized that the analagous index for other bases could provide useful results as well.
For instance, Bourgain used the corresponding index for a basis of C(2Y) to prove that if X is a
separable Banach space such that every separable reflexive Banach space embeds into X then every
separable Banach space embeds into X as well [11]. Given a basic sequence (e;)?;, we introduce
in Section 3 an ordinal index of operators between Banach spaces which quantifies the property of
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an operator not preserving the basis (e;);2,. We call this the non-preservation (e;)?°; index, and
it is a natural generalization of the Bourgain (e;)7°; index of a Banach space in the sense that the
Bourgain index of a Banach space is the non-preservation index of the identity operator on that
space.

The classification of operator ideals is a fundamental area of research in the study of operators
on Banach spaces, and thus when a new operator property is introduced, it is natural to consider its
connection to operator ideals. In [3], an ordinal index is constructed which quantifies the property
of an operator being strictly singular. It was hoped that this index could be used to define new
operator ideals, but an example was later given of two S;-strictly singular operators whose sum was
not Sy strictly singular [26]. It is unknown if the S¢-strictly singular operators form an ideal for any
countable ordinal ¢, but it follows from Proposition 2.4 in [3] that for each countable ordinal ¢ the
set of operators whose strictly singular index is less than w¢ forms an ideal. For each 1 < p < oo
and ordinal ¢, we let ‘)”(‘Bf, denote the set of operators whose non-preserving (e;) index is at most
¢ where (e;) is the unit vector basis for ¢, (or ¢y in the case that p = 0o). For each ordinal (, we
prove that ’)T‘B‘fc is a closed operator ideal and that for each infinite ordinal ¢, ‘ﬁiﬁgo is a closed
operator ideal. In general, for 1 < p < oo, we have that Uy <w<‘ﬂ€]3§ is an operator ideal.

The higher order spreading models, use higher order Schreier sets to measure the asymptotic
structure of a sequence in a Banach space. Given 1 < p < oo and a countable ordinal £, the existence
of an Ef, spreading model in a Banach space X is a strong measurement of the representation of £,
in X. In particular, if X contains an éf; spreading model then the Bourgain index of X is at least
w® (the order of the Schreier-¢ family), but we show in Section 7 that there exist Banach spaces
whose Bourgain index is at least w® and which do not contain even an 611, spreading model. We
let 69.7(15, denote the set of bounded operators which don’t preserve any Eg spreading model. We
prove that for all countable ordinals &, both GEITI? and GEITI& are closed operator ideals, and that
for 1 < p < oo we have that Ug_ ¢ G?Jﬁf, is an operator ideal. In [6], an ordinal index is constructed
to measure the weak compactness of an operator in an analogous way to how strictly singularity is
measured in [3]. We prove that for every countable ordinal £, an operator A is Sg-weakly compact
if and only if A is weakly compact and A € 693?%. Thus, we have that the set of S¢-weakly compact
operators forms a closed ideal.

So far, all of the ideals we have considered are constructed using the unit vector basis (e;) for £,
or cg. In these cases, for any bounded operators A and B, we are able to obtain explicit bounds for
the non-preservation (e;) index of A+ B in terms of the individual indexes of A and B. It is natural
to ask what can be proven for other bases. Unfortunately, our proofs implicitly make use of the
fact that the unit vector basis for £, or ¢ is equivalent to all its normalized block bases. Thus, our
proofs cannot be generalized to any other basic sequences. However, given a basic sequence (e;),
we may not be able to explicitly calculate a bound for the non-preservation (e;) index of A+ B in
terms of the individual indexes of A and B, but we would like to know if such a bound exists. In
section 8 we introduce a property (S’) analogous to Dodos’ property (S) [17] and use descriptive
set theory techniques to prove that if (e;) is a Schauder basis with property (S’) then there is a
function 9(,) : [1,w1) — [1,w1) so that for every countable ordinal £, if X and Y are separable
Banach spaces and A and B are bounded operators from X to Y whose non-preserving (e;) index
is at most £ then the non-preserving (e;) index of A+ B is at most 9 .,)().
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2. TREES, ORDERS, AND COMBINATORIAL LEMMAS

2.1. Minimal trees and Schreier families. Throughout, we let Ban denote the class of Banach
spaces, SB the class of separable Banach spaces, Ord the class of ordinal numbers. For X,Y € Ban,
we will let £(X,Y) denote the bounded, linear operators, in the sequel referred to simply as
operators, from X to Y. We let w (resp. wi) denote the first infinite (resp. uncountable) ordinal.

If X is a Banach space, we let Sx, Bx denote the unit sphere and unit ball of X, respectively.
For a subset S of a Banach space, we let [S] denote the closed span of S. For K > 1 and a (finite
or infinite) sequence (x;) in a Banach space, we say (z;) is K-basic if for all scalar sequences (a;)

and all m < n, n not exceeding the length of (x;),

m n
1Y " aimi|l < K1Y g
=1 =1

A basic sequence is a sequence which is K-basic for some K > 1. The basis constant of a basic
sequence is the smallest K so that the sequence is K-basic. If (e;) is a basic sequence, we say (z;)
is a block (resp. normalized block) of (e;) provided there exist 0 = ko < k1 < ... and scalars (a;)
such that x; = Z?i:ki,lﬂ aje;j (resp. x; = zfi:ki—l"rl ajej and ||z;|| = 1). Finite normalized block
sequences are defined similarly.

If (e;), (f;) are sequences of the same length in (possibly different) Banach spaces, we say (e;) is
K-dominated by (f;) if for all scalar sequences (a;) (finitely non-zero in the case that (e;) and (f;)

1> aeill < K1Y aifil)-
In this case, we will write (e;) Sk (fi). We write (e;) ~x (fi) to mean that there exist a,b > 0
with ab < K so that (e;) <o (fi) and (f;) <p (€;).
If E € Ban, by an unconditional basis for E, we shall mean an unordered, not necessarily

are infinite),

countable set of vectors (e;);c; C E so that each z € F has a unique representation x = ) a;e;,
with {i € I : a; # 0} countable and ) a;e; unconditionally converging to x. The unconditional
basis (e;)ics is 1-unconditional if for all finite subsets J of I, all scalars (a;);cs, and all unimodular
scalars (g;)ics, || X _icy€iaici| = || Y ;cs aieil|. We recall the definition of the coordinate functionals
(e} )ier C E* corresponding to (e;)ier. Ifz =} _,c;aie; € E,and if j € I, e(x) = a;j. We recall that
if (e;)ier is an unconditional (resp. 1-unconditional) basis for E, (e});er is an unconditional (resp.

l-unconditional) basis for its closed span in E*. We say (e;)icr is shrinking if (e});cr is a basis

for £*. This is equivalent to (e});c; having dense span in E*, and equivalent to £ not containing
an isomorphic copy of 1. We also recall the definition of the p-convezification of a Banach space
with 1-unconditional basis. If E is a Banach space and (e;);cs is a 1-unconditional basis for E, for

1 < p < 00, the p-convexification EP of E is given by

EP = {Zaiei : Z la;|Pe; € E}

This is a Banach space when endowed with the norm

13" aieill g = 13 laalPes[f"

Often we will refer to the p-convexification of a Banach space F having an unconditional basis (e;)
without assuming the basis is 1-unconditional. In these instances, we will mean the p-convexification

of E with its equivalent norm [ - [|o defined by || >~ aieilo = supj., =1 | 2_ iaiei.
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If A is a set, we let AN (resp. A<N) denote the infinite (resp. finite) sequences in A, including
the empty sequence. If s = (2;)"; € AN, we let |s| = n and let 5|, = (x;)F_, for any 0 < k < n.
We order A<N by letting s <t if s = t|js), and in this case we say s is an initial segment of ¢, and

A<N we let s~t denote the concatenation of s with ¢ listing

that t is an extension of s. For s,t €
the members of s first. If T C A<N is downward closed with respect to the order <, we say T is a

tree on A or, if the set A is understood, simply a tree. If T is a tree on A and t € A<N, we let
Tt)={sec AN :t°seT}.

Note that T'(¢) is a (possibly empty) tree on A. We refer to the non-empty, linearly ordered subsets
of a tree as chains of the tree.

If T is a tree, we let T/ =T\ MAX(T), where MAX(T) is the set of members of T which are
maximal with respect to <. By transfinite induction, we define the higher order derived trees T¢
of T for each £ € Ord. We let

=T,
TE+L (TE )/ 7
and if T¢ has been defined for each ¢ < £, ¢ a limit ordinal,

T¢ = (T
¢<¢
Note that for any ¢ € Ord and t € A<N (T%)(t) = (T(t))¢, which can be shown by a standard
induction argument. Another fact easily verified by induction is that for any tree 7" and any
£, €0rd, (T =T,

Of course, if ¢ < &, T¢ C T¢, and there must exist some ¢ € Ord so that T¢ = T¢T!. If there
exists € € Ord so that T¢ = @, we say T is well-founded, and let o(T) = min{¢ € Ord : T¢ = &}.
Otherwise, there exists £ € Ord so that T¢ = T¢t! = &, and in this case we say T is ill-founded, and
we write o(T') = co. By convention, we will declare that for any £ € Ord U {oc}, oo = 00€ = 0,
and £ + 0o = 00 + £ = 0co. We also declare that £ < oo for any £ € Ord. Note that T is ill-founded
if and only if there exists (x;) € AN so that (z;)"_, € T for all n € N.

For 1 < p < oo, if (x;)!, is a sequence in a Banach space, we say (y;)/", is a p-absolutely convex
block of (z;)}_, provided there exist 0 = kg < k1 < ... < kyp, < n and scalars (a;)]~; so that for

each 1 < j < m, (ai)fikj has norm 1 in E’;j*kjfl and y; = Zfikj,ﬁl a;x;. If A is a subset of

141
a Banach space, and if T’ ilera tree on A, we say 1 is p-absolutely convex if any p-absolutely convex
block of a member of T is also a member of T'. We will call T' block closed if every normalized block
of a member of T" is also a member of T'.

If Ais aset and T C AN\ {@}, we say T is a B-tree if T U {3} is a tree. Each of the notions
for trees above can also be applied to B-trees. The presentation of the main results of this work is
significantly improved by including the empty sequence in the considerations, but the presentation
of the proofs is much improved by only considering B-trees. For this reason, we will readily use
both. We will define a collection MT¢, { € Ord, of trees and associated B-trees which will be
useful in our considerations for witnessing the orders of given trees, in a sense which will be made
apparent in the following proposition.

Let

MTo = {2},
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MTep={a}U{({+1)t:t € MT¢},
and if M7 has been defined for every ordinal ¢ less than a limit ordinal £, we let

MT¢ = U MT 1.
(<¢

Let T¢ = MT¢\ {@}. The following items are easily checked.

Proposition 2.1. [16, Proposition 2.3 Fiz £ € Ord.

(i) Te is a B-tree on [1,&] with o(T¢) = €.

(ii) If A is any set and T is a tree on A, then o(T) > & if and only if there exists a function
f:Te = A so that for each t € Tg, (f(t|l))‘::|1 eT.

For ¢,¢§ € Ord, we will say a function g : 7¢ — T¢ is monotone if for each s, € 7¢ with s < ¢,
g(s) < g(t). If h is a function mapping 7¢ into the chains of 7¢, we will call h a block map if for
each s,t € T¢ with s < t, and for all ' € h(s), t' € h(t), s’ < t'. That is, if h is a block map, each
branch (t|;) 111 of T¢ will be mapped to successive chains lying along the same branch of 7.

In addition to these trees, which we will use to measure local £, structure, we will be interested in
computing the complexity of sequences which exhibit £, behavior. For this, we will use the Schreier
families. We let [N]<N denote the finite subsets of N, which we identify with strictly increasing
sequences in N in the natural way. With this identification, the order =< described above can be
applied to [N]<N. That is, £ < F if E is an initial segment of F' when the two sets are listed as
sequences in increasing order. We similarly identify [N], the infinite subsets of N, with the infinite,
strictly increasing sequences in N. In the sequel, we will assume all sequences in N are written in
strictly increasing order. Furthermore, for any M € [N], we let [M]<N (resp. [M]) denote the finite
(resp. infinite) subsets of M.

For E, F € [N]<N, we write E < F to mean max E < min . We write n < E (resp. n < F) to
mean n < min E (resp. n < min E). For E € [N]<N and (m,,) = M € [N], M(E) = (my, : n € E).
For F C [N]<N, we let M(F) = {M(E) : E € F}. We say a subset F of [N]<N is spreading if
whenever (m;)¥_, € F and (n;)%_, is such that for each 1 <i < k, m; < ny, (n;)%_, € F. This this
case, we say (n;)F_, is a spread of (m;)¥_,. We say F is hereditary if it contains all subsets of its
members. We endow 2" with its product topology and topologize [N]<N by identifying E with its
indicator 15 € 2N. We say F is regular if it is compact, spreading, and hereditary.

If F,G are regular, we define

FIg] = {UEi 0> 0,B1 < ... < By, (minE), € F,0 £ E; €7},
i=1

noting that F[G] is also regular. We let S = {F € [N]< : |E| < E}. For k € N, we let
Ap ={E € [N |B| < k}.
Recall the Schreier families from [1]. We let
So={@}u{(n):neN},

Sf"rl = S[Sf]a
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and if £ < w; is a limit ordinal, we fix a sequence of successors &, T £ and let
Sg = {E € [N}<N :dn< F e Sgn}

It is known that in this case, £, T £ can be chosen so that S¢, C &,,, for all n € N. For
convenience, we let S,, = [N]<N. We note that each family S¢ is spreading. We also note that
since S is spreading, the derived tree Sg as defined above coincides with the ¢** Cantor-Bendixson
derivative. It is well known that the Cantor-Bendixson index of S¢ is w® + 1. For regular families,
however, it is usually more convenient to consider the index «(F) = min{¢ : F* C {@}}. For
F # &, 1(F) + 1 is the Cantor-Bendixson index. This index is somewhat more natural than the
Cantor-Bendixson for our purposes, since ¢(F|[G]) = ¢(G)i(F) for regular families F,G.
We recall the following result.

Proposition 2.2. [14, Proposition 3.1] For regular families F,G, there exists M € [N] so that
M(F) C G if and only if the Cantor-Bendizson index of F does not exceed the Cantor-Bendizson
index of G. Moreover, if such an M exists, then for any N € |[N]|, there exists L € [N] so that
L(F)cCg.

Corollary 2.3. For any k € N and £, < wy with 0 < ¢, the Cantor-Bendizson index of S¢[Aj[Se]]
is wSkw® +1 = w ¢ + 1, which is the Cantor-Bendizson index of S¢ic. Thus there exists M € [N]
so that SC [Ag [S&H(M) C Sg_,_c.

We will often apply this corollary with €& = 0 in the following way: Suppose Y is a Banach
space and (y,) C Y is a bounded sequence with no subsequence equivalent to the ¢; basis. Then
by Rosenthal’s ¢; theorem, there exists M € [N] such that (yn)nens is weakly Cauchy. By the
previous corollary applied with £ = 0, for any 0 < ¢ < wj, there exists N € [M] such that
S¢[A2](N) C S¢. Then if N = (n;)2, and y; = %(ynm — Yngs_1)s (¥5) is weakly null and for any
E e Sg, UieE{ngi,n2¢_1} S SC‘

2.2. Coloring lemma. Throughout this work we will make use of a dichotomy which was intro-
duced in [16]. For readability, we do not include in this work all of the formalities involved in the
statement and use of this dichotomy. We will discuss here an interpretation of that dichotomy which
is applicable to this work. The most basic example will involve an operator A : X — Y between
Banach spaces. Suppose we have a collection (ﬂft)teTgc C Bx. Suppose also that we have a decreas-
ing collection of real-valued functions (f¢)iem7,. defined on the chains in 7¢;. Here, decreasing
means that for each non-empty chain S of T¢- and each s,t € MT¢ with s <t, f,(S) < fi(5).

Lemma 2.4. With the definitions above, either there exist a monotone function g : T¢ — Tec,
d >0, and tg € MT¢c so that for each each chain S in T¢, fi,({g(t) : t € S}) = 0, or for any
0 1 0, there exists a block map h taking T¢ into the chains of Tec so that with h(@) = {@}, for
each s,t € MT¢ with s < t, and for each s’ € h(s), fs(h(t)) < Jjy-

This lemma follows from [16, Lemma 3.2]. Often we will apply a simpler version of this lemma
in which fz = f; for all t € MT¢c. The idea is a refinement of ideas appearing in [20]. We view
the tree T¢¢ as a tree of order ¢ consisting of trees of order {. Either one of the functions f; can
be bounded away from zero on all chains of one of the “interior” trees of order &, which is the first

alternative, or we can choose in a “compatible” manner one chain from each of the interior trees so
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that what remains is ordered so as to resemble 7¢. Moreover, in the second alternative, each chain
can be chosen to have a small value under a prescribed function, where both the value and the
function depend upon the choices of chains which lie above the current chain in the tree resembling
Te.

We remark here that if h is a block map from 7 to the chains of 7¢, then for each ¢t € 7; and
t' e h(t), [t| < ||

3. THE BOURGAIN INDEX OF AN OPERATOR
Fix a normalized Schauder basis (e;). For Banach spaces X,Y and A: X — Y and K > 1, let
Tiey (4, X,V K) = { @iy € B : @iy S1 ()i, (e Sie (Awa)i -
We define the K-(e;) non-preservation index of A by
NP(ei)(A, X, YK) = O(T(ei)(A7 X,Y, K)),
and the (e;) non-preservation index of A by

NP\ (4, X,Y) = sup NP, y(4, X, Y, K).
K>1

Note that there exists a subspace Z of X isomorphic to [e;] so that A|z is an isomorphic em-
bedding if and only if there exists K > 1 so that T|.,)(A, X, Y, K) is ill-founded, so that A fails
to preserve a copy of (e;) if and only if NP, (A, X,Y) < co. We let P, (X,Y) denote the
operators from X to Y not preserving a copy of (e;). We let ITP(e,) be the class consisting of all
components ‘ﬁ‘B(ei)(X, Y), X,Y € Ban. We write T}, in place of Te;)» NPy in place of NP,
etc., in the case that (e;) is the canonical ¢, (resp. ¢g if p = 00) basis. Observe that T,(A, X, Y, K)
and all of its derived trees are p-absolutely convex.

For X € Ban and K > 1, we write T,(X, K) in place of T,(Ix, X, X, K), I,(X, K) in place of
NP,(Ix, X, X, K) and I,(X) in place of NP, (Ix, X, X). We note that I, is the Bourgain ¢, (resp.
o) index of X. We recall that I,(X) > w if and only if ¢, (resp. cp) is finitely representable in X.

We make the following easy observations about these indices.

Proposition 3.1. Let X,Y € Ban. Fiz a normalized basis (e;).
(i) If A: X =Y is finite rank, NP .,)(A, X,Y) = 1 + rank(A).
(ii) For any § € Ord, {A € £(X,Y) : NP (A, X,Y) < &} is closed with respect to the norm
topology on £(X,Y).
(iii) For any W,Z € Ban, A € £(Y,Z), B € £(X,Y), C € £(W,X), NP ,(ABC,W,Z) <
NP, (B, X,Y).
(i) If X is separable and A € £(X,Y), A € MP,,)(X,Y) if and only if NP )(A, X,Y) < w;.
(v) If § is countable and K > 0, then NP (A, X, Y, K) > £ if and only if there exists a separable
subspace Z of X such that NP (Alz,Z,Y, K) > £.

Proof. (i) Let r = rank(A). Fix (x;)]_; so that (Az;)]_; is a basis of A(X). Then there exist
a,b > 0 so that (2;)/_; Sa (e:)i_; and (e;)i_y Sp (Az)i_y. Thus (o tay)i_; € Tie,)(A, X, Y, ab),

~a
and NP (4, X,Y,ab) > r, since & € T, (A, X,Y,ab)". But for any (u;)i* € X, there exist
scalars (a;)/] not all zero so that Y/ a;Au; = 0. Therefore (Au;)it! does not K-dominate

()71} for any K. Therefore (u;)t] ¢ Tie;)(A, X, Y, K) for any K.

2
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(ii) Assume A € £(X,Y) is such that NP (A4,X,Y) > & There exists K > 1 so that
NP, (A, X,Y,K) > £ By Proposition 2.1, there exists (z¢);e7; C Bx so that for each t € T¢,
(a:t|i)L11 € Te;)(A, X, Y, K). We claim that (z;)te7; can be used to show that NP y(B, X,Y,2K) >
¢ for any B: X — Y with ||A— B|| < 1/2K, which will give that the complement of the indicated
set is open. By Proposition 2.1, it suffices to show that (ei)ﬁl Sok (B‘,L‘tli)lﬁtzll for each ¢t € T¢. Fix
scalars (ai)yil with || Z,‘Lt:'l aie;|| = 1. Then || Z,‘il aizy,| <1, and

4 4 I
Hzainﬂi H > HzaiA%H —|A- B HZaixthH >1/K — 12K = 1)2K.
i=1 i=1 =1

(iii) Assume NP (ABC, X,Y) > £ We will show NP (B, X,Y) > £ Note that if A =0
or C =0, NP (ABC,X,Y) = 1, and { = 0. Then NP (B, X,Y) > £ = 0, since every
tree contains the empty sequence. Therefore we must consider the case that neither A nor C
is the zero operator. Fix K > 1 so that NP, )(ABC, X,Y,K) > £ Choose (w)ie7; so that
(wth)yil € T(e)(ABC, X, Y, K) for each t € T¢. Choose anumber 0 < ¢ < ||C[|~" and let z; = cCwy.
Then since ||cC|| < 1, for any ¢ € T¢,

t t t
(@) <1 (g ) <1 (el

Moreover,

1=1 ~c—

(ei)ﬂl Sk (ABCwﬂi)Lt:'l Sial (Bcwt\i)m Se-t (CBCwﬂi)Lt:'l = (th\i)ﬁl-

Thus (7¢)te7; Witnesses the fact that NP (., (B, X,Y, |A|Kc™1) > €.

(iv) This follows from the fact that NP (,,)(A, X,Y) < w; if and only if NP (A, X, Y, K) < w;
for all K > 1. Since T(.y(4,X,Y, K) is clearly seen to be a closed tree on the Polish space X,
Bourgain’s version of the Kunen-Martin theorem [10] guarantees that Ti.,)(4, X, Y, K) is well-
founded if and only if its order is countable.

(v) Since for any subspace Z of X, NP(.)(A, X,Y, K) > NP (A|z,Z,Y, K), one direction is
obvious. Assume NP () (A, X,Y, K) > . Fix (2¢)ie7; C X such that for every ¢ € T, (xt‘i)ﬂl €
Tie,)(A, X, Y, K). Note that since T¢ is a tree on [0,¢], it is a subset of the countable set [0, &]<N,
and Z = [z, : t € T¢| is separable and satisfies NP (.y(A[z, Z,Y, K) > &.

O

Of particular interest to us will be the cases when (e;) is the £, or ¢ basis. The following facts
are known (see [16, Proposition 4.1]) for computing the Bourgain ¢, index of a Banach space. The
modifications for operators are inessential, so we only sketch the proof.

Proposition 3.2. Fiz 1 < p < oo, X,Y € Ban, and A € £(X,Y) not finite rank.
(i) For K > 1, if W < X, Z <Y have finite codimension in X, Y, respectively, and if n is a
limit ordinal, NP,(A, X,Y, K) > n if and only if o({(z;)"_y € Tp(A, X,Y,K) : x; € W, Az; €
Z}) >n.
(it) Either A preserves a copy of €, (or co if p = 00) or there exists 0 < £ € Ord so that
NP,(A4,X,Y) = ut.
(iii) If 0 < &€ € Ord and NP,(A, X,Y) < wt, then NP, (A, X, Y, K) < w® for every K > 1.
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Sketch. (i) One direction is obvious. Let £ C X* and F' C Y™ be finite sets so that W =
Np+ecp ker(z*) and Z = Ny-cpker(y*). Choose k € N so that & > |E| + |F|. Assume that
NP,(A, X,Y,K) > n. Note that n = kn. Choose (7¢)ie7;, so that (xth)‘li € T)(A, XY, K)

for every t € Ti,. For a chain S of Ty, let f(S) =1 provided

0< min{ Z |z*(x)| + Z |y*(Ax)| : x is a p-absolutely convex combination of (xt)teg},
EANSY ) y*eFr

and f(S) = 0 otherwise. Then by Lemma 2.4, either there exists a monotone g : T, — Tiy so
that for each segment S of T, f({g(s) : s € S}) = 1, or there exists (w;)e7;, each branch of
which consists of a p-absolutely convex block of a branch of (xt)teTkn and so that for each t € T,
Yowrer [T (W) + 3 e p [y*(we)] = 0. A dimension argument implies that the first alternative fails.
But the properties of (w;)se7, and choices of E, F' witness the fact that o({(z;)j-; € T,(A, X, Y, K) :
x; € W, Az € Z}) > 1.

(77) Note that, since we have assumed A is not finite rank, NP,(4, X,Y) > w. This means
that if NP,(A, X,Y) € Ord, it is an infinite ordinal. Therefore in order to prove the existence
of the desired &, it is sufficient to prove that for any limit ordinal n < NP,(A4,X,Y), n-2 <
NP,(A, X,Y) [24]. If there are no limit ordinals less than NP, (A, X,Y), then NP,(4, X,Y) <
w, and this inequality must be equality. So assume w < NP,(A,X,Y) and fix a limit ordinal
n < NP,(A,X,Y). Choose K > 1 so that n < NP,(A4,X,Y,K). Fix (z;)]*, € T,(A, XY, K)
and choose F' C Y™ finite and 2-norming for [Az;|",. If (u;)l; € TH(A, X,Y,K) is such that
Au; € Nyrer ker(y*) for each 1 < < n, then for any scalars (a;);2; and (bj)7_;,

[+ 3| < 2[[Saa| v [ ] < 2(S b + 3 i)
i=1 j=1 i=1 j=1 i=1 j=1

and

LSl + ) < K (3 asas,
1 j=1 i=1

=

n n n
j=1 i=1 j=1
From this we deduce that
1
5(1:1, e X, UL, - Up) € TH(A, XY, 12K).
By (i), since NP,(A4,X,Y,K) > n, we can choose (u;)ie7, so that for each t € T, (ut|i)l~il €
Tp(A, XY, K) and Aus € Ny=cp ker(y*). Then with T' = T),(A, X, Y, 12K), for each t € T,

1 ¢ 1 1
(iut‘l)l,:ll € T(ixla RN imm)
This means ) .
O(T(imh KRN §xm)> >,

which is equivalent to

1 1
<§x1’ ey imm) eT"=T,(A XY, 12K)".
Since (z;)*, € T,(A, X, Y, K) was arbitrary,
1
{G@)m: @) € T(A XY, K)} € T,(A, X, Y, 12K)".

This means NP,(A, X,Y,12K) > n- 2.
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(74¢) This follows from the fact that NP, (A, X,Y, K) is always a successor, since we include the
empty sequence in T,(A, X,Y, K), while w® is a limit ordinal.
(|

We make the following definition: For X,Y € Ban, £ € Ord, 1 < p < oo, we let

p
NPS(X,Y) = {4 € £X,Y) : NP,(4,X,Y) <w'}.

We let ‘J‘I‘Bf) be the class of all operators A : X — Y so that A € ‘JT‘B%(X, Y) for some X,Y € Ban.
We have already noted that

NP, = Ugeord‘ﬁmg;

and if we only consider operators on a separable domain, we only need to include all countable
ordinals in this union. It is not difficult to construct examples to show that neither of these unions
can be replaced with a smaller union. That is, for any £ € Ord and 1 < p < oo, there exist
X,Y € Ban and A: X — Y with 4 € 9B, \ ‘ﬁ‘l?g. Moreover, if £ < wi, X can be taken to be
separable. In fact, we will show later that in all cases one can take X =Y and A = Ix.

We wish to determine when the classes ‘ﬁi}fff, give ideals, or can be used to determine ideals. For
this we will use the following estimates.

Lemma 3.3. Fizx1 <p< oo, X,Y € Ban, A,B € £(X,Y), K > 1.
(i) For any ¢ >0, NP,(A+ B, X,Y,K) < NP,(4, X,Y)NP,(B, X,Y, K +¢).
(ii) NP1 (A+ B, X,Y,K) < NP (A, X,Y,2K)NP (B, X,Y, 2K).

Proof. (i) We treat the p < oo case, with the p = oo case requiring only notational changes. Fix
e > 0. If either NP, (A, X,Y) = oo or NP,(B,X,Y, K + ¢) = oo, there is nothing to prove. So
assume £ = NP,(A4,X,Y) € Ord and ( = NP, (B, X,Y, K +¢) € Ord. To obtain a contradiction,
assume NP,(A + B, XY, K) > £(. Fix (v¢)ier;, C Bx so that for each t € Te, (xt|i)yl1 €

T,(A+ B,X,Y,K). Fix 6, | 0 so that K~! — (K +¢)7! > > 4,. Define the function f on the
chains of T¢¢ by

f(S) = min{||Az|| : z is a p-absolutely convex combination of (z;)ics}.

By Lemma 2.4, either there exists a monotone g : 7¢ — T¢¢ and 0 > 0 so that for each segment
S in Te, f({g(t) : t € S}) = 4, or there exists a block map h taking 7¢ into the chains of Tgc
so that f(h(t)) < d), for each t € T¢. In the first case, (z4())ie7: gives that NP,(A, X,Y) >
NP,(4, X,Y, 571) > ¢, a contradiction. In the second case, for each t € T¢, choose u; to be a
p-absolutely convex combination of (zs)sep() so that [|Aw|| = f(h(t)) < ). We claim (ut)ie;

implies that NP,(B, X,Y, K +¢) > (. To see this, we need to show that (Buth)y:'l (K + ¢)-

dominates the £, basis for each ¢t € 7;. Fix scalars (ai)y:ll with p-norm equal to 1. Then

It |¢] []
HZ aiB“tliH > HZ a;(A+ B)u”iH — HZ aiAUt\iH
i=1 i=1 i=1

[¢]
> K- Z lag6; > (K +¢)7 .
i—1
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Of course, in both cases we have used that 7,,(A + B, X,Y, K) is p-absolutely convex and that
(uth)ﬂl was a p-absolutely convex block of a branch of T,,(A + B, X,Y, K).

(73) The proof is similar to (). Assume NP;(A, X,Y,2K) =¢ € Ord, NP(B,X,Y,2K) =( €
Ord. Again, assume (7¢)ie7;. C Bx is such that (xt‘i)ﬂl € T1(A+ B,X,Y,K) for each t € Tgc.

We define the function f on the chains of T¢¢ by letting f(S) = 1 if
1/2K < min{||Az|| : = is a 1-absolutely convex combination of (z;)tcs}

and f(S) = 0 otherwise. By Lemma 2.4, either there exists (2¢)ie7; each branch of which consists
of a subsequence of a branch of (z¢)ie7;, so that (Azﬂi)‘.t,|

i=1 2K-dominates the E‘f' basis for each
t € T¢, in which case we reach the contradiction NP1(A, X,Y,2K) > &, or there exists a tree
(ut)ieT, consisting of 1-absolutely convex blocks of branches of (7¢)te7;,, so that [|Au| < 1/2K for
each t € 7¢. In the second case, (ut)ie7; gives that NPy(B, X,Y,2K) > (, another contradiction.

To see the last statement, fix ¢ € 7¢ and (a;)ie7; with 1-norm equal to 1. Then

|| ] [
HZ aiBuﬂiH > HZ a;i(A+ B)u”iH — HZ aiAUt\,-H
i=1 i=1 i=1

l l
> Y aia+ By, | - Yl /2K
=1 =1
>1/K —1/2K = 1/2K.
O

We note that since ¢y lower estimates are often easy to satisfy, we have the following improvement
of the above estimates in the p = oo case.

Lemma 3.4. Let X,Y be Banach spaces and A,B : X — Y operators between X and Y. Then
NP (A+ B, X,Y) <w(NP(A4,X,Y) VNP (B, X,Y)).

Proof. If A and B are both finite rank, or if either preserves a copy of ¢y, the result is trivial.
Therefore we may assume NP (4, X,Y) V NP (B, X,Y) = w¢ for some ordinal 0 < £. Assume
NP, (A + B,X,Y) > ww®. This means there exists K > 1 so that NPy (A + B, X,Y,K) >
ww. Fix (w)ieT . so that (Utli)L11 € Two(A+ B, X,Y, K). Fix positive numbers ¢, | 0 so that
21— ;)" < 2. For each t € T, fix finite sets E;, F; C By+ so that E; is (1 — gm)—norming
for [Aus : s < t] and F} is (1 — g)y)-norming for [Bus : s < t]. We may of course assume that
Ey, CEy, C...CE and Fy, C...C I for each t € T ,¢c. Let Ey = [y = {0}.

For each t € MT e, define f; on the chains of 7 by letting f;(S) = 0 if there exists an oo-
absolutely convex combination x of (us : s € S) so that y*(Ax) = 0 for all y* € E; and y*(Bz) =0
for all y* € F, and fi(S) = 1 otherwise. By a dimension argument, for any monotone 0 : 7, — T, ¢
and t € T, there exists a chain S of T, so that f;({0(s) : s € S}) = 0. By Lemma 2.4, there
exists a block map h from 7_¢ to the chains of 7, so that for all s,t € T ¢ with s < ¢, and
for all s € h(s), fe(h(t)) = 0. This means that for each t € T e, there exists an oo-absolutely
convex combination z; of (us : s € h(t)) so that for any s € T with s < ¢, y*(Ax;) = 0 for all
Y* € Epaxn(s) and y*(Bxy) = 0 for all y* € Faxp(s)-
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Define ¢ : T e — {0,1} by letting ¢(t) = 0 if ||Az|| > 1/2K, and ¢(t) = 1 otherwise. Note that
if c(t) =1,
[Bz|| = [[(A+ B)a| — [[Azl| > 1/K —1/2K = 1/2K.
By [16, Corollary 3.9], there exists a monotone map 6 : 7_¢ — 7_e so that co@ is constant. Without
loss of generality, we assume co 6 = 0, so that || Az || > 1/2K for all t € T,
Fix t € T e with |t| > 1 and scalars (ai)yll.

Since E‘iill aiAzgq,y € [Aus s X maxh(0(t'))], there exists y* € Epaxnoy) so that

Let ¢ be the immediate predecessor of ¢ in 7.

It'| |t'] It'|
y*< aiAxe(t\i)) > (1= emaxnoen)| > aidzgull = (1= gl Y aidzgq, |-
i=1 i=1 i=1
Here we have used the fact that |¢t/| < |0(¢')] < |maxh(0(t'))| (see the last sentence of section 2.2)
and &, | 0. Since y*(Axt) =0,
|t It'| It']

1D aidayl > v (Y- aidaoy) > (1= el Y aidao, ||
i=1 i=1 i=1
Applying this inequality iteratively yields that for all ¢ € T_¢, the sequence (Axg(t‘i))lil is 2-
basic. Since ||Azg)l| > 1/2K, we deduce that (A.Z'g(t“))yil 8K-dominates the ¢ basis for each
t € T, and we deduce that NP (4, X,Y) > wé, a contradiction.
(|

Remark Note that essentially the same proof above with 2K replaced by nK allows us to deduce
that for A, : X - Y, 1<i<n, NP>/, 4, X,Y) <w VL, NP (A4;, X,Y), which is better
than the estimate NP (3" | 4;, X,Y) < w1 v NP« (4;, X,Y) which can be deduced by
iterating the previous lemma.

We remark here that the proof of Lemma 3.4 essentially contains a proof of the following result.
In the sequel, we say (:clt)tg-5 is a p-absolutely convex block subtree of a given tree (u)ie7;, provided
there exists a block map h mapping 7¢ into the chains of C(7,) such that for every ¢t € T¢, x; is a
p-absolutely convex combination of (us : s € h(t)).

Proposition 3.5. Suppose 0 < £ € Ord, A: X — Y is an operator, and (Ut)tem C Bx 1is such
that (ut‘i)llil € T,(A, X,Y,K) for all t € Tye. Then for any € > 0, there exists a p-absolutely
convezr block subtree (zt)ie: of (ut)ieT,e so that for all t € Te, both (xﬂi)y:'l and (A$t|i)yil are

(14 ¢)-basic.

We also note that if £ > w, ww® = W, so that if A, B € ’)T‘Bgo, A+ Be NPgO. Thus Lemma 3.4
implies that ‘ﬁ‘ﬁgo is an ideal whenever ¢ > w.

Recall [24] that for £ € Ord, af < § for each o, < £ if and only if £ = 0, £ = 1, or
£ = w** for some ¢ € Ord. Moreover, for 0 < a < w”c, aw** = w*‘. This means that if
A, B : X — Y are such that NP,(A,X,Y),NP,(B,X,Y) < w*’, then NP,(A + B,X,Y) <
W Moreover, if NP,(A,X,Y),NP,(B,X,Y) < w* and at least one of these inequalities is
strict, then NP,(A+ B, X,Y) < w“*. This uses Proposition 3.2(iii). However, the appearance of
NP,(A, X,Y) in the product estimates above does not allow us to deduce that if A, B € ‘ﬁ‘ﬁ;’(,
A+ B e ‘ﬁ%gc. The improvement of the product estimate for p = 1 does allow this conclusion,
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again using Proposition 3.2(i7i). We will see in Proposition 3.6 that for any 1 < p < oo, if

P,(A,X,)Y)NP,(B,X,Y)<w, NP,(A+ B, X,Y) <w.

Note that the difference between the p =1 and 1 < p cases is that small, uniform perturbations
of sequences exhibiting ¢; behavior also exhibit #; behavior, which is false for each 1 < p without
a uniform bound on the length of the sequences. The positive result for sequences of uniformly
bounded length follows from a more general result. In analogy to [17, Definition 2.28|, we say a
basis has property (S’) provided TP, is an ideal. Since by standard techniques it is easy to see
that if A+ B : X — Y is an isomorphic embedding of an infinite dimensional subspace Z of X into
Y, then either A or B is an isomorphic embedding of an infinite dimensional subspace of Z into
Y. From this we deduce, for instance, that every Schauder basis of a minimal Banach space has
property (S’), and therefore that any bases of ¢, and ¢y have property (S’). Recall that for any
operator A : X — Y and any ultrafilter i/ over any set, there is an induced operator Az, : Xy — Yyy.
Following a general method for building new operator ideals from given operator ideals, if (e;) has
property (S’), we say the operator A : X — Y is super-NP .,y provided Ay € mqs(ei)(xu, Yy) for
any ultrafilter 4. Since (e;) has property (S'), P, is an ideal, easily seen to be closed, and
we deduce that the class of super-99 .,y operators is also a closed ideal. By standard ultrafilter
techniques, we obtain the following.

Proposition 3.6. Let (e;) be a Schauder basis. Fiz X,Y € Ban. Then NP (A4, X,Y) < w
if and only if for any ultrafilter U, Ay € P \(Xu, Yu). If (e;) has property (S"), the class of
operators A : X — Y with NP .,)(A, X,Y) < w is a closed operator ideal.

Sketch. 1f NP (. (A, X,Y) > w, then there exists K so that NP (A, X, Y, K) > w. This means
that for any n € N, there exists (z]')7_; C Bx which is 1-dominated by (e;)7_; and so that (Ax}")!"
K-dominates (e;)I~ ;. Fix a free ultrafilter & on N. For each i € N, if x; € Xj, is the equlvalence

class of
(0,...,0, 20, 2™ 202 ),

[t Rt} L)
with ¢ — 1 zeros, it is straightforward to check that (x;) C Bx,, is 1-dominated by (e;) and (Ayx;)
K-dominates (e;). Therefore Ay ¢ MNP .,y (Xu, Yur).-

Suppose U is an ultrafilter, (x;) C BXM is 1/2-dominated by (e;), and (Ayx;) K/2-dominates
(e;). For any n € N, there exist isomorphisms P : [x; : 1 < i < n] == E — F C X and
Q : Ay(E) — A(F) so that QA4y = AP |P|| < 2 and ||Q || < 2. We then deduce that (Py;)™,
is 1-dominated by (e;);; and (APy;);; K-dominates (e;)j—;. Then (Px;)i_, € T, (4, X,Y, K),
and since n € N was arbitrary, o(T(.,)(4, X,Y, K)) > w. Since the order of a tree is always a
successor, o(T(,)(A, X, Y, K)) > w

The second statement follows from the first statement and the discussion preceding the propo-
sition.

O
Theorem 3.7. Fiz 0 < ¢ € Ord.
(i) For any 1 <p<oo, U§<wg‘)”(‘}3p is an operator ideal.
(ii) ‘ﬁ‘ﬁl is a closed operator ideal.

(i1i) For each 1 < p < oo, ‘)’I‘Bp 15 a closed operator ideal.
() If C is mﬁmte, ‘ﬁ‘ﬁgo is a closed ideal.
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We will see later that u5<wgmq3§, is not closed unless ¢ has uncountable cofinality.

Proof. We have already discussed why each statement is true. Because it demonstrates a simple
and highly elucidative case of our coloring lemma, we offer an alternative proof of Theorem 3.7(iii),
which is a consequence of Proposition 3.6. Assume X,Y € Ban and A, B € W‘B;(X, Y). Note that
by Proposition 3.2(4i7), this simply means that for any K > 1, NP, (A4, X,Y, K),NP,(B, XY, K) <
w. Let m = NP,(A,X,Y,2K) and n = NP,(B,X,Y,2Km). Assume (z;)]”} C Bx is 1-
dominated by the ¢, basis. Then for each 1 < j < m, we can find u; a p-absolutely convex
block of (xi)gz(j—l)n—&—l so that ||Buj|| < 1/2Km. If this statement were false for a given j,

(Ii)gz(j—l)n—f—l would imply that NP, (B, X,Y,2Km) > n, a contradiction. Since (u;)j; is also

1-dominated by the £, basis, if (Auj);-”:l were to 2K-dominate the £, basis, (uj)gnz1 would imply
that NP, (A, X,Y,2K) > m, another contradiction. Thus there exists a p-absolutely convex com-
bination u of (u;)7L;, and therefore of (x;)f, so that ||Au|| < 1/2K. Then with u = 377", a;u;,
m
I(A + B)ul| < [|Aull + ) lajl|Buyl| < 1/2K +m(1/2Km) = 1/K.
j=1
This shows NP,(A + B, X,Y, K) < mn < w. Since K was arbitrary, we are done.
O

3.1. Local strictly singular indices. We recall that for X,Y € Ban and A € £(X,Y), A is
strictly singular if for each infinite dimensional Z < X, A|z is not an isomorphism. Moreover, A
is said to be finitely strictly singular if for any € > 0, there exists n = n(¢) € N so that for any
E < X with dim E = n, there exists x € E with ||Az|| < ||z||. In [3], the notion of a {-strictly
singular operator was defined. An operator A : X — Y is called &-strictly singular if for any basic
sequence (z,) C X and any € > 0, there exists £ € S¢ and « € [z; : i € E] so that ||Az| < ¢||z].
We let SS¢(X,Y) denote the &-strictly singular operators from X to Y, SS¢ the collection of all
components SS¢(X,Y). It was shown in [3, Theorem 6.5] that if X is separable, then for any
Y € Ban, the strictly singular operators in £(X,Y") coincide with the operators in £(X,Y) which
are &-strictly singular for some £ < wi. We define the following trees for X, Y € Ban, A: X — Y,
and K > 1.

SS(A4, X, Y, K) = { (@)1 € ST (wi)iy s K-basic, (w)iy Sic (Azi)iy }.
Note that our blocking arguments for the Bourgain /¢, index of an operator relied on the fact that the
trees T)(A, X,Y, K) are p-absolutely convex. All derived trees of the tree SS(A, X,Y, K) are block
closed, which we recall means that normalized blocks of a member of a derived tree of SS(A, X, Y, K)
are members of the same derived tree. The arguments above with p-absolutely convex blocks
replaced by normalized blocks yield many similar results below with only minor modifications. We
define SS(A, X,Y, K) = o(SS(A, X,Y,K)) and SS(A, X,Y’) = supg~ SS(A, X,Y, K). We let
GG (X,Y)={A € £(X,Y):SS(4,X,Y) <w'}.
We let GG (X,Y) denote the strictly singular operators from X into Y.

Theorem 3.8. Fiz X, Y € Ban, B € £(X,Y), K > 1.
(i) 66 = UgeoraG&*t.
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(i) For any Schauder basis (e;), X,Y € Ban, and A € £(X,Y), NP (4, X,Y) <SS(4, X,Y),
and consequently G&¢ C ‘)?‘Bg forall€ € Ord, 1 < p < 0.
(iii) GG = ‘)T&B% consists of all finitely strictly singular operators.
(iv) If B is finite rank, SS(B, X,Y) = 1 + rank(B).
(v) For any £ € Ord, {A € £(X,Y) : SS(A, X,Y) <&} is norm closed in £(X,Y).
(vi) For any W,Z € Ban, A€ £(Y,Z), C € £W,X), SS(ABC,W,Z) < SS(B,X,Y).
(vii) If X is separable, GS(X,Y) = Ug,,, GG (X,Y).
(viii) If B € 6&(X,Y) is not finite rank, then there exists 0 < ¢ € Ord so that SS(B, X,Y) = w*.
(iz) For anye >0 and A € £(X,Y),

SS(A+ B, X,Y,K) <SS(A,X,Y)SS(B,X,Y,K +¢).
(x) For any 0 < £ € Ord, Uecwe &GS is an operator ideal, closed if € has uncountable cofinality.

Sketch. (1) is clear.

(77) Note that if (x;) ; C Bx is such that (x;); <1 (e)iy and (e;); Sk (Ax;)l, then
since (Aw;)i_; Sja) (7i)iz;, we deduce that (x;)j_; is b||A||K-basic and (v;)i_; Sk (Aw)iy,
where b denotes the basis constant of (e;). This means that (x;/||z;||)’; is b||A|K-basic and

(xi/||lzill)imy Sk (Az/||l@i]|)i,. This means that

{(zi/llzill)izy : (zi)ity € Tie) (A, XY, K)} € SS(A, X, Y, b[|A| KV K),
and by induction,

{(@i/|lzil)ies : (w)fey € Tiep (A, X, Y, K)*} C SS(A, X, Y, b]|A|IK v K)*

for each £ € Ord. This gives the first statement, and the second follows immediately.

For (iii), note that for A : X — Y, if SS(A, X,Y) > w then there exists a sequence (E,) of
finite dimensional subspaces of X so that dim F,, — oo and so that T'|g, is a K-isomorphism of
FE, and its image for all n € N. By Dvoretzky’s theorem, by passing to a subsequence of the
spaces (E,), we may assume without loss of generality that for each n € N there exists a subspace
F, of E, so that dim F;, = n and F, is 2-isomorphic to ¢5. If (z]')i", is a basis for F,, which is
1-dominated by and 2-dominating the ¢ basis, these sequences are K-dominated by their images
under A, whence the £3 basis is 2K-dominated by (Az]")! ;. These sequences witness the fact that
NP3 (A, X,Y,2K) > w. This implies that PR3 € &G, The reverse inclusion follows from (ii). To
see that GG consists of finitely strictly singular operators, note that every finitely strictly singular
operator A : X — Y necessarily satisfies SS(A, X,Y) < w. This is because for any ¢ > 0, there
exists n = n(e) € N so that if £ < X with dim E = n, there exists € E with ||Az| < ¢||z].
Thus if (z;)!; C Sx is K-basic, there exists x = ) ;" | a;z; so that ||Az| < e[|z|, which means
SS(A,X,Y,e~ 1) < n. This shows that every finitely strictly singular operator lies in G&!. By
arguing as above, if A: X — Y is not finitely strictly singular, then there must exist K > 1 and a
sequence of subspaces (Ey) of X so that dim E,, — co and T'|g, is K-isomorhpic to its image. By
passing to subspaces of a subsequence of (E,), we may assume that E,, is closely isomorphic to ¢4
and is spanned by a sequence (z')"_; which is normalized and K-basic. These sequences witness
that SS(A4, X,Y, K) > w.

(iv), (v) are trivial modifications of Proposition 3.1.



16 KEVIN BEANLAND, RYAN CAUSEY, DANIEL FREEMAN, AND BEN WALLIS

(vi) Suppose (w;)f, € SS(ABC, W, Z, K ). Then
(wi)izy Sk (ABCw;)iy Spaps) (Cwi)icr Syop (wi)iey

implies that (Cw;)i_, is [|A[||B||[|C||K-basic and (Cw;)i_; Sjayjcix (BCwi)i=y. This means
(Cw;/||Cw;|)iy is ||A||||B||||C|| K-basic and ||A]|||C||/K-dominated by (BCw;/||Cw;||)i~,. There-
fore

{(Cwi/||Cwill)icy : (wi)izy € SS(ABC, W, Z, K)} C SS(B, X, Y, [[A[BI[[|CIIK V [[A[IC]IK),
and by induction,

{(Cwi/|Cwill)izy = (wi)iy € SS(ABC,W, Z,K)*} € SS(B, X, Y, | A[[|B||C K V || C||K)*
for each £ € Ord, which gives the result.

(vii) This is another application of Bourgain’s version of the Kunen-Martin theorem, noting that
SS(A, X,Y, K) is closed for each K > 1.

(viit) This proceeds as in Proposition 3.2(iz). We only note that if (z;)", € SS(4, X,Y, K),
F C Sy- is 2-norming for [z;]i_;, and (u;)7L; C Ny-epker(y®), (u;)L,; € SS(A, X,Y, K), then
(T1y. vy T, UL, ...y Uy) € SS(A, XY, 6K).

(ix) This follows as in Lemma 3.3(i) with the assumption that ||Aw|| < d,/2K. The factor of

2K is required since we can only guarantee in this case that max; ;< [a;] < 2K|| Z‘f:ll a;uy), || for
scalar sequences (a;) l’ll
(z) This follows again from (iz) and the fact that if SS(4, X,Y),SS(B, X,Y) < w**, SS(4 +
B, X,Y) < SS(A,X,Y)SS(B,X,Y) < W If ¢ has uncountable cofinality and A,,A: X — Y
are such that A, — A, and SS(4,, X,Y) < w**, then SS(A, X,Y) < sup, SS(An, X,Y) < w**. If
SS(A,X,Y) = w*, we deduce { < w, and A € 6&¢ C U, 66"
]

4. SEQUENTIAL INDICES

4.1. Operators preserving no Ef, spreading model. For 0 < ¢ < wj, and a sequence (x;) in a
Banach space, we say (z;) is an ég spreading model provided there exist a,b > 0 so that for each
E € &, (ei)ice Sa (Ti)ier and (x;)ice Sp (€i)ick, where (e;) is the canonical £, basis. Note that if
¢ = w1, our convention that S, = N<N simply means that (x;) is equivalent to the ¢, basis. Since
S¢ is spreading for each &, any subsequence of an Eg spreading model is one as well with the same
constants. The notion of cg spreading model is defined similarly. For X,Y € Ban, 1 < p < oo,
and 0 < £ < wy, we let GSJTf)(X,Y) consist of all operators A € £(X,Y) so that if (x,) C X is an
Ef, spreading model, then (Az,) is not an Kf, spreading model. The class GMS (X,Y) is defined
similarly for cg spreading models. As usual, we let 693?}5, consist of all operators lying in 69)?150(X Y)
for some X,Y € Ban. Note that &M;" = P, the operators not preserving a copy of £, (resp.
co). If A e 69315, we say A preserves no Ef, (or cg) spreading model. We let SM,,(A, X,Y") denote
the smallest ordinal £ € [1,w;] so that A preserves no £§ (or cg if p = o0) spreading model, provided
such an ordinal exists, and SM(A4, X,Y) = oo otherwise. We obey a similar convention as with
the local indices that SM,,(X) = SM,,(Ix, X, X). We note that since the order of S is Wt + 1,
if A: X — Y preserves an Zf, spreading model, say (), then NP,(A4, X,Y) > w®, as witnessed
by the collection {(¢™'ap)nep : E € S¢}, where ¢ = sup{[| 3,,cp annl| : E € S¢, (an)nck € SE\pE\}.
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Therefore ‘ﬂiﬁg C 69)?5. This combined with Proposition 3.1(iv) yields (iii) of the following
proposition. The proof of the first two items of the next proposition are similar to the proofs of
the analogous parts of Proposition 3.1, so we omit them.

Proposition 4.1. Fizx X, Y € Ban, 0 < ¢ < w;.
(i) 693?% is norm closed in £(X,Y).
(ii) For W,Z € Ban, ABC € &MS(W, Z) whenever B € 8M5(X,Y) and C € &W, X), A €
LY, 2).
(iii) If X is separable, WP, (X,Y) = U§<w169ﬁ§,(X, Y).

We remark at this point that there exist (necessarily non-separable) Banach spaces admitting no
copy of £, (resp. ¢p) but admitting for all £ < w; an Kf, (resp. cg) spreading model. For example,
the f3 sum (@X&)[Z([Lwl)), X¢ the Schreier spaces of [1], is such a space for p = 1. For 1 < p,
the p-convexification of this space admits an Eg spreading model for all £ < w;, and the dual of
this space admits cg spreading models for all countable §. Thus ¥R, = &M, # U<<wl69ﬁg. As
we will see later, the union U<<w169ﬁ1€ is a closed ideal distinct from the ideal of operators not
preserving a copy of £p,.

We have the following analogue of Lemma 3.3. The first part is similar to [3, Proposition 2.4],

which conerns sums of &-and (-strictly singular operators.

Lemma 4.2. Fiz 0 < £, < w1, X,)Y € Ban, 1 < p < oo. Assume A € Gmtg(X,Y) and
B € 6M(X,Y).
(i) If 1 < p < oo, A+ B € GMT(X,Y).
(ii) If p € {1,00}, A+ B € M (X,Y).
Theorem 4.3. For each 1 < p < o0, £ < wy, u<<w§6£mg is an operator ideal, closed if & = w;.
Moreover, 69)?% is a closed operator ideal if p € {1, 00}.

Proof of Lemma 4.2. (i) Fix 1 < p < oo. Fix (z,) C Bx and assume that for each E € Sgyc,
(zn)nee S1 (€i)ice, where (e;) is the £, basis. If no such sequence exists, then X admits no
€g+§ spreading model, and obviously A + B can preserve no €§+< spreading model, and we reach
the conclusion trivially. Then since A preserves no Kf, spreading model, for any € > 0 and any
subsequence (x,)nem of (z,) and any k € N, there exists £ € S¢ with £ < F and scalars (a;)ick
having p-norm equal to 1 and so that || >,y a; Az, || < €. We choose M € [N] so that S¢[S¢|(M) C
Serc. We then choose By < Eo < ... in S¢ and a p-absolutely convex block (zy,) of (z,) so that
Zn = Y icp, @iTm; and ||Az,|| < e,, where €, | 0 is chosen so that ) e, < co. Then our choice of
M guarantees that (2, )necp is 1-dominated by the ¢, basis for each E € S¢. Since B preserves no
Ef, spreading model, for any € > 0 and k € N there exist £ € Sy with k& < E and scalars (b;)ck

having p-norm equal to 1 and so that ||, 5 b;Bz|| <. Then

(o)
<) Azl +e <D eite.
i€l i=k

Since k € N and € > 0 were arbitrary, this quantity can be made arbitrarily small. This means

HZ bi(A+ B)z

el

((A + B)zy,) is not an €§+< spreading model, since ), pbi(A + B)z; is a p-absolutely convex
combination of (Zm, Jneu,cpE; and UiepE; € S¢[Se](M) C Seqe.
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(7i) Assume £ = £V (. First consider p = oco. If X admits no cg spreading model, the result is

trivial. Assume (z,) C X is a cg spreading model. Then if limsup ||Az,| > € > 0, by passing to
a subsequence we may assume ||Axy| > € for all n € N. Since any cg spreading model is weakly
null, we may also assume (Az,) is basic, in which case it dominates the ¢ basis, so we have the
appropriate lower estimates. The upper estimates to witness that (Az,) is a cg spreading model
come from comparison to (z,), and we reach a contradiction. Thus Az, — 0. Next, note that
since ¢ < &, the almost monotone property of the Schreier families gives that some subsequence of
() is a cg spreading model, and Bz, — 0. Therefore (A + B)z, — 0, and ((A + B)z,) is not a
cg spreading model.

Next, consider p = 1. Suppose (z,,) C By is such that ((A + B)z,,) is an €§ spreading model.
Note that no subsequence of either (Az,) or (Bz,) can be equivalent to the ¢; basis, and by
Rosenthal’s ¢; theorem we can assume (Az,) and (Bzy,) are both weakly Cauchy. By passing to
an appropriate subsequence and taking a difference sequence as in the remark after Corollary 2.3,
we can assume (Azy,) and (Bz,) are both weakly null. By [4], either some subsequence of (Az),)

is an €§ spreading model, or there exists N € [N] so that for all L € [N], >~;cqop(er) ¢L(i)Az; — 0,

where (££) C cpp denotes the repeated averages hierarchy block corresponding to L and ¢, and
¢l = (¢L(4));. Of course, the second alternative must hold. Using [4] again, either there exists
M € [N] so that (Bz;)ien is an E§ spreading model, or there exists M € [N] so that for all L € [M],
Zz‘esupp(gg) ¢L(i)Ba; - 0, and again our hypothesis guarantees that the second alternative must

hold. Therefore ;¢ pp(enn) EM(i)(A + B)x; — 0. Since supp(EM) € S¢ and each €M is a convex

combination of the ¢y basis, this shows that ((A + B)x,) cannot be an €§ spreading model.
U

4.2. Weakly compact index. Let Q0€ denote the ideal of weakly compact operators. We define
e = WeN GSI)T?. Note that this is a closed ideal, being the intersection of two closed ideals. We
let SWC(A, X,Y) be the minimum ordinal in [1,w;] so that A € 20¢¢, if such an ordinal exists,
and SWC(A, X,Y) = oo otherwise. Again, we let SWC(X) = SWC(Ix, X, X). If X¢ > denotes
the completion of cyp under the norm

s 1/2
lollxe, =sup{ (Y IEl) " B < By <. By € Sc),
i=1

it was shown in [15] that X¢ o admits no Eﬁ“ spreading model for 0 < § < wy. Moreover, X¢ o is
reflexive and the basis is an ﬁ spreading model. Therefore SWC(X),2) = {+1 and uestt \QBQ:g #*
@ for each 0 < & < wy. We last observe that for a separable Banach space X and any Banach
space Y, A: X — Y is weakly compact if and only if there exists £ < w; so that A € 20¢$(X,Y).
This is because if A : X — Y is weakly compact, then if A ¢ 0¢¢, A ¢ 693?%. But since
NP, (X,Y) = U§<wl6§m§(X, Y), A € WEX,Y) \ Uy, 2E(X,Y) implies that A preserves a
copy of ¢1, contradicting the assumption of weak compactness.
Thus we have arrived at

Theorem 4.4. For each 0 < £ < wy, 2¢¢ is a closed operator ideal and Gimﬁﬂ \ 69ﬁ§ 18 non-
empty. Moreover, if X, Y € Ban and if X is separable, then E(X,Y) = U§<wlﬁﬁ€5(X,Y).
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At first, this definition may seem somewhat artificial, but an equivalent, more apparently natural
definition has appeared previously in the literature [6]. Of course, X is reflexive if and only if any
bounded sequence (x,,) has a weakly converging subsequence, which is equivalent to every bounded
sequence in X having a convex block which is norm convergent. In [4], the Schreier families
and repeated averages hierarchy were used to quantify the complexity of the blocking required
to witness the convex block of a weakly converging subsequence which is norm convergent. In
complete analogy, the operator A : X — Y is weakly compact if and only if every for every
sequence (x,,) C By, some subsequence of (Ax,) is weakly convergent or, equivalently, for every
sequence (z,) C By, some subsequence of (Ax,) has a convex block converging in norm in Y.
The stratification of 20¢ into the classes 20¢¢ also measures the complexity of a convex block of a
subsequence of (z,) which has norm converging image sequence. In [4], the authors defined ¢ and
(&, M) convergent. For & < w; and M € [N], the sequence (y,) converging weakly to y is (&, M)
convergent to y if |y — > cqupp(ern) EM (D) y; | 2 0. The sequence (y,) converging weakly to y
is & convergent to y if for any N € [N], there exists M € [N] so that (y,) is (£, M) convergent
to y. The class 20¢¢ can be characterized in these terms as follows: A weakly compact operator
A: X — Y is a member of 20¢¢ if and only if for every bounded sequence (x;) in X, there exists
a subsequence (z,;) which is &-convergent to a member of Y. This fact is contained implicitly in
the next proposition.

Negating the characterization of weak compactness above, one can deduce that the operator
A: X — 'Y fails to be weakly compact if and only if there exists (x,) C Bx so that (Az,) dominates
the summing basis (s;), the norm of which is given by || Y"1 | a;is;|| = maxi<men | Y rey ai]. In [6],
for £ < wq, an operator A : X — Y was called S¢g-weakly compact if for any seminormalized basic
sequence (x,) C X and any € > 0, there exist £ € S¢ and scalars (a;)icp with

H ZCMA%H < 5” ZCLZSZH
S i€ER
We note that these notions both lead to the same quantification.

Proposition 4.5. Let A: X — Y be an operator, { < wi. Then A is S¢-weakly compact if and
only if A € 20¢¢,

Note that this proposition proves that the classes of S¢-weakly compact operators defined in [6]
form a closed operator ideal by Theorem 4.4.

Proof. Assume A ¢ 0¢E. If A fails to be weakly compact, then of course A fails to be S¢-weakly
compact. If A is weakly compact, then there exists (z,) C Bx so that (Az,) is an €§ spreading
model. Then for some K > 1 and all E € &, (Az,)nerp K-dominates the E‘lEl basis, and therefore
K-dominates (Sz)yi'1 This implies that A is not Se-weakly compact, since (s;) is isometrically
equivalent to all of its subsequences.

Next, assume A € 20¢¢. Fix a semi-normalized basic sequence (zn) C Bx. By passing to a

subsequence, we may assume (Az,) converges weakly to some y € AB x = ABx. Then there
exists (u,) C Bx so that (Auy) converges in norm to y. If a subsequence of (A(x, — uy)) is
norm null, then the corresponding subsequence of (Az,) converges in norm to y, and we are done.
Otherwise we can pass to a subsequence and assume (A(x, — u,)) is convexly unconditional [4].
Recall that for M € [N], (¢M),, denotes the repeated averages hierarchy blocking corresponding
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to & and M. By [4], either some subsequence of (A(z, — u,)) is an €§ spreading model, which
is impossible since A € 20€%, or there exists M € [N] so that > icsupp(EM) EM(NA(zy —w;) —
n n—00
0 in norm. Note that |||, = 0, so we may partition supp(¢M) into A4, < B, so that
n—oo
Siea M), Y e, E(0) = 1/2. By convex unconditionality, if ¢; = 1 for ¢ € A,, and —1 for
i € By, H Ziesupp({{‘{’) 8157]2/1(014(3}1 - ul)” — 0. But

I Y. ag@Anl < Y. sl (A —uw)| + 1 Y & (1) Au — > &3 (i) Au|

iesupp(¢M) iesupp(¢M) i€Ay i€Bn
1 1
— 0 —y—-y||=0.
+l5y =3l

Since limsup,, || 3 ;equpp(er) £:6M(i)s;|| > 1/2, this proves that there does not exist K so that
for all E € S¢, (Azyn)ner K-dominates the summing basis (s;)icp. This proves that A is Se-weakly
compact.

O

5. DUALIZATION

Given a normalized, bimonotone Schauder basis (e;) with coordinate functionals (e}

¥) and an
operator A : X — Y, a natural question to ask is how NP, (4, X,Y) and NP(e:)(A*,Y*,X*)
may compare. From [12], [19], and [18], we deduce that in general these indices may be drastically
different. It follows from [18] that if (e;) is any shrinking basis, there exists a L, Banach space Z,)
admitting a sequence equivalent to (e;) so that 2oy & ¢1. This means that if (e;) is the ¢, basis for
1<p<2 NP,(Iz,Z,7Z) = oo, while NP, (Iz+, 2%, Z*) = w, since ¢, is not finitely representable
in #1 for 2 < ¢ < oo. Additionally, one can take separable, reflexive spaces admitting large ¢1
indices, for example the Tsirelson spaces, and embed these as well into Banach spaces having
duals isomorphic to £1, which has the smallest possible ¢y indices. These examples show that it is
impossible in general to deduce any connection between NP (A, X,Y’) and NP(e;«)(A*, Y™, X¥).
However, we do establish the following sharp relationship.

Theorem 5.1. Let £ € Ord, X,Y € Ban, and A € £(X,Y).
(i) If A € MPS(X,Y), then A* € MPE (Y™, X*).
(i) If A* € MPS(Y*, X*), then A € MPE(X,Y).
(iii) If 0 < € < wy and A € SME(X,Y), then A* € SME (V*, X*).
(iv) If 0 < £ < w1, and A* € GME(Y*, X*), then A € GME (X,Y).

Note that for (i) and (i7), the £ = 0 case reduces to the case that either A or A* is the zero
operator, and there is nothing to prove. Therefore in the proof below, we consider only 0 < £. The
positive result here is due to the fact that ¢; structure requires only a one-sided estimate, and that
this estimate can be found by norming vectors with functionals acting on them biorthogonally and
exhibiting cg structure.

Parts (iii) and (iv) of Theorem 5.1 follow from standard techniques. If (z;) C Bx is such that
(z;) and (Ax;) are both cg spreading models, then (z;) and (Ax;) are both weakly null. By standard
arguments, if 0 < ¢ < inf ||Az;||, then for any ¢; | 0 we can find (y}) C By~ so that y(Az;) > ¢
and, by passing to subsequences of (x;) and (y;), assume that |y (Az;)| < g; for all 1 < i < j.
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By Rosenthal’s ¢; dichotomy, either some subsequence of (A*y’) is equivalent to the ¢; basis, in
which case we are done, or we can pass to a difference sequence of a weakly Cauchy subsequence
of (A*y}) and, by another diagonalization, obtain a subsequence (z,,) and a difference sequence
(2F) of a subsequence of (y;) so that (A*z}) is weakly null. By passing to a subsequence as before,
max{i,j} for all i # j and z/(Axp,) > /2. Choosing ¢; | 0 rapidly

enough (depending on ¢) allows us to use co-convex combinations of (z,)icr to appropriately norm

we may assume |z; (Azy,,)| < e

any linear combination of (A*z})icp, E € S¢, to witness that (A*z}), and therefore (2

K3
spreading model. The argument is the same if (y}) and (A*y}) are cg spreading models, except

), is an €§

that we norm A*y; by a member of X rather than X**.

The method for proving (¢) and (i) will again require us to find functionals to biorthogonally
norm the vectors witnessing ¢; structure. The method will follow easily from the next technical
lemma. The proof is an inessential modification of the non-operator version from [16], so we omit
it.

Lemma 5.2. Fiz (,£ € Ord with0 < &. Fixn e Nand K > 1. Let F C Y™ be finite, b a member
of Too(A, X, Y, K) be such that o(Te (A, X,Y, K)(b)) > wén. Then for any C > K, there exist a
B-tree T with o(T) = wén, vectors (x)ieT C Bx, and functionals (y})ie7 C CBy~ so that the
following hold for everyt € T:
(i) yi (Azy) =1,
(ii) for s € T comparable to t and not equal to t, yi(Ax:) = y; (Azs) =0,
(iii) for any y* € F, y*(Ax¢) =0,
(iv) for any u € b, y; (Au) =0,
(1) (24,)) € Too(A, X, Y, K)S(b).
Moreover, if X, Yo are preduals of X, Y , respectively, such that there exists B : Yo — Xg so that
A = B*, then (yf)ieT can be taken to lie in C By, rather than CBy~.

Proof of Theorem 5.1. If A ¢ NP (X,Y), there exists K > 1 so that NP, (4, X, Y, K) > wf.
Then with ¢ = 0, n = 1, and b = @, we deduce the existence of a B-tree T with o(T) = w¢
and vectors (x¢)ie7 C Bx and (yj)ier C KBy- so that for any ¢t € T, yf(Az,) = 1, for s € T

comparable to ¢ and not equal to t, y*(Az:) = yf (Azs) = 0, and so that (xt‘i)iil is 1-dominated by

the ELtcl) basis. Using oo-absolute convex combinations of branches of (xy,) \thll to appropriately norm

linear combinations of branches of (A*y} ‘»t,l shows that the sequence (A*y lﬂ 1-dominates the
Yy, )i=1 Y4, )i=1

éllt‘ basis. Thus (K 'y;)ier C By+ gives that NP (A%, Y* X*) > w¢, and A* ¢ ‘J‘(‘Bg(Y*,X*),
which proves (ii). The proof of (7) is similar, using the “moreover” statement of Lemma 5.2.
O

6. DIRECT SUMS AND p-CONVEXIFICATIONS

In this section, we wish to discuss how combining operators behaves under finite and infinite
direct sums, as well as under p-convexifications.

6.1. Local indices. Our first result is analogous to a result concerning the Bourgain ¢, block
index. The non-operator version of the analogous result was first shown for p = 1 in [20], and for
1 <p < ooin [16].
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Proposition 6.1. Suppose X,Y are Banach spaces having 1-unconditional bases (e;)icr, (fj)jer,
respectively, and A € £(X,Y). Then for 0 < & € Ord and K > 1, if NP,(A, XY, K) > w¢, for
any € >0 and e, | 0 there exist (x¢)ie7; and (yi)ieT so that for each t € Te,

, t
(i) (wg )iy € T(A XY, K + ),
(i) || Azt — yel| < e,
(iii) (a:t|i)y:|1 have finite, disjoint supports with respect to (€;)icr.

(iv) (yth)iil have finite, disjoint supports with respect to (y;);cJ-

Note that we do not need the bases to be 1-unconditional. It is simply a matter of improving
the presentation of the proof.

Proof. For M C I, let P denote the projection onto [e; : i € M] in X, and similarly for N C J. Fix
dn 4 050 that foreachn € N, 3770 8, < en. Choose (uy)ieT,, S0 that (ut|i)ﬂl € T,(A, XY, K) for
each t € T,¢. By replacing K with any strictly larger number not exceeding K + ¢ and perturbing,
we may assume that for each t € To¢, supp(u;) is finite. For each t € 7, choose a finite set N; C J

so that

Let My = Ny = @ and, for each t € T, let My = Ug<ysupp(us), and Ny = Ug<¢N,. We apply
Lemma 2.4 with the functions (ft)teMng defined for a chain S of T,¢ by fi(S) =1 if

0< min{||Pﬁtu|| + ||P]€tAu|| :u is a p-absolutely convex combination of (us)ses},

and f;(S) = 0 otherwise. By a dimension argument, if g : 7o, = 7.¢ is monotone and t € MT .,
there exists a chain S in 7, so that f;({g(s) : s € S}) = 0. Therefore Lemma 2.4 implies that there
exists a block map h from MT¢ to the chains of 7.,¢ so that for each s,t € MT,¢ with s < ¢, and
for each s’ € h(s), fs(h(t)) = 0.

If t € T¢ is minimal in T¢, let 2y = us for some s € h(t). If t € T¢ is not minimal in 7g,
let s be the immediate predecessor of t in T¢ and let s’ = maxh(s). Since fy(h(t)) = 0, there
exists a p-absolutely convex combination z; = Et,eh(t) apuy of (up)pep(r) so that PJ\JZS/% =0 and
P]I\;s/ Axy = 0. Let y; = Pn___ het)
t' <t € Tg, s still denoting the immediate predecessor of ¢ in 7¢ and s’ still denoting max h(s),

Az;. Note that with (24)ve7;, (Yv)veT; defined in this way, for

Supp(xt’) C Mpax h(t') C My, Supp(iﬂt) NMy =0
and
supp(¥r) C Nmaxn) € No,  supp(ye) N Ny = 9,

whence (7i7) and (iv) follow.
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Item (4) follows from the fact that (xy,) 111 is a p-absolutely convex block of a branch of (us)se7,-

For (ii), recall that for any t' € h(t), |t| < |t/], so

Az -yl < S Nue — PE. Auglllao]
tehl(t)
< Z ”Aut’*P]}\;t,Aut’H < Z 5“/‘
teh(t) tehl(t)
S
< Z 6?1 < E‘t|7
n=|t|

where as above, z; = ), ¢,y avuy. Here we have used 1-unconditionality of (f;) and the fact that
Ny C Npaxn(s) for each t' € h(t).
]

Remark It is easy to see that if we assume that either only X or only Y has an unconditional
basis, we can omit either (éi7) or (iv) and obtain the conclusion.

Considering the identity operator on ¢y, we deduce that the factor of w in the preceding proof is
sharp.

Moreover, it is easy to see how to modify the proof to work for other coordinate systems such as
a Schauder or Markushevich basis, and that if the coordinate system is sequentially ordered, the
supports of the branches of (z;), (y:) can be made successive rather than simply disjoint.

Again, minor modifications give the analogous result for the strictly singular index.

Proposition 6.2. Suppose X,Y are Banach spaces having 1-unconditional bases (e;)icr, (fj)jer,
respectively, and A € £(X,Y). Then for 0 < £ € Ord and K > 1, if SS(A, X, Y, K) > w¢, for any
e >0 and &, | 0 there exist (21)ie7; and (yt)ieT: so that for each t € Te,

(i) (zy)\L, € SS(A, X, Y, K +¢),

(ii) || Az — ]| < Elt|s
(i) (xt|i)y:|1 have finite, disjoint supports in (€;)icr.

(iv) (yt|i)y:‘1 have finite, disjoint supports in (f;)je.-

The proof follows from replacing p-convex blocks with normalized blocks and replacing §,, with
0n/2K. The reason for the latter modification is because the cofficients of a p-absolutely convex
block must have moduli bounded by 1, whereas the moduli of the coefficients of a normalized block
of a K-basic sequence need only be bounded by 2K.

Corollary 6.3. For any set I', any 1 < p < oo, any Banach space X, and any operators A : X —
0,(I), B:£,(I") = X,

SS(A, X, (,(T')) < wNP,(A, X, £,(I"))
and

SS(B, 4,(T"), X) < wNP,(B, (,(T"), X),

and the same is true for co(I') when p = oco.
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Proof. For the statement concerning A, we can use Proposition 6.2 to obtain a tree (z¢)ie7; (Without
the assumptions on disjointness of supports of the branches of (xt)teT&) so that the branches of this
tree are uniformly equivalent to their images under A and so that the images under A are a small
perturbation of disjointly supported vectors in £,(I') (resp. co(I')). Thus this tree witnesses the
fact that NP,(A, X,Y) > & For the statement concerning B, we omit the portion of Proposition
6.2 concerning (yt)ic7; to obtain a tree the branches of which are disjointly supported in £,(T")
with branches uniformly equivalent to their images, which is necessarily witnesses the fact that
NP,(A, X,Y) > &

O

We note the analogue of this for the sequential indices.

Proposition 6.4. Let X be a Banach space.
(i) For any I', 1 < p < 00, 0 < & < w1, and operators A : £,(I') = X and B : X — £,(T'),
A€ 85:(0,(1), X) if and only if A € 6m§(€p(F),X) and B € 8S¢(X,£,(I")) if and only if
B e GDﬁg(X, 0,(T")). The analogous results hold for co(T).
(i) If Y is any Banach space and A : X —Y, 0 < & < wy are such that A ¢ 693?5(X, Y), then
A¢SS(X,)Y).

Proof. (i) If (x,) C £,(I") (resp. co(I')) is normalized, K-basic, and (zy)ner is K-equivalent to
(Azy)ner for every E € S, then we may assume (x,) is coordinate-wise convergent, and by passing
to an appropriate difference sequence and normalizing, we may assume (z,,) is coordinate-wise null.
By passing to a further subsequence and perturbing, we may assume (z,,) is disjointly supported,
and therefore (x,,) and (Az,,) are both E,E) (resp. cg) spreading models. Thus if A € 69)?150, AcSSe.
For the analogous statement concerning B, the argument is similar, except we assume (Bzx,) is
essentially disjointly supported.

The other direction of (i) is a consequence of (ii).

(7)) If (x,) is a K—€f, (resp. K—cg) spreading model and so is its image under A for some K > 1,
we may assume (z,,) is K-basic and (2,,)ner and (Bxy)ner are K2-equivalent for each E € Se.

O
Proposition 6.5. Suppose that fori=1,,...,k, X;,Y; € Ban are such that Y; has an uncondi-
tional basis. Then if A; € £(X;,Y;),
k
NP (@ Ai, B, Xi, §7,Yi) <w \/ NP1 (4;, X;, V).
=1

Proof. We may assume that each Y; has a 1-unconditional basis and that the direct sums are 1-
sums. We may also assume that at least one of the operators A; is not finite rank and that none
of the A; preserves a copy of £1. Suppose 0 < ¢ € Ord is such that w® = \/leNPl(Ai, X;,Y;). To
obtain a contradiction, assume K > 1 is such that

NP, (88 A, ek X, eF Vi, K/2) > wub.

By Proposition 6.1 applied with ¢ = K /2, we can find ((l’j7t)§:1)te7;§, ((yj7t)§?:1)t€7;§ satisfying
(i)-(iv) with &, = 1/4kK for each n € N. Then since ((Ajasm‘i)?:l)yil K-dominates the ¢; basis
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for each t € T g, ((yj,t|i)§:1)Lt:‘1 must 2K-dominate the ¢; basis for each t € T . But since this is
a disjointly supported sequence in a space with 1-unconditional basis, this is simply equivalent to

every convex combination of ((yj,th)k ) having norm at least 1/2K. By the geometric version of

=1
the Hahn-Banach theorem, this is equivalent to the existence of a functional (y;t);?:l € H§:1 Byj*

so that for each 1 < i < [¢],
k
Zy;,t(yj,tli) > 1/2K.
j=1

Of course this means that for each 1 < i < [t], v‘l;;:ly;f,t(yjyt‘i) > 1/2kK. For each s € T and
Jje{l,...k}, let
Aj(t) = {s € MAX(Te) -t = 8,y;,(yje) = 1/2kK}.

Then our previous remark guarantees that for each ¢t € 7 ¢,
UF_1Aj(t) = {s € MAX(T,¢) : t = s}.

Then [16][Lemma 3.7] gives the existence of j € {1,...,k} and maps g : Te — T and h :
MAX(T,) - MAX(T,) so that for each s,t € T with s < ¢, g(s) < g(t) and for each
t € MAX(Toe), U nwyWigw) = 1/2kK for each 1 < i < [t|. Thus for each t € MAX(Ts)
(?/j,g(tli))ﬂl is a disjointly supported sequence in Y; and y]* ht) (Yj.g0t1)) = 1/2kK for each 1 < i < [t
witnesses the fact that (yj g(tl: ))‘Zt| 1, and therefore every branch of (y; 4( ))567- ¢» 2k K-dominates the
{1 basis. Since [|A;x; 44 — Yj g0l < 1/4kK for every t € T, we deduce that every branch of

(Ajzj gt et ¢ ARK- domlnates the {1 basis. But the existence of (z;4(;))ie7  implies that
NPl(Aj,Xj,)/j,élk‘K) > wt )

a contradiction.

O

In what follows, given a Banach space X with unconditional basis (e;)icr, the ¢1-block index of
X with respect to (e;)ics is the supremum over K > 1 of the orders of the trees TP (X, K) consisting
of @ together with those sequences (x;)!"_; of disjointly supported vectors in the ball of X such that
for all scalars (a;)};,

KHZ@MH Z\ai|~

=1
If X4,...,X, are Banach spaces with unconditional bases (e;'-) jel,, respectively, then U?Zl(e}) jel,
is an unconditional basis for @} ; X;.

Corollary 6.6. If X1,..., X have unconditional bases, Il(@leXi) < w\/leIl (X;). Moreover, the
£1 block index of the natural basis of the direct sum is exactly the maximum of the £1 block indices
of the individual spaces.

The first part of this corollary follows from the previous proposition, while the latter part is
contained implicitly within the previous proof. Indeed, the purpose of the factor of w was to pass
from an /¢; tree in the direct sum to an “almost” disjointly supported block subtree, which is
unnecessary when dealing with the block index.
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Next, recall that if (e;);er is a 1-unconditional basis for the Banach space E and if (U;);er is a
collection of Banach spaces,

(®Ui) p = {(ui)iel : Z |luille; € E}

i€l

is a Banach space when endowed with the norm

(uaierll = 1Y lluillesl]-
el
For convenience, we will denote (@Ui)E by Ug. For each J C I, we let Pf be the projection in Ug
defined by P¥(u;)icr = (1(i)u;). We let suppy ((ui)ier) = {i € I : u; # 0}.

Suppose that we have two 1-unconditional bases (e;)icr, (fi)ier for E, F, respectively, indexed by
the same set I. Suppose also that we have a collection (U;, V;);c;r of Banach spaces and (A4;);cr of
operators A; : U; — V; so that the the map e; — || A4;|| f; extends linearly to some Ig p € £(E, F).
Then A(u;)ier := (Ajui)ier defines a bounded operator from Ug to Vp. For each J C I, we let
Ay = PFA. That is, Aj(u;)ier = (15(i)Aiwi)ier

Proposition 6.7. With Ug,VF, IgF, A, and Ay as above,

NP, (A, Up, Vi) < (sup{NPl(AJ, Ug, V) : J C I,|J| < oo})Npl(IE,F,E, F).

Proof. The proof is similar to the proof of Proposition 6.1, so we omit some details. The proof is
similar in the sense that, for any sufficiently large tree (where “sufficiently large” meant order w in
Proposition 6.1, and means order sup{NP(A;,Ug,VF) : J C I,|J| < oo} here), we may obtain
a l-absolutely convex combination of a branch such that its image under A is essentially zero on
a prescribed subset @;c;V; of Ve. We can apply this to find a block subtree of a given tree of a
prescribed order such that if (z;); lies in the block subtree, then there are disjoint, finite subsets
J1,...,Jy of I such that Ax; is essentially contained in @©;c s, V.

Let ¢ = sup{NP(A;,Ug,Vp) : J C I,|J] < oo} and let ¢ = NPi(Igp, E,F). If either
& = oo or ( = oo, there is nothing to show, so suppose £, € Ord. Suppose also that there
exists K > 1 so that NP1(A4,Ug,Vr, K) > £ and choose (ut)iere, so that for each t € Te,

(ut|i)|~t‘ L € Ti(A,Ug, Vi, K). For each t € T, choose N/ finite so that ||Au; — P, Au|| < 1/3K.
t

1=

Let Ny = @ and Ny = Us<;N.. For t € MT¢c and S C Tg¢ a chain, let fi(S) =1 if
1/3K < min{ ”P]{ZAJ}” :  is a 1-absolutely convex combination of (us)seg},

and f;(S) = 0 otherwise. Note that there cannot exist t € MT ¢ and a monotone g : T¢ — T¢¢ so
that for each chain S of T¢, fi({g(s) : s € S}) = 1, otherwise (Pf\%%(s))te?’g witnesses the fact that
NP, (An,,Ug, Vr,3K) > £. This is because APE = P]{;A = Ap for any N C I. Therefore Lemma
2.4 guarantees the existence of a block map h mapping 7¢ to the chains of T¢ so that for each
s,t € T¢c with s < t, and for each s’ € h(s), fs(h(t)) = 0. As in the proof of Proposition 6.1, we
can find (z;)e7; each branch of which is a 1-absolutely convex block of a branch of (u)ie7;. and
so that for each s,t € T with s < ¢, ||P]I\*;m S)Al‘tH < 1/3K. Observe that if my = > ycp, ) avur,
since Ny C Nyaxp(r) and since

x h(

|Auy = PR, Aul| < | Auy = P, Aug|| < 1/3K
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for each ¢’ € h(t),

|Azy — PE Az < D layl|Auy — Pf; Auyl|| < 1/3K.

Niax h(t) max h(t)
t'eh(t)
. o . . _ E _ F . o .
If ¢ is minimal in 7¢, let 2z = Pmeh(t)a:t and y; = PNmaxh(t) Axy. If T¢ is not minimal, let s denote
: : o : _ pE _ pF
the immediate predecessor of ¢ in 7 and let z; = Pmeh(t)\ N ne) and y; = Pmeh(t)\ Nmaxh(s)Axt‘

Note that ||z¢|| < 1 and Az; = ;. Note also that ||Ax; —y|| < 2/3K, so that (yth)y:'l 3K-dominates

Lt:'l K-dominates the ¢; basis. Moreover, (zt|i)y:|1 (resp. (yt|i)yil) have

the {1 basis, since (Azy,)
pairwise disjoint supports in U (resp. Vr).

Let IIg : Ug — E denote the map HE((ui)ig) = > ierlluille; and let IIp : Vp — F de-
note Ip((vi)ier) = Yseq llvillfi- Since (zt‘i)y:'l have pairwise disjoint supports in Ug, this se-
quence is isometrically equivalent to (II E(Zt\i))l-ip and the same holds for (Azt\i)Lil = (yt‘i)ﬂl and
(HF(Azt‘i))Lt:‘l. Therefore we deduce that (prﬂi)“tl

i1 3K-dominates the /1 basis. But if we write
2 = (2(7) )iel,

Iprllpz = Ipr ) lz@les =) A=)l fi
icl iel
and
MpAz =Tpy =Y || Aiz(i)|l fi
il
Note that || As]|||2¢(¢)|| = || Aiz(3)] for all i € I, so Ig pllgz; dominates Ipy coordinate-wise. Thus
It|

-tzl is a disjointly supported sequence in F' which coordinate-wise dominates the

disjointly supported sequence (II Fyt‘i)‘tl we deduce that

=1’

since (IE,FHEZt\i)
I At < I 10 [¢]
(Mryyi)izy S1 Ue,rlE2y, )ity

and (IE,FHEzﬂi)Lil 3K-dominates the £; basis. Since |[Tlgz|| < 1 for each t € T¢, (pz)ier;

implies that NP (Ig r, E, F,3K) > (, a contradiction.
]

Remark We note that actually we have proved something slightly stronger than the claim. Rather
than using the value of NP (Ig p, E, F'), we can use the value

sup 0({(%)?:1 € Bg : (x;)j=; have disjoint supports, (/g rx;)j—; l{-dominate the ¢; basis}).
K>1

The fact that the (z;) can be taken to have disjoint supports in E follows from the proof.

Corollary 6.8. With Ug, Vp, IgFr, A, and Ay as in Proposition 6.7.
(i) If £ € Ord is such that A; € ‘ﬁiB‘fE(Ui,V;) for each i € I, then

NP, (A, Ug, Vi) < NPy (Ig p, E, F).
(ii) If every V; has a 1-unconditional basis and if A; € ‘ﬁ‘ﬁﬁ(Ui, Vi) for each i € I, then

NP, (A,Ug, Vr) < w*NP(Ig r, E, F).
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Proof. Ttem (i) follows from Proposition 6.7 together with the fact that ‘J‘I‘B‘fs is an ideal, and so
NP, (A;,Ug, Vr) < w** for each finite J.
(7i) This follows from Proposition 6.7 and Proposition 6.5, which gives that NP (A, Ug, VF) <
wwé for each finite J C 1.
O

We next want to relate how the ¢, indices of an operator are related to the ¢, indices of
the g-convexification of the operator (under appropriate assumptions to guarantee that the p-
convexification, defined below, exists).

Proposition 6.9. Suppose X, Y have 1-unconditional bases (e;)icr, (fi)jes, respectively, and
A € £(X,Y) is such that for each distinct members e;,,ei, of the basis of X, Ae;, and Ae;, have
disjoint supports in Y. Then for 1 <t < oo, the map e; — Zj f; (Aei)|1/tfj extends to an operator
At € &(X1 YY), Moreover, for any 1 < p,q < oo,

NP, (AP, XP,YP) < wNP (A4, X9,Y).

Proof. The first statement is clear. For s > 0 and for a vector « in the span of (e;) (resp. (f;)), let
x*® be the vector in the span of (e;) (resp. (f;)) so that e} (z°) = sgn(e}(z))|e*(2)|®. Fix 1 < ¢ < o0
and assume NP (A%, X9, Y9 K) > w¢ for some 0 < £ and K > 1. Fix 1 < p < oo and &, | 0 so
that S e, < 1/2K and 3 e¥/? < 1/2(2K)'/P.

Fix (z¢)ier; C X9 and (yi)ie; C Y to satisfy (i)-(iv) of Proposition 6.1. Recall from the
proof of this proposition that there exist finite sets NV; so that y; = P]{qua:t. This means that
yf/p = P}\ZAp:zg/p and Apr/p - yf/p = (A% — y;)?/?, so that HAp:vg/p — yg/pHyp < 5|qt/‘p. Then our
choice of (&), the disjointness of the supports of each branch of (y:)ie7;, and the fact that each
branch of (Azt)ie7, K-dominates the £, basis gives that each branch of (y;)ie7; 2/K-dominates the
¢, basis, each branch of (yf/p)teﬁc (2K)'/P-dominates the £, basis in XP, and (Ap:rg/p)tg;E 2(2K)/P-
dominates the ¢, basis in Y?. Since the (HTt)teTf are disjointly supported and 1-dominated by the
{4 basis in X9, each branch of (xg/p)teTg is 1-dominated by the ¢, basis in X?. Therefore (x?/p)tg-{
witnesses the fact that NP, (AP, XP, YP) > £. Since 0 < { was arbitrary, we are done.

O

6.2. Sequential indices. If A: X — Y is an operator between spaces with unconditional bases,
and if (z,) C Bx is any sequence, then by passing to a subsequence we may of course assume
that (z,) and (Ax,) are both coordinate-wise convergent. If (Az,) is an EE spreading model, an
appropriate difference sequence will also be an ﬁ spreading model. This observation means that
if A preserves an €§ spreading model, then there is a coordinate-wise null sequence (x,) C Bx so
that (Az,,) is also coordinatewise-null and so that both (z,) and (Az,) are €§ spreading models.
A perturbation argument guarantees that the operator AP : X? — YP as defined in Proposition 6.9
preserves an Ef, spreading model. Conversely, if AP : XP — YP preserves an Eg spreading model for
1 < p, say (zp,) and (APzx,) are both Eg spreading models, then both sequences are already weakly
null. Another perturbation argument yields that A : X — Y preserves an ﬁ spreading model, and
we arrive at the following:
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Proposition 6.10. If X, Y have unconditional bases and A € £(X,Y), then for any 0 < £ < w
and any 1 < p < oo, A € GE)Jﬁ(X, Y) if and only if AP € Gsmg(xp,yp).

Of course, since membership in Gm?g(X ,Y) is determined by all separable subspaces of X, to
deduce the analogue of Proposition 6.7, we may assume FE, F' have countable, sequentially ordered
unconditional bases. We obtain the following.

Proposition 6.11. Fiz Banach spaces E, F with unconditional bases (e )nen, (fn)nen, respectively,
and a sequence Ay : U, — Vi, of operators so that e, — ||A,| fn extends to an operator Ip p €
(B, F).
(i) For any 0 < £,¢ < wy, if Ap € S (U, V) for all n € N, and if Igr € SMS(E, F), then
A e M (Ug, Vi).
(i) If 0 < ¢ < wy and 0 < €& < wy are such that A, € 69ﬁ§+1(Un,Vn) foralln € N, Igfp €
6931%(E, F), and if F is reflexive, A € 69)1§+C(UE, V).
(iii) If 0 < ¢ < w, & < wy is a limit ordinal, and n, 1 € are such that A, € M (U,, V,,) for each
neN, Ipr € 69ﬁ§+1, and if F is reflexive, then A € 69ﬁ§+C(UE, VF).

Proof. (i) We know that 69ﬁ§ is an ideal, so for each n € N, Ay ) + ], U; — &7, V; can preserve
no E‘% spreading model. Assume (x;) C By, is such that (Az;) is an €§+< spreading model. Assume
K| > icqailAzi|luy = D icqlail for all G € Sei¢. By replacing K with any strictly larger value,
we may assume suppg(z;) C [1,s;] for some s; € N. Choose M € [N] so that S¢[S¢](M) C Seye-
Since for any n € N, no subsequence of (A[1,n]$z')z'e M can be an €§ spreading model, we can choose
G1 < Gy < ..., G; € S, and a l-absolutely convex block (y;) of (z;) so that y; = ZjeGi ajTm,
and so that with ¢ = 0 and t; = sy, for i € N, [[Ajpy, yill < 1/2K for all i € N. Then with
IIg:Ugp — EF and Ilg : Vi — F as in Proposition 6.7, we deduce that (P(Z,l,ti}HEyi) and its image
under /g p, which pointwise dominates (P(i_ _l,ti]HFAyi)v are both ég spreading models. This is a
contradiction and finishes (7).

(73) Assume (z;) C By, si € N,and K > 1 areasin (i). Let v; = IIpAz; and assume v; U e F.
Choose [y € N so that ||v — P[f IO}UH < 1/3K. By passing to a further subsequence, we may assume
there exist lp < I; <l < ... so that with Iy = [1,lp] and I; = (l;_1, L], ||vi —PIISUIZ_H < 1/3K. Then
noting that Ay ;) does not preserve an £§+1 spreading model, by the claim following this proof, we
can choose k € N and a subsequence (x;);cn so that for any M € [N], there exist G; < G2 < ...,
G; € Ai[S¢], and a l-absolutely convex block (y;) of (x;)icm so that y; = ZjeGi ajTm; and
| Apoywill < 1/3K for all i € N. In particular, we can choose M € [N] so that S¢[Ax[Se]](M) C
Seve. It Ji = Ujea, 1, ||Ayi — PfAyi|| < 2/3K. Reasoning as in (i), this means that (Pfyl) and
its image (Pj;Ayi) under A are both E% spreading models, and the same holds for (HEPfyi) and
(IE,FHEPfyi), a contradiction.

(¢i7) This is similar to (i7). With [y as in (i), we can take the F; used in the blocking (y;) to lie
in Sy, and choose M € [N] so that S¢41[Sp, (M) C Sei¢ using Proposition 2.2. This is because
the Cantor-Bendixson index of S¢11[Sy, | is w™o FOHL ] = WMot IHC 1] < w8+ 41, since we have
assumed ( is finite.

U

Claim 6.12. Fiz (z,) C Bx, £ < w;.
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(i) If & is a limit ordinal and no subsequence of (xy) is an ﬁ spreading model, then for any e > 0,
there exists ( = ((¢) < & and N € [N] so that for any M € [N], there exist By < Ey < ...,
E; € 8¢, and a 1-absolutely convex block (y;) of (xi)iem with yi =3 ;cp, ajzm; and [y <e.

(ii) If no subsequence of (zy) is an E?l spreading model, then for any ¢ > 0, there exist k =
k(e) € N and N € [N] so that for any M € [N], there exist E1 < Eo < ..., E; € A,[S¢], and
a 1-absolutely convex block (y;) of (xi)iem with yi = ,cp, ajTm; and ||ly|| < e.

Proof. (i) If it were not so, then there would exist € > 0 so that for any ( < £ and N € [N], there
exists M € [N] so that for any E € S¢ and scalars (a;)icE, || X icp @iTm;|| = €2 icplail. Let & 1€
be the sequence used to define S¢. Recursively choose N = My D> My D My O ..., M € [N],
so that with M, = (m?F), for any E € S, and scalars (a;)icp, | > ;cp aiasmég” > e icplail. Let
M = (mF). One easily checks that (z;);es is an £§ spreading model.
(44) This is essentially the same as (i) with S¢, replaced by Ag[S¢], since Sgpqp = {E € [N]<N :
Ik < E € Ap[Se]}.
(Il

Corollary 6.13. For any 0 < £ < wy, if I is any set and (W;)icr is any family of Banach spaces
so that W; does not admit an ﬁ spreading model, then (BW;)y, (1) does not admit an €§ spreading
model.

7. DISTINCTION BETWEEN CLASSES

The main goal of this section is to fully elucidate the relationship between the different classes
of operators defined above in order to motivate the study of the distinct classes. To that end, we

have

Theorem 7.1. Fiz 1 <p < oo, 0 <€ € Ord.

(i) ‘JT‘B% C U¢<5‘ﬁ‘I§g if and only if & has uncountable cofinality.

(i) For 1 < (€ Ord and 1 < g < oo, ‘ﬁ‘Bg C‘ﬁiﬁg if and only if p=q and < E&.
(i1i) For 1 < q < oo, ‘ﬂm; C‘ﬁiﬁg if and only if p < qg<2 and 1 <E&.

Theorem 7.2. Fiz 1 <p< oo, 0 <& <wi.
(i) &M ¢ Upec e SMS.
(i1) WE* ¢ Upec<eWE.
(iii) For ( < wj and 1 < g < oo, 693?3 - 693?% if and only if p=q and { < &.

Theorem 7.3. Fiz 1 < p < oo.
(i) For 0 < ¢ < wy, ‘ﬁ‘Bg - 69)?%.
(ii) For 0 < ¢ € Ord, &M}, ¢ NP5,

Theorem 7.4. (i) For any 0 < £ < w;, 6&° C SS¢.
(ii) For any 0 < £ € Ord, SS; ¢ 6&¢.
(iii) For any 0 < £ € Ord, 66&¢ C U<<§66< if and only if £ has uncountable cofinality.

In order to accomplish these results, we will provide a full characterization of which ordinals
occur as the index of an operator. Every natural number occurs as the index of a finite rank
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operator, so we will consider only operators which are not finite rank. Our argument will be similar
in some regards to that given in [13], where a similar result was shown for the Szlenk index. We
will inductively build up a transfinite sequence of spaces W so that for each 0 < £ € Ord, the
¢1 index of the space W is exactly W&t We can deduce from this that every successor ¢ is such
that w® is the ¢; index of some operator. For limit ordinals ¢ of countable cofinality, we will take
& T € and take a diagonal operator on (®,We,)s, to obtain an operator with ¢; index wé. Our
argument differs from that of Brooker in that we must employ facts we have shown about how the
{1 sum behaves under direct sums. We will also use the facts we have shown about dualization of
co indices and the behavior of £, indices under p-convexifications to simultaneously show that the
dual W¢ of W¢ has ¢y index W&t (when 0 < €) and the p-convexification Wg of We has £, index
w1l (also when 0 < &). As we build the spaces We, we will simultaneously build spaces V¢ and
operators A¢ : V¢ — We so that the strictly singular index of A is WL In building the spaces
this way, we will simultaneously exhibit for all successor ordinals { operators with £, co, or strictly
singular index equal to w&t! (the identity on W¢ for p = 1, the identity on Wg for 1 < p < o0, the
identity on Wg for p = 0o, and the operator A¢ : Ve — W¢ for the strictly singular index). We will
also obtain, through diagonalizations similar to those in the p = 1 case mentioned above, diagonal
operators on direct sums of sequences of these spaces to obtain operators with ¢, cg, or strictly
singular index w® whenever ¢ is a limit ordinal of countable cofinality.

Recall that for X,Y € Ban and A € B, (X,Y), NP,(4, X,Y) = lim, NP,(A, X,Y,n). By
Proposition 3.2, if A is not finite rank, this supremum is not attained. Thus if wé = NP,(A4,X,Y),
w® must have countable cofinality, which happens if and only if ¢ has countable cofinality. This
same restriction applies to the SS index. This means that the only infinite ordinals which may
appear as the NP, or SS index of an operator are those ordinals of the form wé, where ¢ has
countable cofinality. As stated in the previous paragraph, we will show that for each 1 < p < oo,

each such ordinal occurs as the NP, of some operator, as well as the SS index of some operator.

Theorem 7.5. Fiz £ € Ord.

(i) For 1 < p < oo, there exists a Banach space X and an operator A : X — X so that
NP,(A, X, X) = W& if and only if & has countable cofinality. Moreover, if & is a successor, A
can be taken to be the identity on X except in the case that p = 2 and & = 1, and therefore
every ordinal of the form wtt! occurs as the Bourgain ¢, index of a Banach space except in
the case that p =2 and £ = 0.

(i) There exist Banach spaces X,Y and an operator A: X — Y so that SS(A, X,Y) = w® if and
only if & has countable cofinality. Morever, X can be taken to be ¢1(T") for someT.

(111) If 0 < & < wi, then for any 1 < p < oo there exists a Banach space X with SM,(X) = &.
(iv) If 0 < & < wy, then there exists a Banach space X with SWC(X) = €.

The exception in (¢) in the case of p = 2 and £ = 1 is due to Dvoretzky’s theorem, which
guarantees that Io(X) is either finite or at least w?.

Lemma 7.6. For every 0 < £ € Ord, there exist Banach spaces Ve, We € Ban and A¢ € £(Ve, We)
so that

L (We) = Lo(W7) = L(W7) = SS(A¢, Ve, We) = w1,
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Moreover, W¢ admits no E% spreading model, ng admits no 611) spreading model, Wg admits no c[l)

spreading model, and A¢ € SS1(Ve, We).

For this we will need the following, which uses the weakly null Ef characterization of the Szlenk
index established in [2]. In the following proposition, Sz(X) denotes the Szlenk index of X. A
discussion of the pruning techniques involved in the proof would take us too far afield, so we refer
the reader to [2] or [14] for the relevant definitions.

Proposition 7.7. Let X be a Banach space with countable, shrinking, 1-unconditional basis.
(i) For any operator A : 4; — X, SS(A, 41, X) < wSz(X).
(it) For 1 < p < oo, I(XP) < wSz(X).

Proof. (i) Let (en)nen be a 1-unconditional basis for X. Let P[)fn] denote the basis projections with

respect to (e,) and P[elln

Fix K > 1 and (%¢)te7,, C Spy so that (xt‘i)yil € SS(A, 4, X, K) for each t € T,¢. For each n € N
and each chain S of 7.¢, let

fa(S) = min{|| P,

| the basis projections in /1. Fix 0 < £ < wy and assume SS(A, {1, X) > w¢.

x| + ||P[)1{R}Ax\| cx €y te ), |zl =1}

Note that for any any monotone g : 7, — T,¢ and any n € N, a dimension argument gives
that there exists a segment S of 7, so that f,({zgy :t € S}) = 0. By Lemma 3.4 of [16],
there exists a regular family F with Cantor-Bendixson index £ + 1 and a tree (yg)pger\{z} so that
HP[ell’maX e+ HP[)fmax mAye| < 1/max E so that every branch (y£) e\ {2} 1 a normalized block
of a branch of (z{)ie7,,. Since (yg-,,) is coordinate-wise null for every ' € F\ MAX(F), we may
prune and assume every branch of (yg)per\ (o) is 2-equivalent to the unit vector basis of /1. But
since each branch of this tree is in SS(A,¢1, X, K), we deduce that each branch of (Ayr)ger\ (o}
2K-dominates the £ basis. But since (Ayg)per\ (o} is such that (yg-,,) is coordinate-wise null in
X for each £ € F\ MAX(F), and since the basis of X is shrinking, we deduce that (Ayr) e 7\ {2}
is a weakly null ¢; tree. By [2], Sz(X) > &. Since £ was arbitrary, we are done.

(74) This is similar to (i). We assume that for 0 < & < wy, I(XP) > w. As in (i), we arrive
at a tree (Yg)per\{z) Pointwise null so that each branch is 1-dominated by and K-dominates the
¢, basis. The only difference is we replace normalized blocks with p-absolutely convex blocks.
By pruning, perturbing, and replacing K with any strictly larger value, we may assume that each
branch of (yg) pe r\{o} 18 a block subtree so that min supp(yz-,,) = 00 for each £ € FAMAX(F).
Then (y},) per\(o} is a weakly null £; tree in X, where y” is defined as in Proposition 6.9, and we
finish again by [2]. O

Proof of Lemma 7.6. Let Vo = Wy be the scalar field. Let Ag : Vo — Wy be the identity. If Ve, W,
A¢ have been defined, let Y1 = Vg, Z1 = We, Y1 = Ve @1 Yy, Zny1 = We @1 Z,, for n € N. Let
‘/54,1 =5 (@Yn’)€17 W§+]_ =5 (@Zn)EQ Define A§+]_ : ‘/54,]_ — W£+]_ by A£+1‘Yn 5 @?:114& : Y?’L — Z?’L
If Vi, W, and Z; have been defined for each ( less than the limit ordinal £, let

Ve = (®c<eVe) 10,0

We = (©c<eWe) 1y(0.6)):
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It is obvious that ||A¢|| = 1, V¢ is isometric to an £;(I'¢) space for each £ and some set I'¢, V¢ is
isometric to £1 when 0 < { < wq, and that W; is separable when £ < w;. Moreover, since we know
the £2 sum of Banach spaces not containing ¢; also does not contain ¢, W¢ fails to contain a copy
of ¢1 for each &, and A¢ is necessarily strictly singular. Since W¢ has an unconditional basis and
contains no copy of ¢1, the basis is shrinking.

We next claim that for 0 < £ < w, Sz(Wg) < w®. The base case & = 0 is trivial, since any
finite dimensional space has Szlenk index 1 = w". Assume Sz(W¢) < w® for some 0 < € < w.
Suppose Weiq = (@Yn) 0 Y, = @}, We. It is known that the Szlenk index of a finite direct sum
of separable Banach spaces is simply the maximum of the Szlenk indices of the summands [25], so
Sz(Y,) < wt for each n € N. Moreover,

$2((®52170),, ) < S2(We)S2(la) < T,

again by a result from [25].

Last, we show by induction the following.

(i) Il(W§7 1)7 IP(ng)7 IOO(W5*7 1)7 SS<A57 Ve, We, 1) > wé,

(ii) For 0 < &, Il(Wg),Ip(Wg),Ioo(Wg), SS(Ag, Ve, We) = wtt1,

For £ = 0, the assertions of (i) are trivial, as they can be witnessed by any sequence of length 1
consisting of a normalized vector. In this case, each index is exactly two, since each is bounded by
14+ dim Wy = 2.

Next, recall that for any 1 < p < oo, X,Y € Ban, and K > 1, if o < I,(X, K) and 8 < L,(Y, K)
for some «, 3, then I,(X @, Y, K) > 8 + «. This is because if

)
Tx = {(2i,0)i2; € Bxa,y : (w:)iz € Tp(X, K)
and
Ty ={(0,5i)iz1 € Bxa,y : (%i)iz1 € Tp(Y, K)},
then
{st:seTx,teTy} CT(X @Y, K).
An easy induction argument gives that for each n < 3,
{s7t:seTx,teTy} CT(X &Y, K)".

Since o(Ty) = L,(Y,K) > 3, we deduce that Tx C T,(X @, Y,K)?. Again, since o(Tx) =
I,(X,K) > a, we deduce that T,(X @, Y, K)?" # & for each n < «, which gives the result.
Similarly, if By : By — Fy and By : Es — Fy, then for any K > 1, if SS(B;, E;, F;) > «; for
i=1,2,
SS(B1 & B, E1 &1 Eo, F1 ©1 E2) > o + .

The argument is essentially the same as in the previous paragraph.
Using this, we prove the successor case of (i). We deduce from the fact that Ij(We, 1) > w® that
1;(Z,,1) > wén for each n, so that
I (Weyt,1) = supIy(Z,, 1) > supwbn = ot
n

n

Since I; (We1, 1) must be a successor, this inequality must be strict. The same argument gives the

remaining claims of (i) in the successor case.
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To prove (i7) in the successor case, first assume ¢ < w. Then by Proposition 7.7, for 1 < p < oo,
L(WE 1), SS(Agt1, Vert, Wegr) S wSz(Wep) = w12,

and of course all of these inequalities must be equality by (i) and Proposition 3.2. By Theorem
5.1, Too(Wet1) < Ii(Wei1) = w2, and this must also be equality.

Next, assume £ > w. We deduce from Proposition 6.9 that Ip(Wg’ ) = Li(W¢) in this case. With
Wepr = (@Z")fz’ we deduce from Proposition 6.5 that I;(©7,7Z;) = w**! and from Proposition
6.7 that

L ((92),,) <@ () = w2,

We use Theorem 5.1 to deduce Ioo(Wg 1) < w2, We deduce from Corollary 6.3 that
SS(Agt1, Vey1, Wepr) S whi(Wepn) = ww? = w42,
Last, suppose ¢ is a limit ordinal. Then since W¢ = (@C<§WC)£2([O,§))7
I (We, 1) > sculgll(wg, 1) > o
<

Since I;(Wg, 1) must be a successor, this inequality is strict. The same argument provides the
remainder of the estimates of (¢). Since £ > w, Proposition 6.9 guarantees that Ip(Wép ) = Li (W) for
each 1 < p < oo. For each finite subset I of [0, &), I (SeerWe) < wwmax I+l < w¢ by Proposition 6.5.
Then Proposition 6.7 guarantees that I; (We) < w*T1(fa) = w'. By Theorem 5.1, Too (W) < wtt1.
By Corollary 6.3, SS(Ag, Ve, We) < wwt ! = &L,

Of course, Wy, W', W can admit no Ell, or ¢} spreading models, and Ay € SS;(Vp, Wp), since Ay
has rank 1. For 0 < ¢, The fact that W, does not admit an ¢} spreading model comes from Corollary
6.13. The fact that Wg’ does not admit an Ell, spreading model then follows from Proposition 6.10,
and the fact that WE* does not admit a ¢} spreading model follows from Theorem 5.1. We deduce
that A¢ € SS; from Proposition 6.4. O

Proof of Theorem 7.5. (i), (#4) Note that I,(¢2) = w for any p € [1,00] \ {2}. If we fix 6, | O,
let D : ¢y — {5 be defined by D(>" anen) = Y. Onane, and Dy, > anen, = >t Opane,. Then
D,, — D. Clearly NP,(D,W,W),SS(D,W,W) > w, since D is not finite rank. But since D,,
is finite rank, D,, € ‘ﬁiB;,,GGl, and since these classes are closed, D € ‘ﬂﬂfﬁ},,@@l. Therefore
NP, (D, l,l2),SS(D, ly,ly) = w.

Next, assume £ is any successor exceeding 1. Then

L(We1) = L(WE_)) = Too(Wi_y) = SS(Ag 1, Ve o1, We 1) = o,

Last, assume ¢ is a limit ordinal. Note that ¢ has countable cofinality if and only if w® does.
If € has uncountable cofinality, we have already explained why there can exist no operator with
NP, or SS index equal to wé. Suppose & has countable cofinality and fix &, 1 &, noting that
&n +11 & In the remainder of the proof, W¢, V¢, and A are as in Lemma 7.6. Let W = (GBI/V&L)Z2
and let D : W — W be defined by D|w, = Onlw, , 0n | 0. Let Dy, = oy Onlwe, . Of
course, NP1(D) > sup, I (W, ) = w®. But NPy (D, W, W) < I (&7 W, ) < wwtn T < wb by
Proposition 6.5. Since D,, — D, D,, € m‘lﬁ, and since this class is closed, NP1(D, W, W) < w¥,
and this must be equality. We claim that similar diagonal operators DP : (@ngn ) 0 (@an ) 0y
D*: (aWg) — (@W¢), and D99 : (@Vg,) — (©W,) yield the NP,, NP, and SS cases. The
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first two of these operators are vanishing multiples of the identities on ngn and Wg‘n, respectively,
and the third consists of vanishing multiples of the operators A¢,. The estimates

NP, (D?, (@WE), (W), NPoo (D", (8W, ), (BW,)), SS(D*%, (8V%, ), (8We,)) 2> w*

follow as in the p = 1 case, and it remains to establish the upper estimate. Let Db, D¥,, and Dfls
be the initial segments of the diagonal operator, as in the p = 1 case. It suffices to provide the
desired upper estimate for Dh,, D, and D29 for each m € N. We note that

NP, (D}, (@WE), (@WF) < L((@7WE)) < whi(@ii We,,) < wiwt T < wb

using Propositions 6.9, 6.5. By Theorem 5.1, since D}, is the adjoint of D,,, as defined in the p =1
case, NP (Dz,, W* W*) < NP{(D,,, W,W) < wé. By Propositions 6.3 and 6.5,

(#4i) and (iv) have already been noted for successors using the identity on one of the spaces X¢,
Xg , X g, or X¢o. Again, appropriate diagonal operators give the limit ordinal cases.
]

Corollary 7.8. For any 0 < £ € Ord, 1 < p < o0, u<<§m3§, fails to be closed if and only if the
cofinality of £ is countably infinite, and the same is true of U<<§664. Moreover, for 0 < & < wy,
U<<569ﬁg or U<<5§ZBQ:C fails to be closed if and only if £ is a countable limit ordinal.

Proof. If € has cofinality 1, £ is a successor, say € =n+1, so U<<§‘ﬁ‘l§g = P is closed. The proof
of each of the remaining statements for successor ordinals is similar.

If ¢ has uncountable cofinality, fix any X,Y € Ban and any sequence (7,,) C U<<£‘)"(‘I§g(X YY)
with T}, — T'in norm. Then (7,,) C MP}(X,Y), where n = sup,, NP,(T},, X, Y) < {. By closedness
of MPJ(X,Y), T € MP)(X,Y) C U<<§‘ﬁ‘}3§)(X, Y). The proof of the statement for U, &&¢ is
similar.

If £ has countably infinite cofinality, the diagonal operators in the proof of Theorem 7.5 give
examples of operators having index strictly less than w® converging to an operator having index
wh.

0

Remark Note that UC<59”(‘13]€ consists precisely of the operators A : X — Y, X,Y € Ban, for
which NP,(4,X,Y) < w& except in the case that £ = 1. In this case, UC<§‘JI‘,B§) consists simply of
zero operators, while the the latter class consists of all finite rank operators. Of course, the latter
class also fails to be closed.

Proof of Theorems 7.1, 7.2, 7.8, 7.4. Theorem 7.1(i) follows from Theorem 7.5. Part (i7) follows
from the fact that for any 1 < p,q, < co with p # ¢, I,(¢,) € {w,w?} (or I (co) if p = o). This
follows from Proposition 6.1, since if I,(£,) > w?, ¢, would be block finitely representable in £,,.
Thus for 1 < ¢, I, € MBS\ MRS, For part (iii), note that I,(f,) > w if and only if £, is finitely
representable in £, which happens if and only if p < ¢ < 2. Thus I, € W‘Bé\‘ﬁ‘,ﬁg unless p < ¢ < 2.
Butifp<g<2and A: X —-Y ¢ ‘ﬂ‘ﬁfm then there exists K > 1 so that for each n € N we
can find (z}')i_; C X so that (z}')i; and (Az})iL, are K-equivalent to £;. Because £, is finitely

representable in £, we can find natural numbers k,, with k,, — co and sequences (z?)f;l C [(xM)])y
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so that (zf)f;l and its images under A are C-equivalent to the 6’;" basis for some C independent
of n.

For Theorem 7.2(i), we have already seen that X¢, X g ,and X, g‘ contain Eﬁ, Eg, and cg spreading
models and not Eﬁ“, Eg“, or CSH spreading models, respectively. It follows from Proposition 6.11,
Proposition 6.10, and Theorem 5.1 that if 0 < { < wy, 1 < 7,p < 00, and &, 1 &, (PnXe, 2)e,,
(®nX gn)neépm and (©,X gn) ¢, do not admit Ef, Ef,, or cg spreading models, respectively, but do admit
all smaller spreading models. Of course, ¢, contains all ny spreading models and no Eg spreading
models, which means that if 693?5 C 693?15,, p = q. This together with Theorem 7.2(7) gives (it).
We also gave an example above, namely X¢ o, of a space the identity of which lies in ettt \QII@.

For Theorem 7.3(4i), the examples W, ng , and Wg from Proposition 7.6 have identity operators
lying in GO} \‘ﬁ‘ﬁﬁ, 6931113 \ ‘ﬁiﬁg, and &ML\ NP, respectively. These examples also show that
‘.TI‘B% # 69)?%, which is part of (¢). To show the rest of (), 9"(‘13% C 69)?%, we note that if A : X — Y
and (z,,) C Bx is such that (z,)ner S1 (en)ner and (en)nee Sk (Azn)nek for each E € S¢, where

~1

(en) is the £, (resp. cg) basis, then (xmaXEh)‘iill € TH(A, X,Y,K) for each E € S¢. One checks
by induction on ¢ that (J:maXE‘i)Lﬂ € T,(A, X,Y,K)¢ for each E € Sg. Since Sé # & for each
¢ < w®+1, we deduce NP, (A, X,Y,K) > w®, and A ¢ ‘ﬁ‘l?g.

Theorem 7.4 is similar to Theorem 7.3 using the examples A¢ : Ve — W for (i7).

8. DESCRIPTIVE SET THEORETIC RESULTS

8.1. Property (S’). In [17], a Schauder basis (e;) was said to have property (S) if whenever [(e;)]
does not embed into either X or Y, [(e;)] does not embed into X &Y. In keeping with [17], we say
that a Schauder basis has property (S’) provided that the class ‘)”(‘B(ei) is an ideal. Of course, any
basis having property (S’) must have property (S), since property (S) may be restated as follows:
If neither of the projections Px : X &Y —» X @Y, Py : X®Y — X ®Y preserves a copy of
[(€:)], then Px + Py does not preserve a copy of [(e;)]. It is obvious that 9 ,,) is an ideal if and
only if it is closed under finite sums. It is clear that having property (S’) is separably determined.
That is, 9P, is an ideal if and only if whenever A,B: X — Y are operators between separable
Banach spaces neither of which preserves a copy of [(e;)], then A+ B : X — Y does not preserve
a copy of [(e;)]. This is equivalent to the following: Whenever £,( < w; and A,B : X — Y
are operators between (not necessarily separable) Banach spaces such that NP (4, X,Y) = &,
NP (B, X,Y) = (, then NP (A + B, X,Y) < w;. A proof of this equivalence is included in
the proof of Theorem 8.2.

Of course, if A+ B : X — Y fails to be strictly singular, then either A or B must fail to be
strictly singular. From this we deduce that if (e;) is a basis for a minimal Banach space, then (e;)
has property (57).

Example 8.1. Let (s;) denote the summing basis of ¢y, (fi) the canonical ¢y basis. Let e¢; =
Si+ fi € co Poo 2 =: X. Then (e;) is a normalized Schauder basis for its closed span. Moreover,
it Py : X = co and Py, : X — {9 are the projections onto the summands, neither P, nor P,
preserves a copy of [(e;)], while Ix = P., + P, obviously does. To see that neither projection
preserves a copy of [(e;)], observe that if (x;) C ¢ is a bounded sequence so that ||z; —x;|| > e >0



CLASSES DETERMINED BY ORDINAL INDICES 37

for all 7,57 € N, i # j, then there exist ny < na < ... so that (xp,, — Tn,, ,) is equivalent to the ¢
basis. However, for any n; < ng < ..., (€n,, — €n,;_,) dominates the ¢5 basis, and there can be no
sequence in ¢p equivalent to (e;). This means that P., cannot preserve a copy of [(e;)]. Next note
that since (e;) is normalized and dominates the summing basis, it is a normalized basic sequence
which is not weakly null. This means f», since it is reflexive, can admit no sequence equivalent to
(e;), and thus Py, does not preserve a copy of [(e;)].

We have already established explicit estimates on NP,(A+ B, X,Y) in terms of NP, (A, X,Y),
NP, (B, X,Y). These estimates depended on the fact that the trees T),(A4, X,Y, K) are p-absolutely
convex. If one defines (e;)-block closed analogously to p-absolutely convex, and if one asks what
property must possessed by the basis (e;) in order to guarantee that T(.,) (4, X,Y, K) is (e;)-
block closed, or what property must be possessed so that the weaker but still sufficient condition
that there exists C' > 1 so that any (e;)-block of T(,, (A, X,Y, K) lies in T{,,)(4, X,Y,CK), one
sees that the necessary condition on (e;) which yields this is perfect homogeneity. Of course, by
Zippin’s result [27], this means that the arguments we used work only for the ¢, and ¢y bases.
Therefore our combinatorial methods which yielded explicit estimates on NP,(A + B, X,Y) in
terms of NP,(A, X,Y) and NP,(A, X,Y) do not yield estimates for other bases. We will use
descriptive set theoretic methods to prove that it is possible to provide a countable upper bound on
NP, (A+ B, X,Y) in terms of NP(.,)(4, X,Y) and NP, (B, X,Y) when X,Y are separable,
A, B € MP,, and (e;) has property (S"). We recall the following theorem. In this theorem,
I(ez)(X) = NP(ei)(IX, X, X)

Theorem 8.1. [17] If (e;) is a Schauder basis with property (S), there exists a function P,y :
[1,w1) X [1,w1) = [1,w1) so that if X,Y are separable Banach spaces neither of which contains a

copy of [(ei)], then L) (X &Y) < ;) (L) (X), Lepy (V).
Generalizing this result, the main result of this section is the following

Theorem 8.2. If (e;) is a Schauder basis with property (S'), there exists a function ¢, : [1,wr) X
[1,w1) = [1,w1) so that if X,Y are Banach spaces and A, B € NP, (X,Y) with NP (.,)(A, X,Y) =
§ <wi and NP(ei)(BvXa Y) =( <wi, NP(eZ)(A + B, X, Y) < (Z)(ez)(g’C)

Note that we do not assume the spaces X and Y are separable. This is because the property
NP (A+ B, X,Y) > ¢(,)(& () is separably determined, as shown in Proposition 3.1(iv). The
fact that we do not need to assume X and Y are separable allows us to deduce the following result
immediately from the discussion above and Theorem 8.2. The result is non-trivial, since, as we have
seen with our examples W, there may be operators A : X — Y with w3 < NP (A4, X,Y) < c0.

Theorem 8.3. The class of operators A : X —'Y such that NP .)(A, X,Y) < wy is an ideal if
and only if (e;) has property (S’).

By our discussion above, if such a function ¢, exists, then (e;) must have property (S’). Thus
property (S’) characterizes the existence of such a function. In order to prove Theorem 8.2, we must
establish a few basic facts concerning the coding of operators between separable Banach spaces.

8.2. The standard space £. We first undertake a coding of the operators between separable
Banach spaces in the spirit of Bossard’s coding [8, 9] of all separable Banach spaces. Recall that for
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any Polish (separable, completely metrizable topological) space P, we let F'(P) denote the closed
subsets of P. We let E(P) be the o-algebra generated by sets of the form {F' € F(P) : FNU # &},
where U ranges over the open subsets of P. It is known [21] that there exists a Polish topology on
F(P) so that the Borel o-algebra generated by this topology is F(P). We recall the Kuratowski
and Ryll-Nardzewski result concerning the existence of Borel selectors: There exists a sequence
d, : F(P)\ {@} — P of Borel functions so that for all ' € F(P) \ {@}, d,(F) € F and the
sequence (d,(F)), is dense in F [23]. We will apply this with P = C(2V), the Banach space of
continuous functions on the Cantor set 2. Tt is well-known that the set of closed subsets of C(2V)
which are closed subspaces, which we denote SB, is Borel in F(C(2V)). Therefore there exists a
Polish topology on SB so that the Borel o-algebra generated by this topology is the relative Effros-
Borel structure E(C(2Y))|sg. Through the remainder of this work, SB will be topologized by such
a topology to which we omit direct reference. We let S = SB x SB x C(2Y)Y, endowed with the
product topology. As mentioned above, we may fix a sequence of Borel selectors d,, : SB — C(2V).
For X € SB, we let Dx = {d,(X) : n € N}.
For (g,n) € (Q x N)*N\ {@} and K € N, write (¢,n) = (ql,nl)‘Zq'1 and let

lal lal
Ax(g.n) = {(X,Y,4) €S K Y g, (X > 1Y id(mi)] }-
i=1 =1
Let
(gn)€(@xN)<M\{z}

and A = UgenAk.

The map (X, Y, A) o K| Zlq‘l qidn, (X)) ||| le‘”l @i A(n;)| is a Borel function. Then Ag(¢,n) =
M~1([0,00)) is Borel, and therefore Ay and A are Borel.

Let 7 = {(X,Y,A) € S: A(n) € Y ¥n € N}. Recall [17] that T = {(Z,2) e SBxC(2V) : z € Z}
is Borel. Since (X,Y, A) (Y, A(n)) is continuous for each n € N, J = NpenM;; }(Z) is Borel.

We therefore deduce that L:=ANJ and £ := A1 NJ are Borel. We have the following result.

Claim 8.4. For (X,Y, A) € S, the relation {(d,(X), A(n)) : n € N} € Dx xC(2V) is the restriction
to Dx of an operator (resp. an operator with norm not exceeding 1) A : X — Y if and only if
(X,Y,A) e & (resp. (X,Y,A) e £).

Proof. Assume (X,Y, A) is such that Ad,(X) = A(n) for all n € N, where A : X — Y is an
operator. Then for any (g,n) € (Q x N)<N\ {@} and K € N, K > || A,

lql ] ]

1Y @A)l =11 aiAdn,(X)| < K'Y qidn, (X
i=1 i=1 i=1

and we deduce (X,Y,A) € Ax C A. Of course, A(n) = Ad,(X) € Y, so (X,Y,A) € J, and
(X,Y,A) € £. Moreover, if ||A|| < 1, we obtain the result with K =1, so (X,Y, A) € £,.

Next, assume (X,Y, A) € £. Let K € N be minimal such that (X,Y,A) € Ax. We first show
that f : Dx — Y defined by f(d,(X)) = A(n) € Y is well-defined. If d,,(X) = d,,(X), then
dp(X) — dm(X) = 0. Since (X,Y, A) € Ag,

1A(n) — A(m)|| < Klldn(X) — dn(X)]| =0,
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and A(n) = A(m). This shows that f : Dx — Y is well-defined. Also, noting that ||A(n) —
A(m)|| < K||dn(X) — dpm(X)|| shows that f : Dx — Y is K-Lipschitz continuous. This means
that f extends uniquely to a continuous A : X — Y, since Dx is dense in X. Moreover, for
any z € X and any (n;) € NV such that d,,(X) — =, Az = lim; Ad,,(X) = lim; A(n;). Tt
remains to show that A is linear. Fix p,q € R and sequences of rationals p;,q; with p; — p,
¢ — q. Fix x,y € X. Choose (n;),(m;),(r;) € NN so that dp,(X) — @, dpm,(X) — v, and

A~ ~

dy,(X) = px + qy. This means pAx + qAy = lim; p; A(n;) + i A(m;) and A(pz + qy) = lim; A(r;).
Since pidp, (X) + gidm,(X) — dr,(X) — 0, we deduce
lpAz + qAy — Alpz + qy)|| = lim [p;A(n) + g A(mq) — A(ri)|
< li;fn K||pidn,(X) + gidm, (X) — dr, (X)|| = 0.
g

We will identify triples (X ,Y,fl) € £ with operators A : X — Y between separable Banach
spaces in the remainder of this work.

8.3. I ranks. Recall the following facts concerning I} ranks. These facts can be found in [17].

Fact 8.1. Let P be a Polish space, B a H% subset of P, and ¢ : B — [0,w1) a H% rank on B. Then
the following hold:

(i) For every & < w1, {x € B: ¢(x) <&} is Borel.
(ii) For every analytic subset A of B, sup{¢p(z) : x € A} < wy.

Remark Property (ii) of a (not necessarily IT}) rank is called boundedness. We will see later that
NP, is a 1} rank on NP, while SM,, is not 1. However, since SM,, < NP, SM,, will satisfy
boundedness.

We recall also the following results about Borel reductions. In what follows, Tr denotes the
non-empty trees on N, considered as a subspace of 2N<N, and WF C Tr denotes the well-founded
members of Tr. We note that Tr is closed in 28" and WF is I3,

Fact 8.2. Suppose P is a Polish space, A C P, f: P — Tr is Borel, and f~1{(WF) = A. Then A
is Il and ¢(z) = o(f(x)) defines a 111 rank on A.

This combines Theorem A.4 with Fact A.8 of [17]. We will use this to prove that a number
of ranks are IIi ranks, including NP, and SS. In what follows, for ¢ € N<Nand X € SB, let
d(t, X) = (dn,(X),...,dp (X)) ift =(n1,...,n) and d(@,X) = @.

The final fact that we recall concerns H% complete sets.

Fact 8.3. [21] If B C P is a 1} subset of P, P a Polish space, then B is IIi complete if there
exists a Borel function f : Tr — P so that f~1(B) = WF.

We recall that any I1} complete set is necessarily non-Borel.
Proposition 8.5. Define f: £ — Tr by letting

F(X,Y,A) = {@} U {m ke N, d(t, X) € Ty (A, X, Y, k:)}.
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Then f is Borel, f~1{(WF) = NP,y N L, and o( f(X,Y, fl)) = NP (A, X,Y) + 1. Moreover, if
we replace T,y (A, X, Y, k) with SS(A, X, Y, k) in the definition of f, then the resulting f is also
Borel, f~Y(WF) = 66N &, and o(f(X,Y,A)) = SS(A, X,Y) + 1.

Proof. First note that to show that f is Borel, it is sufficient to show that for each t € N<N| f=1(Af)
is Borel, where N; = {T' € Tr : t € T'}. This is because

:{{TeTr:TmF:E}:EcFe[N<N]<N}
is a countable neighborhood basis for Tr and for each £ C F' € [N<N]<N
T{TeTr:TnF=EH)=f'W)\ U

tek teF\E
Fix t € NNIf [t < 1, f~YN;) = £. Assume t = (k,n1,...,m). Let S1 = {(2,9) € R? : x <
ky}, So = {(z,y) eR%: z < y}. Then for ¢ = (¢;) € coo N QN = Q,

(X,Y, 4) o (||Zqz n )H,quieiu)
=1

and

(X,Y. 4) (||§jqzez|| ||§jqz n)ll)

are both Borel. Then f~1(N;) = NgeqM, (Sg) NNy (5’1)] is Borel. This shows that f is Borel
in the first case. For the strictly smgular trees, for (k,ni,...,n;) fixed, and for each ¢ € @ and
1 < m < n, we consider

l

(X, 4) - (quz wCOIL Y i, (X)),
=1
l

(X, A) (||Zqz w (O asd(ni)])-
=1

In this case, f~1(N;) = Ngeq[Ny ' (S1) N Nt m(S1)]-

If (X,Y, A) € £is such that A X =Y preserves a copy of [(e;)], we may choose k € N and (n;) €
NN so that (dy, (X)) is 1-dominated by (e;) and (Ad,, (X)) k-dominates (e;). This means k~(n;)!_; €
F(X,Y,A) for all | € N, and o(f(X,Y, A)) = co. This means that f~}(WF) C NP,,.,. Similarly,
we deduce in the strictly singular case that f~'(WF) C 6&. We next show that o( f(X,Y, A)) =

P,y (A, X,Y) + 1, which will yield that P,y N L C f~'(WF). For this, we first observe that
for any T' € Tr, o(T) = (supgeyo(T'(k))) + 1. This is well-known, and easy to see. Thus in order
to reach the conclusion, we only need to show that sup, o(f(X,Y,A)(k)) = NP (A, X,)Y) =
supy, o(T(e,) (A, X, Y, k)). Note that for (ni,...,n;) = (dp,(X),...,dn, (X)) is a monotone map
from f(X,Y,A)(k) into T(, (A, X,Y,k), whence o(f(X,Y,A)(k)) < o(T(c,)(A, X,Y,k)). If & =
o(f(X,Y, A)(k +1)) < o(T(e,)(A, X, Y, k)), we can choose (zt)ie7; C Bx so that (zy), )lz‘1 €
T(A,X,Y, k) for all t € T¢. By scaling (24)ie7; by some ¢ < 1, ¢ & 1, we can assume that for
every t € Te, (zy), )|l | | is c-dominated by (el)| | and (Azy), )l | (k + 1/2)-dominates (el)| . Then
if €, | 0 rapidly (depending on ¢, k, and HA||)7 we can choose for each ¢t € 7¢ some n; € N so
that [lz; — dpn,(X)|| < &) and that (dnﬂi(X))yi1 € Tie)(A, X, Y,k + 1) for each t € Te. Then



CLASSES DETERMINED BY ORDINAL INDICES 41

(N4, ) L€ f(X,Y, A)(k+1) for each t € Te, yielding that o( f(X Y, A)(k+1)) > &, a contradiction.
This y1e1ds that o( f(X,Y, A)(k)) < of Tie)(A, X, Y K)) < o(f ( A)(k + 1)) for all k£ € N, which
finishes the proof for the index NP,,). The proof that o(f(X, Y A)) =SS(A, X,Y) 41 is similar.

0

Remark Note that in the proof that f is Borel, we deduced f~1(t) = Ngeq[M, ' (S2) N N, 1(S1)].
Fix 0 < £ <wy. Let g(X,Y, /1) be the tree consisting of &, (k) such that k € N, and (k,nl, ceeyny)
so that (dp,(X))icg is 1-dominated by the KZLEl basis and (A(n;))icp k-dominates the €]|3E\ basis
for each £ C {1,...,1} such that E € S¢. If welet Q¢ = {q¢ € Q : supp( ) € S¢} and if we fix
t = (k,ni,...,m), arguing as in the previous proof, g~1(t) = Ngeqe [M, “1(S) N N, 1(S1)]. We
therefore deduce that g is Borel. Moreover, g~ (WTF) consists of all of those (X,Y, A) € £ so that
A does not preserve an ﬁf, (cg spreading model if p = 00) spreading model. Thus the sets 693?}% are
also TI7.

Similarly, we can define a map from £ — Tr so that (k,n1,...,n) € f(X, Y, A) if (d,, (X)), is
k-basic and (A(n;))icp k-dominates the summing basis for each E C {1,...,l} with E € S¢, and
deduce that the set 20¢¢ N £ is II1 by Proposition 4.5. We will see later that 69)?2 and 20¢¢ are
actually I} complete.

Proof of Theorem 8.2. For n < wi, let B, = {(X,Y, 121) € £: NP, (X,Y,A) < n} and note that
this is a Borel subset of £ by Proposition 8.5 and Fact 8.2. Observe that

A= {(X;, Y, AP, €83 Xy = Xo = X3,Y) = Yo = V3, A3(n) = Ai(n) + Ag(n) ¥n € N}
is closed in S3. We therefore deduce that
B:=2nAN (B x B x8S)

is Borel in S3. Therefore if 7 is the projection onto the third coordinate of 83, A := 7(B) is
analytic. Then A is simply the collection of all sums of pairs of operators A, B : X — Y so that
A€ B:and B € B¢, X,Y € SB. Because (e;) has property (5), A C 9B(c,)- By boundedness,

D) (& C) = sup{NP .1 (4, X,Y) : (X,Y,A) € A} < wi.

This implies the conclusion if we only consider operators between separable spaces.

Next, suppose X,Y € Ban are (not necessarily separable) Banach spaces, £,( < wi, and
NP(ei)(A,X,Y) = f, NP(ei)(B,X, Y) = C If NP(el)(A + B,X,KK) > (b(el)(f,(:) =n for some
K > 1, by Proposition 3.1(iv), there exists a separable subspace Z of X such that NP, (A +
B|Z,Z Y,K) >n. Let W = {Ax1 + Bxa : 1,22 € Z} and note that NP(ei)(A—l—B\Z,Z,VV,K) =

( )(AJrB‘Z,Z Y, K) > n. But since NP (Alz,Z W) < € and NP(ei)(B‘Z,Z,W)gc, this
contradlcts the separable case.

0

Proposition 8.6. For each 0 < £ < wy and 1 < p < 00, the classes WEE and GEmf, are 11} complete
and therefore non-Borel. It follows that SM,, is not a I} rank.

For this, we will use modifications of the examples considered in [5], which are themselves modifi-
cations of the James tree space. Bossard [9] used similar techniques to show that the class of separa-
ble, reflexive spaces is II} complete in SB. Let (et)ten<n denote the canonical basis for cpo(N <N A
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finite subset 5 C N<N is called a segment if there exist s,t € NN so that s = {u € NN : s <y < t}.
For 1 < p,q < o0, let Z,, be the completion of coo(N<N) under the norm

n

lz]| = sup{ (Z (Z \x(t)|p)q/p>q : (s4)j2; are disjoint segments}.
i=1 tes;
Note that the norm of a vector © € Z,, , is at least its norm in £,(N<N), since coordinate projections
are projections onto segments of length 1. Therefore the basis of Z, ,; is boundedly complete. This
means that Z := Z; 2 is therefore naturally the dual of a Banach space Z, having a shrinking
basis the biorthogonal functionals of which are the basis of Z. Given a subset T' of N<N, let
ZT =[e; : t € T] and let PT : Z — Z denote the basis projection onto Z7, which has norm 1 if
T # @ since (e;) is a 1-unconditional basis for Z. We let Z? = {0}. Let ST : £;(N<N) — Z be the
composition of the formal identity from ¢1(N<V) to Z with the projection PT.

Proposition 8.7. If T € WF, then ST fails to preserve an (1 spreading model.

Proof. That SM,, is not a II} rank follows from the first part of Proposition 8.6 and 8.1(i). We
will show by induction on ¢ that if T € WF is such that o(T) < € + 1, then Z7 does not admit
an (] spreading model, which yields the result. We first recall, as we have already mentioned, that
o(T) = (sup o(T(k))) + 1. In particular, o(T) > o(T'(k)) for all k € N. We also recall that if T
is a non-empty, well-founded tree, o(T") is a successor, since all non-empty trees contain the empty
sequence. Note that T'(k) may be empty, but this will cause no problems. First, if o(T) < 1, then
T = {2}, and ZT is one-dimensional. Thus the result is trivial in this case.

Next, assume 0 < £ < wy and for every 0 < ¢ < &, the result holds for every well-founded tree
T on N with order not exceeding ¢ + 1. Suppose T' € WF is such that o(T) < £ + 1. Note that
ker(ef) N ZT = (@, 27 *)),, isometrically. To see that these spaces are isometrically isomorphic,
first note that we can partition (e; : ¢t € T'\ {@}) into the sets (e; : t € T, (k) < t), and for distinct
k,l € N, any vectors x and y supported in [e; : t € T, (k) < t] and [e; : t € T, (I) < t], respectively,
the members of the supports of  and y are incomparable, which means ||z + y||? = ||z||® + ||ly||*.
Moreover, the identification e,~, <> e; between (e; : t € T, (k) <t) and (e : t € T'(k)) = (er : t €
N<N k~t € T') extends to an isometric isomorphism between [e; : t € T, (k) < t] and Z7®). Thus
ker(ek) N ZT is isometrically isomorphic to (@, Z7*)),,. For each k € N, o(T(k)) < ¢ + 1 for some
¢ < &, whence ZT®) does not admit an ¢} spreading model by the inductive hypothesis. Thus
ker(ek) N ZT is the £ sum of Banach spaces none of which admits an ¢} spreading model, whence
ker(ef) N ZT, and therefore ZT', does not admit an ¢} spreading model.

O

Remark Note that if T € Tr, ST clearly preserves a copy of ¢; if T is ill-founded. That is, if
(n;) € NN is such that (n;)}_, € T for all I € N, then (e(na,n))i2s C L1(N<N) is isometrically
equivalent to the ¢ basis, and so is its image under S”. But since S” is a diagonal operator between
spaces with unconditional bases, ST fails to preserve a copy of ¢; if and only if (ST)*(Z*) C [e} :
t € N<N] ¢ ¢;(N<N)* which happens if and only if T" is well-founded. It then follows that in the
case that 7T is well-founded, S” must actually be weakly compact. Therefore S7 is weakly compact
if and only if T is well-founded if and only if S” fails to preserve a copy of ¢; if and only if S7 fails
to preserve an ¢} spreading model. Thus {ST : T € WF} c ¢l n g.
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Note that ST takes disjointly supported vectors in £1(N<N) to disjointly supported vectors in
Z. Note also that the p-convexification of Z7 is ZpT7 9p for any T' € Tr. Therefore ST has a p-
convexification S7 : £,(N<N) — Z, 5,. Note also that ST is the adjoint of a map ST : Z, — ¢o(N<V),
where S*T is the composition of the projection Pf : Zy — Z, with the formal identity from Z, into
Co (N <N).

Corollary 8.8. If T' € WF, then Sg : Ep(N<N) — Zpap fails to preserve an 6117 spreading model.
The preadjoint ST : ZT — co(N<N) of ST : £1(N<N) — Z fails to preserve a ¢} spreading model.

Proof. The space Zg 9p 18 Just the p-convexification of Z T and so Z; %

model unless Z7 admits an ¢} spreading model, which it does not. Similarly, ZT' is a predual of

cannot admit an 611) spreading

ZT . 1f ZT were to admit a c¢ spreading model, ZT would admit an ¢} spreading model.
O

Proof of Proposition 8.6. We have already seen that each of these classes is IT11. To see that these
sets are not analytic, one can simply observe that if 69.7(15, N £ is analytic, then it is an analytic
subset of P, N £, and boundedness of NP, on analytic subsets of 9B, N £ would yield that
sup{NP,(4, X,Y) : (X,Y,A) ¢ 69.7(15, N £} must be countable. But we have already seen that for
0 < ¢ < wy, the identity on one of the spaces We¢, Wf, or WC* (depending on if p =1, 1 < p < o0,
or p = 00) has NP, index exceeding w¢, but lies in 69)?;, N £. Moreover, since W¢ is reflexive for
all £, this yields the result for 20¢¢ N £. But we will see the formally stronger statement that these
sets are II1 complete.

For the remainder of the proof, we will endow each space £(X,Y’) with the strong operator
topology. First we note that for X, Y € SB, the map from £(X,Y) into £ given by A — (X,Y, /1)
is continuous. To verify this, since the first two components X and Y are fixed, it is sufficient to
show that any net (S)) C £(X,Y) converging SOT to S has (Sxd,, (X)), converging to (Sd,(X))n
in C(2Y)N. But this is simply Sxd,(X) — Sd,(X) for each n € N, which is implied by SOT
convergence.

Let X € SB be isometrically isomorphic to £1(N<Y) and Y € SB be isometrically isomorphic to
Z. Note that we can identify £(¢;(N<N), Z) and £(X,Y), and this identification forms a (SOT-SOT)
homeomorphism between these spaces. Let ® : £(¢1(N<N), Z) — £(X,Y) be this identification.
Then the map from Tr to £ defined by

€Tr  eg(tl(NN),2)  eg(x,Y) €L

is continuous, once we show that 7'+ ST is continuous. Similar arguments will yield that 7' —
S;;F € L(p(N<N), Z,5,) and T — ST € £(Z., co(N<N)) are also continuous. We first show how this
finishes the proof, and then return to proving continuity.

We first complete the p = 1 case, with the 1 < p < oo case following by the analogous steps with
the p-convexifications of the operators, and the p = oo case following by taking the preadjoints.
Note that we have defined a continuous function f : Tr — £. Moreover, for each 0 < ¢ < wy, our
previous remarks yield that ffl(Gimﬁ Ng) = f~1(Wwel N g) = WF. Thus by Fact 8.3 and our
above sketch that 693@ N £ and 20¢% N £ are T}, we deduce that these classes are IT} complete.
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We return to the proof of continuity of 7+ ST. This will follow from the following: If Py SgT

P e £X,X) and S € £(X,Y), then SPy sor SP. Similarly, if P sor P e £(Y)Y) and

S € £(X,Y), then P,S SBT PS. Finally, if (e;);ea is an unconditional basis for X, then the

map from 2% to £(X,X) given by J — P; is continuous. To see this, suppose Jy — J. By
unconditionality, (Py,) is uniformly bounded, and it is sufficient to check pointwise convergence
Pj, x — Pjx for all z in a dense subset to conclude that Pj, SB>T Pj. To that end, we check that this

is true for all finitely supported vectors in X. Fix z with finite support and for each i € supp(z),
note that 1, (i) = 1,(i) eventually by definition of convergence in 2. Thus Py, x = Pz eventually.
O

9. OPEN QUESTIONS AND DISCUSSION
9.1. Ideals. We begin with the most natural question.

Question 9.1. For which ordinals £, 1 < p < oo, and normalized Schauder bases (e;) are the
following classes ideals?
(i) OFS
(i) SME
(i) {A: X =Y :NP,)(A4,X,Y) <}
(iv) 6&*

A natural step to showing classes above are ideals is to improve the product estimates provided
in this work. Recall the index ¢ defined on non-empty regular families by

((F) = min{¢ : F¢ = {@}}.

Recall that if A € Gm?f,(X,Y) and B € Gmtg(X, Y) for some X,Y € Ban and 1 < p < oo and
0<& (¢ <wp, then A+ B e 6m§+<(X, Y'). Since the quantified complexity of S¢ is +(S¢) = wé, we
see that this estimate essentially multiplies complexity. That is, estimates of complexity wé® and w¢

on A and B, respectively, yield an estimate on the complexity of the sum A+ B of ws*¢ = wéwC. This
is in complete analogy to the local case, where NP,(A+ B, X,Y) < NP,(A4,X,Y)NP,(B,X,Y).

Question 9.2. Are the product estimates optimal?

We have already seen that if p = 1 or p = 00, better estimates are possible for the spreading
model indices. We have seen that better estimates are possible for the indices NP, and NP;.
Indeed, if £ is infinite, we have sharp results on NP, by Lemma 3.4 and sharp results on NP; in

the case that the range spaces have unconditional bases by Proposition 6.5.

9.2. Weak compactness. Let (s;) be the summing basis for ¢p. It follows from standard tech-
niques modifying James’s characterization of reflexivity that an operator A : X — Y fails to be
weakly compact if and only if there exists (x;) C Bx so that (Az;) dominates (s;). Therefore for
any operator A: X — Y and K > 1, we define

WC(A, X, Y, K) = {2} U{ (@) € B : (s0)iny Sk (Az)i |-

We then let

WC(A, X,Y) = supo(WC(A, X,Y, K)).
K>1
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Then A is weakly compact if and only if WC(A, X,Y) < oo, which follows immediately from the
definition. We make the following easy observations:

Proposition 9.1. (i) The class of operators A : X —'Y such that WC(A, X,Y) < w is the ideal
of super weakly compact operators.
(i) The class of operators A: X —'Y such that WC(A, X,Y) < wy is an ideal.

The proof of part (i) is essentially the same as the proof that when (e;) has property (S'),
the class of operators A : X — Y so that NP(,)(4, X,Y) < w is the ideal of all operators all
ultrapowers of which fail to preserve a copy of (e;).

Of course, part (i7) would be trivial if we restricted our attention to separable domains, since if
X is separable and A : X — Y is an operator, WC(A, X,Y) is either countable or co. But since
the NP7 index of an operator cannot be larger than the WC index, the identity operators on the
reflexive examples W yield weakly compact operators having uncountable WC index. Thus part
(73) is non-trivial. Our proof of part (i7) follows by another descriptive set theoretic argument.
Define the function f : £ — Tr by

(X, 4) = {2} U { (1), b~ ()l + (dn, (X)) € WC(A, X, Y k) }.

Then by the same methods as in Lemma 8.5, (X,Y,A) — o(f(X,Y,A)) is a II} rank on the
I} subset WeE N £ = f~Y(WF) such that o(f(X,Y,A)) = WC(A4,X,Y) + 1. With this we
establish the analogue of Theorem 8.2: There exists a function gwe : [1,w1) X [1,w;) — [1,w1) so
that if X,Y € Ban (not necessarily seaparable), £,( < w; are such that WC(A, X,Y) < ¢ and
WC(B,X,Y) < ¢, then WC(A+ B, X,Y) < pwe(§,¢). The proof is an inessential modification
of the proof of Theorem 8.2.

Question 9.3. For which ordinals § is the class of operators A : X —'Y such that WC(A, X,Y) <
& an ideal?

9.3. Other applications of £ and £;. In some cases, it is perhaps more convenient to code only
the operators having norm not exceeding 1. One convenience of £; is the following concerning the
Szlenk index Sz(A) of an operator. Recall that if X is a separable Banach space, A : X — Y is
an Asplund operator if and only if A* By« is norm separable. Let 2 denote the ideal of Asplund
operators.

Proposition 9.2. The class AN Ly is a 11} subset of £1 and the Szlenk index (X,Y, A) — Sz(A)
is a 11} rank on AN £.

Proof. We follow the argument from [17], the ideas of which have their origins in [8], where it was
shown that the class SD of Banach spaces having separable dual is a II3 subset of SB and the
Szlenk index is a I} rank on SD. Of course, SD is simply the class of separable Banach spaces
whose identity operators lie in .

Let H = (By_,0(l0, 1)), and note that this set is compact metrizable. Then Q = {F € F(H) :
F is norm separable} is a I} subset of H and the index sup,, |F|p, is a II} rank on €. We do not
define the indices | - |p, , only state the relevant properties as necessary.

For each n € N, the map s, : SB — C(2V) defined by s,(X) = dn(X)/||dn(X)|| if dn(X) # 0
and s,(X) = 0 is Borel and {s,(X) : n € N} is dense in Sx for all X € SB. For A*y* € A*By~,
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we let fary« = (A*y*s,(X)). Then one easily observes that A*y* <> fa«,« is a homeomorphism
between (A*By~,o(X*, X)) and its image, call it F| (xv.i) €F (H), which preserves norm distances.
Then (X,Y,A) € AN £ if and only if Fixy. € and Sz(A*By+) = sup, |F(X,Y,A)‘Dn' Let
D=Uxy ies {(X,Y, A)}XF(X,Y,A) C £1xH. Note that D is Borel. Since each section Dy y 4y =
Fxy, ) is compact, the map (X,Y,A) — Fixy,4) is Borel [21]. Thus the map (X,Y, A) o Fixy.i
is a Borel reduction, ®~1(2) = AN £, and Sz(A4) = sup,, |F(X,Y,A)|Dn is a I1} rank on 2N £1.

g
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