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Abstract. For any closed subset F of [1,∞] which is either finite or
consists of the elements of an increasing sequence and its limit, a reflexive
Banach space X with a 1-unconditional basis is constructed so that in
each block subspace Y of X, `p is finitely block represented in Y if and
only if p ∈ F . In particular, this solves the question as to whether the
stabilized Krivine set for a Banach space had to be connected. We also
prove that for every infinite dimensional subspace Y of X there is a
dense subset G of F such that the spreading models admitted by Y are
exactly the `p for p ∈ G.

1. Introduction

In the past, many of the driving questions in the study of Banach spaces
concerned the existence of “nice” subspaces of general infinite dimensional
Banach spaces. Finding counterexamples to these questions involved devel-
oping new ideas for constructing Banach spaces. B. Tsirelson’s construction
of a reflexive infinite dimensional Banach space which does not contain `p
for any 1 < p < ∞ [T] and W.T. Gowers and B. Maurey’s construction
of an infinite dimensional Banach space which does not contain an uncon-
ditional basic sequence [GM] are two important examples. On the other
hand, after Tsirelson’s construction, J-L. Krivine proved that every basic
sequence contains `p for some 1 6 p 6 ∞ finitely block represented [K]
(where the case p =∞ refers to c0), and it is not difficult to show that every
normalized weakly null sequence in a Banach space has a subsequence with
a 1-suppression unconditional spreading model. Thus, though we cannot
always find these properties in infinite dimensional subspaces, they are still
always present in certain finite block or asymptotic structure.
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In his paper on Krivine’s Theorem, Rosenthal proved that given any Ba-
nach space, the set of p’s such that `p is finitely block represented in the
Banach space can be stabilized on a subspace [R] (for a simplified proof of
the stability result see also [M, page 133]). That is, given any infinite dimen-
sional Banach space X, there exists an infinite dimensional subspace Y ⊆ X
with a basis and a nonempty closed subset I ⊆ [1,∞] such that for every
block subspace Z of Y , `p is finitely block represented in Z if and only if
p ∈ I. Rosenthal concluded his paper by asking if this stabilized Krivine set
I had to be a singleton. E. Odell and Th. Schlumprecht answered this ques-
tion by constructing a Banach space X with an unconditional basis which
had the property that every unconditional basic sequence is finitely block
represented in every block sequence in X [OS1]. Thus, the stabilized Kriv-
ine set for this space is the interval [1,∞]. Later, Odell and Schlumprecht
constructed a Banach space with a conditional basis which had the property
that every monotone basic sequence is finitely block represented in every
block sequence in X [OS2]. At this point, the known possible stabilized
Krivine sets for a Banach space are singletons and the entire interval [1,∞].
P. Habala and N. Tomczak-Jaegermann proved that if 1 6 p < q 6 ∞ and
X is an infinite dimensional Banach space such that `p and `q are finitely
block represented in every block subspace of X then X has a quotient Z so
that every r ∈ [p, q] is finitely block represented in Z [HT]. They then asked
if the stabilized Krivine set for a Banach space is always connected [HT],
which was later included as problem 12 in Odell’s presentation of 15 open
problems in Banach spaces at the Fields institute in 2002 [O]. We solve the
stabilized Krivine set problem with the following theorem.

Theorem. Let F ⊆ [1,∞] be either a finite set or a set consisting of an
increasing sequence and its limit. Then there exists a reflexive Banach space
X with an unconditional basis such that for every infinite dimensional block
subspace Y of X:

(i) For all 1 6 p 6 ∞, the space `p is finitely block represented in Y if
and only if p ∈ F .

(ii) If F is finite then the spreading models admitted by Y are exactly
the spaces `p for p ∈ F .

(iii) If F is an increasing sequence with limit pω then every spreading
model admitted by Y is isomorphic to `p for some p ∈ F and for
every p ∈ F \ {pω} `p is admitted as a spreading model by Y .

This theorem is somewhat surprising in that the corresponding question
for finite representability instead of finite block representability is very dif-
ferent. Indeed, if `p is finitely representable in a Banach space X for some
1 6 p < 2 then `r is finitely representable in X for all r ∈ [p, 2]. However,
for 2 < p <∞ the Banach space `r is finitely representable in `p if and only
if r = 2 or r = p. Thus the position in [1,∞] of the set F of p’s that are
finitely represented in a space X determines whether F is an interval.
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Our results show that in the case of block finitely represented, the position
of F in the interval [1,∞] does not matter.

Theorem 1 also solves several open questions on spreading models raised
by G. Androulakis, E. Odell, Th. Schlumprecht, and Tomczak-Jaegermann
[AOST]. They asked in particular the following three questions: Does there
exist a Banach space so that every subspace has exactly n many different
spreading models? Does there exist a Banach space so that every subspace
has exactly countably infinitely many different spreading models? If a Ba-
nach space admits `1 and `2 spreading models in every subspace must it
admit uncountably many spreading models? In [AM2], S.A. Arygros and
the third author have constructed a space so that every subspace admits
every unconditional basis as a spreading model. In [ABM], S.A. Argyros
with the first and third named authors created a Banach space such that
every infinite dimensional subspace admits exactly two spreading models up
to isomorphism, namely `1 and c0. Theorem 1 includes the case that F is
an increasing sequence and its limit, and so it is natural to question if the
case of a decreasing sequence is possible. However, B. Sari proved that if
a Banach space admits a countable collection of spreading models which
form a strictly increasing sequence in terms of domination, then the Banach
space admits uncountably many spreading models [S]. Thus, Theorem 1
(iii) would be impossible in the case that F is a decreasing sequence and its
limit as the spaces {`p}p∈F would include an increasing sequence in terms
of domination.

Given a Banach space X with a basis, one may consider the set of all
p’s, such that `p is admitted as a spreading model by X. Although this
set may fail to coincide with the Krivine set of the space, or may even be
empty [OS1], it is always contained in the Krivine set. Therefore, for a given
subset F of [1,∞] when constructing a space X, one way to ensure that F
is contained in any stabilized Krivine set of X, is to have `p admitted as a
spreading model by every subspace of the space for every p ∈ F . For any
single 1 6 p < ∞, Tsirelson’s method allows one to build a reflexive space
not containing `p that is asymptotic `p. Every spreading model admitted by
this space is isomorphic to `p and the Krivine set of every infinite dimensional
subspace is the singleton {p}. In this paper, for any finite set of p’s, we build
a space with exactly these `p’s hereditarily as spreading models and exactly
these p’s hereditary as Krivine p’s. Moreover, for any increasing sequence
of p’s we get almost the same result. In this case, the only caveat is that,
although the basis of the space X admits only the limit p as a spreading
model, we did not prove that the limit p is admitted in every subspace.

In the case of two distinct p’s, our construction is rooted in the convexified
Tsirelson’s spaces in the sense of T. Figiel and W.B. Johnson’s description
[FJ] and the work of Odell and Schlumprecht [OS1], [OS2]. The methods we
follow are based on the ones from [ABM]. In particular, for the simplest case
of F = {1,∞}, our construction reduces to a small modification of the space
X1

0,1
, which is the simplest case of the construction defined in that paper,
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and in which it is shown that X1
0,1

admits only c0 and `1 spreading models

in every subspace. In recent literature, the spaces in [OS1], [OS2], [ABM],
[AM1] and [AM2] are referred to as Tsirelson spaces with constraints or
multi-layer Tsirelson spaces. For the sake of understanding our construction
in the simplest case F = {1,∞}, the norm satisfies the following implicit
equation for x ∈ c00:

‖x‖ = ‖x‖0 ∨ sup
1

4

n∑
i=1

‖Eix‖mi ,

where the supremum is over successive intervals (Ei)
n
i=1 and (mi)

n
i=1 with

(minEi)
n
i=1 ∈ S1,minEi > (maxEi−1)

2 and mi > maxEi−1,

and for each m ∈ N,

‖x‖m =
1

4m
sup

m∑
i=1

‖Fix‖,

where the supremum is over successive intervals (Fi)
m
i=1. These m-norms

and the way they are combined above are the previously mentioned con-
traints. Since the constraints are based on averages, local and asymptotic
c0 structure occurs in every subsapce. Furthermore, in contrast to Tsirelson
space, which has homogeneous asymptotic `1 structure, the above construc-
tion hereditarily provides both `1 and c0 local and asymptotic structure.

In the case that F = {p1 < · · · < pn} ⊂ [1,∞] we present a space X,
admitting hereditarily `p1 , . . . , `pn asymptotic structure and nothing more.
For this purpose we define a new norm, which has n-many layers, each one
corresponding to an `pk structure, for k = 1, . . . , n. The base layer corre-

sponds to the `pn norm, while for k = 1, . . . , n− 1 the kth layer corresponds
to norm `pk and it is defined using the previous layers. To avoid the domi-
nation of some of these layers over the rest, to each of these layers, except
for the basic one, some constraints have to be applied. The constraints are
based on p′n-averages, where p′n is the conjugate exponent of pn.

When F consists of an increasing sequence (pk)k and its limit pω, count-
ably many layers of the norm are used. In this case, the norm ‖ · ‖∗ of the
space is defined through the following formulas. We state here the implicit
equations for the norms for the sake of giving insight into our construction,
but we will actually use a different definition in Section 3 in terms of norming
functionals. For 0 < θ 6 1/4 and x ∈ c00(N) we define:

‖x‖ω = θ sup

 d∑
q=1

‖Eqx‖pω∗

1/pω

and ‖x‖0,m = θ sup
1

m1/p′ω

m∑
q=1

‖Eqx‖∗

where both suprema are are taken over all d ∈ N and successive intervals
(Eq)

d
q=1 of the natural numbers. These ‖ · ‖0,m norms are the constraints

applied to the norm of the space. If for some k > 0 the norms ‖ · ‖i,m have
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been defined for every 0 6 i < k and m ∈ N, for x ∈ c00(N) and m ∈ N we
define:

‖x‖k,m = θ sup

 d∑
q=1

‖Eqx‖pkiq ,mq

1/pk

where the supremum is taken over all d ∈ N, 0 6 iq < k for q = 1, . . . , d and

(Eq)
d
q=1, (mq)

d
q=1 which satisfy certain growth conditions depending on m.

The norm of the space satisfies the following implicit equation:

‖x‖∗ = max {‖x‖∞, ‖x‖ω, sup{‖x‖k,m : k,m ∈ N}} .
Using the above description of the norm, it is easy to see that any block
sequence in our space satisfies a lower `pω estimate with constant θ. Likewise,
in section 4 we prove that any block sequence satisfies an upper `p1 estimate
with constant 2. In the case F is finite with F = {p1 < · · · < pn} then the
norm of the space satisfies the same formula, where pω is replaced with pn.

The paper is organized as follows. In section 2 we give a few preliminary
definitions. Section 3 contains the definition of the spaces. In section 4
we set notation that we will use in our subsequent evaluations and prove
upper and lower estimates on normalized block sequences. In sections 5 and
6 we prove the spaces have the desired spreading model structure. Finally,
in section 7 we show that in every block subspace the only Krivine p’s are
those admitted as spreading models.

The majority of the research included in this paper was conducted while
the first two authors where visiting the National Technical University of
Athens. We sincerely thank Spiros Argyros for his hospitality and enlight-
ening conversations.

2. Preliminaries

We begin with some preliminary definitions. Two basic sequences (xi)

and (yi) are C-equivalent for some C > 1 if
√
C
−1‖

∑
aixi‖ 6 ‖

∑
aiyi‖ 6√

C‖
∑
aixi‖ for all scalar sequences (ai). A basic sequence (ei)

∞
i=1 is finitely

block represented in a basic sequence (xi)
∞
i=1 if for all N ∈ N and ε > 0 there

exists a finite block sequence (yi)
N
i=1 of (xi)

∞
i=1 which is (1 + ε)-equivalent to

(ei)
N
i=1. For 1 6 p 6∞, we say that `p is finitely block represented in (xi)

∞
i=1

if the unit vector basis of `p is finitely block represented in (xi)
∞
i=1 (where

we use the case p =∞ to mean c0).
We say that a basic sequence (ei)

∞
i=1 is a spreading model of a basic se-

quence (xi)
∞
i=1 if for all finite sequences of scalars (ai)

n
i=1 we have that

‖
n∑
i=1

aiei‖ = lim
t1→∞

· · · lim
tn→∞

‖
n∑
i=1

aixti‖.

We say that a Banach space X admits (ei)
∞
i=1 as a spreading model if (ei)

∞
i=1

is equivalent to a spreading model of some basic sequence in X. We say that
X admits `p as a spreading model if X admits a spreading model equivalent
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to the unit vector basis for `p. In the literature, the basic sequence (ei)
∞
i=1 as

well as the Banach space formed by its closed span are both often referred
to as spreading models.

3. The definition of the space X.

In this section we give the definition of the norming set of the space
X. We apply a variation of the method of saturation under constraints,
introduced by Odell and Schlumprecht in [OS1], [OS2]. The way this method
is applied is similar to the one in [ABM] and it allows `p structure to appear
hereditarily in the space, for a predetermined set of p’s, which is either finite
or consists of an increasing sequence and its limit.

Notation. Let G be a subset of c00(N).

(i) A finite sequence (fq)
d
q=1 of elements of G will be called admissible

if f1 < · · · < fd and d 6 min supp f1.
(ii) Assume that (fq)q is a sequence of functionals in G, and each func-

tional fq has been assigned a positive integer s(fq), called the size of
fq. Then (fq)q will be called very fast growing if (max supp fq−1)

2 <
min supp fq and s(fq) > max supp fq−1 for all q > 1.

Let ξ0 ∈ [2, ω] and let F = {pk : 1 6 k < ξ0}∪{pξ0} ⊂ [1,∞] with pk ↑ pξ0
in the case that ξ0 = ω and p1 < p2 < · · · < pξ0−1 < pξ0 otherwise.

We now define the norming set of the space X. We do so inductively
by defining an increasing sequence of subsets of c00(N). To some of the
functionals that we construct we shall assign an order, a size or both. Fix a
positive real number 0 < θ 6 1/4. Let W0 = {±e∗j}j∈N. To the functionals

in W0 we don’t assign an order or size. Assume that for some m ∈ N ∪ {0}
the set Wm has been defined, below we describe how the set Wm+1 is defined.

Functionals of order-0, or of order-ξ0. Define

W 0
m+1 =

θ
d∑
q=1

cqfq : f1 < · · · < fd ∈Wm,
d∑
q=1

|cq|p
′
ξ0 6 1

 .

A functional f = θ
∑d

q=1 cqfq as above will be called of order-0. In some
cases, for convenience these functionals shall also be referred to as functionals
of order-ξ0.

If a functional f of order-0 has the form f = θ
∑d

q=1(1/n)
1/p′ξ0fq with

d 6 n, then the size of f is defined to be s(f) = n. If a functional f of
order-0 is not of this form then we do not assign any size to it.

If m+ 1 = 1 then we define W1 = W0 ∪W 0
1 , otherwise m+ 1 > 2 and we

shall include more functionals in Wm+1, as described below.



DISCONNECTED SET OF p’S IN KRIVINE’S THEOREM 7

Functionals of order-k, with 1 6 k < ξ0. Define

W k
m+1 =

{
θ

d∑
q=1

cqfq :

d∑
q=1

|cq|p
′
k 6 1, (fq)

d
q=1 is an admissible and very

fast growing sequence of functionals in Wm, each one

of which has order strictly smaller than k

}
.

A functional f = θ
∑d

q=1 cqfq as above will be called of order-k with size

s(f) = min{s(fq) : q = 1, . . . , d}.
If k = 1 and p1 = 1, we replace the condition

∑d
q=1 |cq|p

′
1 6 1 with

the condition max{|cq| : q = 1, . . . , d} 6 1. Note that if ξ0 is finite and
ξ0 = k0 + 1, then very fast growing sequences of functionals of order-k0 are
not used. Observe also that some functionals may be of more than one order
or have multiple sizes, however, this shall not cause any problems.

If m+1 > 2, let Wm+1 =
(
∪06k<ξ0W k

m+1

)
∪Wm and W = ∪∞m=0Wm. The

space X is the completion of c00(N) under the norm induced by W , i.e. for
x ∈ c00(N) the norm of x is equal to sup{|f(x)| : f ∈W}.

Remark 3.1. The following are clear from the definition of the norming
set.

(i) For every f1 < · · · < fd in W and real numbers (cq)
d
q=1 with∑d

q=1 |cq0 |
p′ξ0 6 1, the functional f = θ

∑d
q=1 cqfq is also in W .

(ii) For every 1 6 k < ξ0 and every admissible and very fast growing
f1 < · · · < fd in W , each one of which has order strictly smaller than

k and real numbers (cq)
d
q=1 with

∑d
q=1 |cq0 |p

′
k 6 1, the functional

f = θ
∑d

q=1 cqfq is also in W .

Remark 3.2. For every f ∈ W and subset E of the natural numbers, we
have that f |E , the restriction of f onto E, is also in W . In particular, if f
is of order-k, then f |E is also of order-k and s(f |E) > s(f). One can also
check that the norming set W is closed under changing signs, i.e. if f ∈ W
and g is such that |f | = |g|, then g is also in W . Therefore, the unit vector
basis of c00(N) forms a 1-unconditional basis for X.

Recall that functionals of order-0 are also called functionals of order-ξ0.

Remark 3.3. For every m > 0, 1 6 ζ 6 ξ0 and f ∈ Wm, which is of
order-ζ, there exist f1 < · · · < fd in Wm−1 and real numbers c1, . . . , cd with∑d

q=1 |cq|
p′ζ 6 1 such that f = θ

∑d
q=1 cqfq. If moreover ζ = k < ξ0, then

(fq)
d
q=1 is an admissible and very fast growing sequence of functionals, each

one of which has order strictly smaller than k.

Before proceeding to the study of the properties of the space X, let us
briefly explain the ingredients of the norming set W , without getting into
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too many details. If 1 < ξ0 6 ω and we have determined a set F = {p1 <
· · · < pξ0} ⊂ [1,∞], then every element f of the norming set falls into one
of the following three categories:

(i) The functional f is an element of the basis, i.e. f ∈ {±ei}i.
(ii) The functional f is of order-0, i.e. f = θ

∑d
q=1 cqfq where f1 < · · · <

fd can be any successive elements of the norming set, combined with
coefficients (cq)q in the unit ball of `p′ξ0

.

(iii) The functional f is of order-k with 1 6 k < ξ0, i.e. f = θ
∑d

q=1 cqfq
where the sequence f1 < · · · < fd are successive elements of the
norming set satisfying certain constraints, while the coefficients (cq)q
are in the unit ball of `p′k .

The functionals of order-0 provide `pξ0 structure to the space and, since
the `pξ0 is the smallest of the `p norms for p ∈ F , their construction is not
subject to any constraints. On the other hand, for 1 6 k < ξ0, the func-
tionals of order k provide `pk structure. One has to define these functionals
carefully, in order not to demolish the desired `pζ structure, for k < ζ 6 ξ0.
This is the role of the constraints, which become more restrictive as k be-
comes smaller.

One can verify that the norm induced by the norming set W is alterna-
tively described by the implicit formula given in the introduction.

4. Basic norm evaluations on block sequences of X.

In this section we prove a simple, but useful, lemma and we also prove that
block sequences in X have an upper `p1 estimate and a lower `pξ0 estimate.
We start with some notation, which in conjunction with the next lemma,
will be used frequently throughout the paper. Here, the range of a vector is
the smallest closed interval containing the support.

Notation. Let x1 < · · · < xm be a finite block sequence in X and f =

θ
∑d

q=1 cqfq be a functional of order-ζ, 1 6 ζ 6 ξ0. Define the following :

A1 = {q ∈ {1, . . . , d} : ran fq ∩ ranxj 6= ∅ for at most one 1 6 j 6 m} ,
A2 = {1, . . . , d} \A1,

B = {j ∈ {1, . . . ,m} : there exists q ∈ A1 with ran fq ∩ ranxj 6= ∅}
Aj1 = {q ∈ A1 : ran fq ∩ ranxj 6= ∅} for j ∈ B,

Cj =
∥∥∥(cq)q∈Aj1

∥∥∥
`p′
ζ

for j ∈ B,

gj = θ
∑
q∈Aj1

(cq/Cj)fq for j ∈ B and

Eq = {j ∈ {1, . . . ,m} : ran fq ∩ ranxj 6= ∅}, for q ∈ A2.
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The following lemma follows immediately from our choice of notation. As
in Remark 3.3, here we also use the fact that order-0 functionals can be
referred to as order-ξ0 functionals.

Lemma 4.1. Let x1 < . . . < xm be a finite block sequence in X and f =

θ
∑d

q=1 cqfq be a functional of order-ζ for some 1 6 ζ 6 ξ0. The functionals

(gj)j∈B are order-ζ functionals in W , we have that (
∑

j∈B C
p′ζ
j )1/p

′
ζ 6 1, and

the following holds:

(1)

∣∣∣∣∣∣f
 m∑
j=1

xj

∣∣∣∣∣∣ 6
∑
j∈B

Cj |gj(xj)|

+ θ

∑
q∈A2

|cq| ·

∣∣∣∣∣∣fq
∑
j∈Eq

xj

∣∣∣∣∣∣
 .

Moreover, if A2 = {q1 < · · · < qr} then maxEqi 6 minEqi+1 for i =
1, . . . , r − 1 and maxEqi < minEqi+2 for i = 1, . . . , r − 2. Thus, for each
1 6 j 6 m there exists at most two sets Eq such that xj ∈ Eq.

Note that applying Hölder’s inequality to (1), gives the following inequal-
ity, which in most cases will be more convenient for us than (1).

(2)

∣∣∣∣∣∣f
 m∑
j=1

xj

∣∣∣∣∣∣ 6
∥∥∥(gj(xj))j∈B

∥∥∥
`pζ

+ θ
∥∥∥(fq(∑

j∈Eq

xj)
)
q∈A2

∥∥∥
`pζ

.

Proposition 4.2. Let x1 < · · · < xm be a normalized finite block sequence
in X and (λj)

m
j=1 be scalars. The following holds:

θ‖(λj)j‖`pξ0 6
∥∥∥∥ m∑
j=1

λjxj

∥∥∥∥ 6 2‖(λj)j‖`p1 .

Proof. We first prove the lower inequality. Note that this is trivial in the
case that pξ0 =∞ , thus we assume that pξ0 <∞. For each j ∈ {1, . . . ,m}
find fj so that fj(xj) = 1 and supp fj = suppxj . Without loss of generality,

we may assume that (
∑m

i=1 |λi|
pξ0 )1/pξ0 = 1 and λi ≥ 0 for all 1 6 i 6 m.

Thus, θ
∑m

j=1 |λj |
pξ0/p

′
ξ0fj ∈W . Therefore∥∥∥∥ m∑

j=1

λjxj

∥∥∥∥ > θ m∑
j=1

|λj |pξ0/p
′
ξ0fj

( m∑
i=1

λixi

)
= θ

( m∑
i=1

|λi|p
′
ξ0

)
= θ.

The upper inequality clearly follows from the following claim that we will
prove by induction on n ∈ N. For all n ∈ N ∪ {0} and f ∈Wn (see Remark
3.3) we have

(3) f

( m∑
j=1

λjxj

)
6 2

 m∑
j=1

|λj |p1
1/p1

.
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The case of f ∈ W0 = {±e∗j} is trivial. Assume that the above holds for

some n > 0. Let f ∈ Wn+1. Then f = θ
∑d

q=1 cqfq is of order-ζ and

f1 < · · · < fd are in in Wn and
∑d

q=1 |cq|
p′ζ 6 1.

By (2) after Lemma 4.1 then applying the inductive hypothesis, we obtain
the following:∣∣∣∣∣∣f(

m∑
j=1

λjxj)

∣∣∣∣∣∣ 6
∑
j∈B
|λj |pζ

1/pζ

+ θ

∑
q∈A2

∣∣∣∣∣∣fq
∑
j∈Eq

λjxj

∣∣∣∣∣∣
pζ
1/pζ

6

∑
j∈B
|λj |pζ

1/pζ

+ 2θ

∑
q∈A2

∑
j∈Eq

|λj |p1
pζ/p1


1/pζ

.(4)

By the last part of Lemma 4.1, for each j there exists at most two distinct
q ∈ A2 such that j ∈ Eq. This fact together with p1 6 pζ imply that

(5)

∑
q∈A2

∑
j∈Eq

|λj |p1
pζ/p1


1/pζ

< 21/p1

 m∑
j=1

|λj |p1
1/p1

.

Combining relations (4) and (5) together with 0 < θ 6 1/4, we obtain the
desired bound in (3).

�

5. Spreading models of X.

In this section we define the α-indices in a very similar manner as they
have been defined in [ABM], [AM1] and [AM2]. Although previously the α-
indices were used to describe the action of certain averages of functionals on
a block sequence, in our case this is not exactly the same. Here, the indices
are used to study the action of functionals of a certain order on a block
sequence. However, the principle is the same and we retain this notation.
As is the case in these papers, the indices determine the spreading models
admitted by a block sequence in the space X. As a consequence we prove
that every spreading model admitted by a weakly null sequence in X must
equivalent to the unit vector basis of `pζ for some ζ ∈ [1, ξ0].

Definition 5.1. Let (xj)j be a block sequence in X and let 1 6 k < ξ0.
Assume that for every very fast growing sequence (fq)q of functionals in W ,
each one of which has order strictly smaller than k, and every subsequence
(xji)i of (xj)j we have that limi |fi(xji)| = 0. Then we say that the α<k-index
of (xj)j is zero and write α<k{(xj)j} = 0. Otherwise we write α<k{(xj)j} >
0.

Remark 5.2. Let (xj)j be a block sequence in X and 1 6 m < k < ξ0. If
α<k{(xj)j} = 0 then also α<m{(xj)j} = 0.
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The following characterization has appeared in similar forms in [ABM],
[AM1] and [AM2]. We omit the proof as it is simple and straightforward.

Proposition 5.3. Let 1 6 k < ξ0 and (xj)j be a block sequence in X. The
following assertions are equivalent:

(i) α<k{(xj)j} = 0.
(ii) For every ε > 0 there exist j0, i0 ∈ N such that for every f ∈ W

of order strictly smaller than k with s(f) > i0 and every j > j0 we
have that |f(xj)| < ε.

Lemma 5.4. Let 1 6 k < ξ0 and (xj)j be a bounded block sequence in X
such that α<k{(xj)j} > 0. Then (xj)j has a subsequence with a spreading
model that dominates the unit vector basis for `pk . That is, there exists
ε > 0 and a subsequence (xji)i of (xj)j such that for every natural numbers
m 6 i1 < · · · < im and every real numbers λ1, . . . , λm the following holds:∥∥∥∥∥

m∑
t=1

λtxjit

∥∥∥∥∥ > ε ‖(λt)t‖`pk .
Proof. By the definition of the α<k index, there exists ε′ > 0, a subsequence
of (xj)j , again denoted by (xj)j and a very fast growing sequence (fj)j of
functionals of order strictly smaller than k, such that |fj(xj)| > ε′ for all
j ∈ N. We may also assume that ran fj ⊂ ranxj for all j ∈ N. Set ε = θε′

and note that for every m 6 j1 < · · · < jm and every real numbers (ct)
m
t=1

with
∑m

t=1 |ct|p
′
k 6 1 the functional f = θ

∑m
t=1 ctfjt is of order-k. Let

m 6 j1 < · · · < jm be natural numbers and λ1, . . . , λm be real numbers. We
have the following estimate:∥∥∥∥∥

m∑
t=1

λtxjt

∥∥∥∥∥ > sup

{
θ

m∑
t=1

ctfjt

(
m∑
t=1

λtxjt

)
:

m∑
t=1

|ct|p
′
k 6 1

}

= sup

{
θ

m∑
t=1

|ctλt| · |fjt(xjt)| :
m∑
t=1

|ct|p
′
k 6 1

}

> θε′ sup

{
m∑
t=1

|ctλt| :
m∑
t=1

|ct|p
′
k 6 1

}

= ε

(
m∑
t=1

|λt|pk
)1/pk

.

�

Lemma 5.5. Let (xj)j be a normalized block sequence and 2 6 ζ 6 ξ0 such
that α<k{(xj)j} = 0 for every 1 6 k < ζ. Then (xj)j has a subsequence
with a spreading model that is 2-dominated by the unit vector basis for `pζ .
In particular, there exists a subsequence (xji)i of (xj)j such that for every
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natural numbers m 6 i1 < · · · < im and every real numbers λ1, . . . , λm the
following holds: ∥∥∥∥∥

m∑
t=1

λtxjit

∥∥∥∥∥ 6 3 ‖(λt)t‖`pζ .

Proof. We first consider the case in which ζ is finite, i.e. ζ = k′ + 1 with
1 6 k′ < ξ0.

Using Proposition 5.3 we pass to a subsequence, again denoted by (xj)j
such that for any j > j0 > 2 and any f ∈ W of order strictly smaller than
k′ with s(f) > min suppxj0 we have that

(6) |f(xj)| < (j0 max suppxj0−1)
−1 .

We will show by induction on n, where W = ∪nWn (see Remark 3.3) that for
every m 6 j1 < · · · < jm, every real numbers λ1, . . . , λm and every f ∈ Wn

the following holds:

(7)

∣∣∣∣∣f
( m∑
t=1

λtxjt

)∣∣∣∣∣ 6 2 ‖(λt)mt=1‖`pζ .

For f ∈W0 the result holds. Let f = θ
∑d

q=1 cqfq be a functional in Wn.
We distinguish two cases, concerning the order of f .
Case 1: The functional f is of order-η with ζ 6 η 6 ξ0. By Inequality (2)
after Lemma 4.1, we have that

∣∣∣∣∣f
(

m∑
t=1

λtxjt

)∣∣∣∣∣ 6
(∑
t∈B
|λt|pη

)1/pη

+ θ

∑
q∈A2

∣∣∣∣∣∣fq
∑
t∈Eq

λtxjt

∣∣∣∣∣∣
pη1/pη

6

(∑
t∈B
|λt|pη

)1/pη

+ θ2

∑
q∈A2

∑
t∈Eq

|λt|pk

pη/pk


1/pη

by (7).(8)

The fact that pζ 6 pη and for each 1 6 t 6 m there exists at most two
distinct q ∈ A2 such that t ∈ Eq implies that

(9)

∑
q∈A2

∑
t∈Eq

|λt|pζ

pη/pζ


1/pη

6 21/pζ

(
m∑
t=1

|λt|pζ
)1/pζ

.

Combining relations (8) and (9) with 0 < θ 6 1/4, we get that |f(
∑m

t=1 λtxjt)|
is bounded by the desired value. Note that for convenience we have implic-
itly assumed that pη < ∞, but the case that pη = ∞ would only require
trivial modification.
Case 2: The functional f is of order-k′′ with 1 6 k′′ 6 k′.
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Set

t0 = min{t : ran f ∩ ranxjt 6= ∅} and

q0 = min{q : max supp fq > min suppxjt0+1}.

We shall prove the following:

(10) θ

∣∣∣∣∣∑
q>q0

cqfq

(
m∑
t=1

λtxjt

)∣∣∣∣∣ < θmax{|λt| : t > t0}.

Since (fq)
d
q=1 is admissible, we have that d 6 max suppxjt0 . Also, (fq)

d
q=1

is very fast growing and hence for q > q0 we have that

s(fq) > max supp fq0 > min suppxjt0+1 .

Moreover the functionals fq are of order strictly smaller than k′, therefore
for q > q0 and t > t0, (6) yields that |fq(xjt)| < 1/

(
jt0+1 max suppxjt0

)
and

since d 6 max suppxjt0 , by keeping t fixed, we obtain
∑

q>q0
|cqfq(xjt)| <

1/jt0+1. Similarly, summing over the t which are strictly greater than t0,
since m 6 jt0+1 we obtain:∣∣∣∣∣∑

q>q0

cqfq

(
m∑
t=1

λtxjt

)∣∣∣∣∣ =

∣∣∣∣∣∑
q>q0

cqfq

(
m∑
t>t0

λtxjt

)∣∣∣∣∣
6

∑
t>t0

|λt|
∑
q>q0

|cqfq (xjt)|

< max
t>t0
|λt|(m/jt0+1) 6 max

t>t0
|λt|.

Thus, (10) holds. We now observe the following:

(11) θ

∣∣∣∣∣∑
q<q0

cqfq

(
m∑
t=1

λtxjt

)∣∣∣∣∣ = θ

∣∣∣∣∣∑
q<q0

cqfq
(
λt0xjt0

)∣∣∣∣∣ 6 |λt0 |.
Moreover, the inductive assumption yields that

(12)

∣∣∣∣∣fq0
(

m∑
t=1

λtxjt

)∣∣∣∣∣ 6 2 ‖(λt)mt=1‖`pζ .

Combining (10), (11) and (12) with 0 < θ 6 1/4 we get that |f(
∑m

t=1 λtxjt)|
is bounded by the desired value.

The proof for the case in which ζ is finite is complete. Assume now that
ζ = ξ0 = ω and pass to a subsequence of (xj)j generating as a spread-
ing model some sequence (zj)j . The previous case implies that (zj)j is
2-dominated by the unit vector basis of `pk for all k < ξ0 and hence, by
taking a limit, it is also 2-dominated by the unit vector basis of `pξ0 which
yields the desired result. �

The next result explains that the α<k-indices of a given block sequence
determine the spreading models admitted by it.
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Proposition 5.6. Let (xj)j be a normalized block sequence in X. Then
(xj)j admits an `pζ spreading model, for some ζ ∈ [1, ξ0]. The following
describes more precisely the spreading models admitted by (xj)j .

a. Let 2 6 k < ξ0, then the following assertions are equivalent:
(i) α<k{(xj)j} > 0 and α<k′{(xj)j} = 0 for 1 6 k′ < k.
(ii) There exists a subsequence of (xj)j that generates an `pk spread-

ing model, while no subsequence of (xj)j generates an `pk′ spread-
ing model for 1 6 k′ < k.

b. The following are equivalent
(i) α<1{(xj)j} > 0.

(ii) There exists a subsequence of (xj)j that generates an `p1 spread-
ing model.

c. The following are also equivalent:
(i) For every 1 6 k < ξ0 we have that α<k{(xj)j} = 0.

(ii) Every subsequence of (xj)j has a further subsequence generating
an `pξ0 spreading model.

Note that in the case ξ0 is finite and ξ0 = k0 + 1, then c.(i) is equivalent to
α<k0{(xj)j} = 0.

Proof. We shall only prove a. as the others are proved similarly, using
Proposition 4.2 and Lemmas 5.4, 5.5. Assume that the first assertion of
a. holds. Note that on every subsequence of (xj)j the α<k−1-index is zero,
and hence, applying Lemma 5.5, it has a further subsequence which admits a
spreading model dominated by the unit vector basis of `pk . This in particular
implies that no subsequence of (xi)i generates an `pk′ spreading model for
1 6 k′ < k. Moreover, applying Lemma 5.4 we pass to a subsequence (xji)i,
of (xj)j , generating some spreading model dominating the usual vector basis
of `pk . Since α<k−1{(xj)j} = 0, Lemma 5.5 implies that this spreading model
has to be `pk .

We assume now that the second assertion of a. holds. We first note that
α<k{(xj)j} > 0. If this were not the case, then on every subsequence of (xj)j
the α<k-index would be zero and hence, by Lemma 5.5, every spreading
model admitted by it is dominated by the unit vector basis of `pk+1

. This
means that no subsequence of (xj)j can generate an `pk spreading model,
which is absurd. Therefore the natural number k0 = min{k ∈ [1, ξ0) :
α<k{(xj)j} > 0} is well defined and k0 6 k. We shall prove that k0 = k and
this will complete the proof.

Assume that k0 < k and apply Lemma 5.4 to pass to a subsequence (xji)i
of (xj)j generating some spreading model which dominates the usual basis
of `pk0 . If k0 = 1 then by Proposition 4.2 we conclude that (xji)i generates
an `p1 spreading model, where 1 = k0 < k, which is absurd. If 1 < k0, then
α<k0−1{(xji)i} = 0 by and Lemma 5.5 we conclude that (xji)i generates an
`pk0 spreading model, which is absurd for the same reasons.

�
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Remark 5.7. It is not hard to check that for every 1 6 k < ξ0, the α<k-
index of the basis (ei)i is zero and hence it only admits `pξ0 as a spreading
model.

6. Spreading models of infinite dimensional subspaces of X.

In the previous section we showed that every spreading model admitted
by X must be `p for some p ∈ F . In this section we show that, starting with
a block sequence generating some spreading model, one may pass to a block
sequence of it generating an other spreading model. We conclude that, in
the case in which F is finite, the spreading models admitted by every infinite
dimensional subspace of X are exactly the `p for p ∈ F . In the case which
F consists of an increasing sequence and its limit pξ0 , the spreading models
admitted by every infinite dimensional subspace of X may either be the `p
for p ∈ F , or the `p for p ∈ F \ {pξ0}. We start with two lemmas that
describe the kind of block vectors one has to consider when switching from
one spreading model to an other.

Lemma 6.1. Let k be in [1, ξ0), x1 < · · · < xK be a finite normalized block
sequence in X that is 3-dominated by the unit vector basis of `Kpk , and set

x = K−1/pk
∑K

j=1 xj . If f is a functional of order-0 in W with s(f) = m
then the following holds:

(13) |f(x)| < K1/pξ0

K1/pk
+ 2

m1/pξ0

m1/pk
,

where in the case pξ0 =∞ we set 1/pξ0 = 0.

Proof. Let f = θ
∑d

q=1(1/m)
1/p′ξ0fq be a functional of order-0 with s(f) = m

(recall that d 6 m). For convenience, we assume that pξ0 < ∞, and the
proof for the case ξ0 = ∞ requires only trivial modifications. By Lemma
4.1, following the notation used there, applying Hölder’s inequality for the
pair (pξ0 , pξ′0), we obtain the following:

|f(x)| 6 K−1/pk


∑
j∈B
|gt(xj)|pξ0

1/pξ0

+θ

∑
q∈A2

(1/m)
1/p′ξ0

∣∣∣∣∣∣fq
∑
j∈Eq

xj

∣∣∣∣∣∣


6 K−1/pk

K1/pξ0 + 3θ(1/m)
1/p′ξ0

∑
q∈A2

(#Eq)
1/pk

 .(14)
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Recall that #A2 6 d 6 m and the last part of Lemma 4.1 gives that∑
q∈A2

#Eq < 2K. Combing these two facts gives us

(1/m)
1/p′ξ0

∑
q∈A2

(#Eq)
1/pk

 6 (1/m)
1/p′ξ0m1/p′k

∑
q∈A2

#Eq

1/pk

<
m1/p′k

m
1/p′ξ0

21/pkK1/pk

= 21/pk
m1/pξ0

m1/pk
K1/pk .(15)

By combining relations (14) and (15) we achieve the desired upper bound.
�

Lemma 6.2. Let (xj)j be a normalized block sequence in X and 2 6 k+1 <
ξ0 with α<k{(xj)j} = 0. Then there exists a subsequence (xji)i of (xj)j such
that for every K 6 ji1 < · · · < jiK and every f ∈W of order at most k with

s(f) = m, we have that if x = K−1/pk+1
∑K

t=1 xjit then

(16) |f(x)| < 3 +K1/pξ0

K1/pk+1
+ 2

m1/pξ0

m1/pk+1
,

where in the case pξ0 =∞ we set 1/pξ0 = 0.

Proof. By Lemma 5.5 we may assume for every K 6 j1 < · · · < jK that
(xji)

K
i=1 is 3-dominated by the unit vector basis of `Kpk+1

. Using Proposition

5.3 we pass to a subsequence, again denoted by (xj)j such that for any
j > j0 > 2, for any f ∈ W of order strictly smaller than k with s(f) >
min suppxj0 we have that

(17) |f(xj)| < (j0 max suppxj0−1)
−1 .

Let K 6 j1 < · · · < jK , x = K−1/pk+1
∑K

i=1 xji and f = θ
∑d

q=1 cqfq be a

functional of order at most k. Using a finite induction on 0 6 k′ 6 k, we

shall prove that for every f = θ
∑d

q=1 cqfq of order at most k′ there is i ∈ N
such that the following holds:

(18) |f(x)| <
(

1− θi

1− θ

)
2

K1/pk+1
+

K1/p0

K1/pk+1
+ 2

m1/pξ0

m1/pk+1
.

The above in conjunction with 0 < θ 6 1/4 clearly implies the desired result.
If a functional f is of order-0. Then, by Lemma 6.1 for i = 1 we have that

(18) holds. Assume that f = θ
∑d

q=1 cqfq is of order-k′ with 0 < k′ 6 k and

that (18) holds for every functional with order strictly smaller than k′. Set

t0 = min{t : ran f ∩ ranxjt 6= ∅} and

q0 = min{q : max supp fq > min suppxjt0+1}.
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The same argument used to obtain (10) and (11) in the proof of Lemma 5.5
gives us the following:

(19)

∣∣∣∣∣∣θ
∑
q 6=q0

cqfq(x)

∣∣∣∣∣∣ < 2/K1/pk+1 .

By the inductive assumption there exists i ∈ N such that:

(20) θ|fq0(x)| < θ

((
1− θi

1− θ

)
2

K1/pk+1
+

K1/p0

K1/pk+1
+ 2

s(fq0)1/pξ0

s(fq0)1/pk+1

)
.

By the definition of size for functionals which are not of order-0 we have
that s(fq0) > s(f) and hence combining (19) and (20) we conclude that:

|f(x)| <
(

1− θi+1

1− θ

)
2

K1/pk+1
+ θ

(
K1/p0

K1/pk+1
+ 2

s(f)1/pξ0

s(f)1/pk+1

)
.

�

The next proposition allows us to pass from a block sequence admitting
an `pξ0 spreading model to a further block admitting `p1 spreading model
and from block sequence admitting an `pk spreading model to a further
block admitting an `pk+1

spreading model. In the case that ξ0 < ω, we use
this to show that the spreading models in every subspace are exactly `p for
p ∈ {p1, p2, · · · , pξ0−1, pξ0}. In the case that ξ0 = ω we require an additional
argument to show that we have `pk spreading model for every k < ω since
we are not able to show that every block subspace admits an `pξ0 spreading
model.

Proposition 6.3. Let (xj)j be a normalized block sequence in X.

(i) If (xj)j generates an `pξ0 spreading model, then there exists a fur-

ther normalized block sequence (yj)j of (xj)j that generates an `p1
spreading model.

(ii) If 1 6 k < ξ0 and (xj)j generates an `pk spreading model, then
there exists a further normalized block sequence (yj)j of (xj)j that
generates an `pk+1

spreading model.

Proof. Let (xj)j be a normalized block sequence in X, generating an `pζ
spreading model, for some 1 6 ζ 6 ξ0. Note that by Proposition 4.2 and
Lemma 5.5 we may assume that for every K 6 j1 < · · · < jK we have
that ‖xj1 + · · ·+ xjK‖ 6 3 ·K1/pζ . We distinguish three cases concerning ζ,
namely ζ = ξ0, ζ = 1, and 2 6 ζ < ξ0. We shall only consider the first two
cases, as the last one is proved in an identical manner as the case ζ = 1 and
uses Lemma 6.2 instead of Lemma 6.1.
Case 1: ζ = ξ0. For every j ∈ N choose fj ∈ W with fj(xj) = 1 and
ran fj ⊂ ranxj . Choose an increasing sequence of finite subsets of the natu-
ral numbers (Ej)j with #Ej 6 minEj and limj #Ej =∞. For j ∈ N define
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y′j = (#Ej)
−1/pξ0

∑
i∈Ej xi, yj = ‖y′j‖−1y′j and gj = θ

∑
i∈Ej (#Ej)

−1/p′ξ0fi.

Then we have the following:

(a) The sequence (yj)j is a normalized block sequence of (xj)j and for
every j ∈ N we have that gj(yj) > θ/3.

(b) The functional gj is of order-0 with s(gj) = #Ej for all j ∈ N.

Note that limj s(gj) = ∞ and therefore, passing to a subsequence, we may
assume that (gj)j is a very fast growing sequence of functionals of order-0.
We conclude that α<1{(xj)} > 0 and by Proposition 5.6 we have that (yj)j
is the desired sequence.
Case 2: ζ = 1. By Proposition 5.6 we have that α<1{(xj)j} > 0 and hence,
by passing to a subsequence, there exists ε > 0 and a very fast growing
sequence (fj)j of order-0 functionals such that ran fj ⊂ ranxj and fj(xj) > ε
for all j ∈ N. Choose an increasing sequence of finite subsets of the natural
numbers (Ej)j with minEj 6 #Ej and limj #Ej = ∞. For j ∈ N define

y′j = (#Ej)
−1/p1∑

i∈Ej xi, yj = ‖y′j‖−1y′j and gj = θ
∑

i∈Ej (#Ej)
−1/p′1fj (if

p1 = 1 take gj = θ
∑

i∈Ej fj instead). Then we have the following:

(a’) The sequence (yj)j is a normalized block sequence of (xj)j and for
every j ∈ N we have that gj(yj) > εθ/3.

(b’) The functional gj is of order-1 with s(gj) > max{s(fi) : i ∈ Ej} for
all j ∈ N.

Once more, limj s(gj) = ∞ and as before we conclude that α<2{(xj)} > 0.
By Proposition 5.6 it remains to observe that α<1{(yj)}j = 0, which is an
easy consequence of the definition of the yj ’s and Lemma 6.1. �

Remark 6.4. The proof of Proposition 6.3 implies that the space X does
not admit an `S2pζ spreading model for any 1 6 ζ 6 ξ0. For the definition of

an `Skp spreading model see [ABM, Definition 1.1].

Corollary 6.5. The space X is reflexive.

Proof. Proposition 6.3 implies that neither c0 nor `1 embed into X. By
James’ well known theorem for spaces with an unconditional basis we con-
clude that X is reflexive. �

Remark 6.6. If (zj)j is a spreading model generated by a non-norm con-
vergent (not necesssarily Schauder basic) sequence in X, then [AKT, Re-
mark 5, page 581] the reflexivity of the space and Proposition 5.6 im-
ply that, although the sequence (zj)j need not be a Schauder basis for

Z = 〈{zj : j ∈ N}〉, the space Z must be isomorphic to `p, for some p ∈ F .

Lemma 6.7. Let 1 6 k < ξ0, K ∈ N and (xj)j be a sequence in X generat-
ing an `pk spreading model. Then for every j0 ∈ N there exists a normalized
vector x ∈ span(xj)j>j0 and a functional f of order-0 with s(f) = K such
that

(21) f(x) >
θ

3
K1/pξ0−1/pk ,
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where in the case pξ0 =∞ we set 1/pξ0 = 0.

Proof. We may clearly assume that (xj)j is normalized. Proposition 5.6 in
conjunction with 5.5 imply that we may choose j0 6 j1 < · · · < jK such
that if y = K−1/pk

∑K
i=1 xji then ‖y‖ 6 3. Choose f1, . . . , fK with ran fi ⊂

ranxji and fi(xji) = 1 for i = 1, . . . ,K and define f = θ
∑K

i=1(1/K)
−1/p′ξ0fi

and x = y/‖y‖. �

Theorem 6.8. Let F = {pζ : 1 6 ζ 6 ξ0} and let Y be an infinite
dimensional subspace of X. Then there exists a dense subset G of F such
that the spreading models admitted by Y are exactly the `p, for p ∈ G. In
particular, `p is finitely block represented in every block subspace of X for
every p ∈ F .

Proof. Let Y be a block subspace of X. We observe the following:

(i) Every spreading model admitted by Y is equivalent to the unit vector
basis of `pζ for some 1 6 ζ 6 ξ0. In particular, there exists 1 6 ζ0 6
ξ0 such that Y admits an `pζ0 spreading model.

(ii) If 1 6 k < ξ0 and Y admits an `pk spreading model and, then Y also
admits an `pk+1

spreading model.
(iii) If Y admits an `pξ0 spreading model then Y also admits an `p1

spreading model.
(iv) There exists 1 6 k0 < ξ0 such that Y admits an `pk0 spreading

model.

The statement (i) follows from Proposition 5.6. Statements (ii) and (iii)
follow from Proposition 6.3, while (iv) follows from the first and the third.
We now distinguish two cases regarding whether ξ0 is finite or not.

Case 1: If ξ0 is finite, statement (i), statement (ii), and a finite inductive
argument yield that Y admits an `pξ0 spreading model. By (iii) we have
that Y admits an `p1 spreading model. Once more, by a finite induction we
obtain that G = F is the desired set.

Case 2: If ξ0 = ω we shall prove that for every 1 6 k < ξ0, Y admits an `pk
spreading model. This in particular implies that G = F or G = F \ {pξ0} is
the desired set. By (ii) it is sufficient to show that Y admits an `p1 spreading
model. By Proposition 5.6 it is enough to find a normalized block sequence
(xj)j in Y and a very fast growing sequence of functionals (fj)j of order-0
with fj(xj) > θ/4, i.e. α<1{(xj)j} > 0.

Choose a normalized vector x1 in Y and a functional f ∈W with f(x1) =
1 and set f1 = θf . Then f1 is of order-0 with s(f) = 1 and f1(x1) > θ/4.
Assume that we have chosen normalized vectors x1 < · · · < xj and a very
fast growing sequence of functionals f1, . . . , fj of order-0 with fi(xi) > θ/4
for i = 1, . . . , j. By (iv), there exists 1 6 k0 < ξ0 such that Y admits an
`pk0 spreading model. Fix K > max supp fj and choose k0 6 k < ξ0 such

that K1/pξ0−1/pk > 3/4 (recall that limk pk = pξ0). By (ii) we may choose a
sequence (yi)i in Y generating an `pk spreading model. Choose i0 ∈ N with
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min supp yi0 > (max suppxj)
2 and apply Lemma 6.7 to find the desired pair

xj+1, fj+1. �

Remark 6.9. In the case that F is finite, then clearly the spreading models
admitted by every block subspace of X are exactly the `p, for p ∈ F . In the
case that F consists of an increasing sequence and its limit pξ0 , then it is
easily checked that exactly one of the following holds:

(i) The spreading models admitted by every block subspace of X are
exactly the `p, for p ∈ F .

(ii) There exists a block subspace Y ofX, such that the spreading models
admitted by every further block subspace of Y are exactly the `p,
for p ∈ F \ {pξ0}.

We were unable to determine which one of the above holds, in either case
however on some subspace Y of X, the set of spreading models admitted by
every further subspace of Y is stabilized.

7. The set of Krivine p’s of the space X.

In this section we prove that for any p /∈ F = {pζ : 1 6 ζ 6 ξ0}, `p is not
finitely block represented in the space X. We conclude that the set of p’s
that are finitely block represented in every block subspace of X is exactly
the set F , which is not connected.

We begin with the following Lemma, whose proof we omit as it follows
from the same argument as the proof of Lemma 6.1.

Lemma 7.1. Let p ∈ [p1, pξ0 ] \ F . Suppose ε > 0 and (xj)
N
j=1 is a finite

block sequence in X which is (1 + ε)-equivalent to the unit vector basis of
`Np . If 1 6 ζ 6 ξ0 is such that p < pζ and f is a functional of order-ζ, then
we have the following estimate:

(22)

∣∣∣∣∣∣f
 1

N1/p

N∑
j=1

xj

∣∣∣∣∣∣ < (1 + ε)

(
N1/pζ

N1/p
+ 2θ

)
.

The next lemma follows directly from the above lemma.

Lemma 7.2. Suppose that (xj)
N
j=1 is a finite block sequence in X that is

(1+ε)-equivalent to the unit vector basis of `Np , 1 6 k < ξ0 satisfies p < pk+1

and N satifies
N1/pk+1−1/p + 2θ < (1 + ε)−2.

If f ∈ W satisfies f(N−1/p
∑N

j=1 xj) > 1/(1 + ε) then f has non-zero order
less than or equal to k.

We are now ready to prove the second main theorem.

Theorem 7.3. For all p ∈ [1,∞] \ F there exists K ∈ N and ε > 0 such
that no block sequence (xj)

K
j=1 in X is (1 + ε)-equivalent to the unit vector

basis of `Kp .
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Proof. Let p ∈ [1,∞]\F . If p /∈ [p1, pξ0 ], then the result clearly follows from
Proposition 4.2. Otherwise, we have that p ∈ [p1, pξ0 ] \ F . Find k ∈ N so
that pk < p < pk+1. Find N,M ∈ N and ε > 0 as follows:

Choose N ∈ N such that

N1/p > 2 + θ(N − 2)1/p and(23)

N1/pk+1

N1/p
< 1− 2θ.(24)

Now that N is fixed, we choose ε > 0 such that:

1

1 + ε
N1/p > 2 + (1 + ε)θ(N − 2)1/p,(25)

N1/p > (1 + ε)2(N − 1)1/p and(26)

N1/pk+1

N1/p
<

1

(1 + ε)2
− 2θ.(27)

We set

(28) Θ =
1

1 + ε
N1/p − (1 + ε)(N − 1)1/p.

Notice (26) implies that Θ > 0. Finally, let M ∈ N so that

(29) M1/pkΘ > (1 + ε)M1/p.

Let K = (N − 1)M + 1 and consider the following normalized block
sequence which, towards a contradiction, we assume is (1 + ε)-equivalent to
the unit vector basis of `Kp and that M < min suppx1.

x1 < x12 < x13 < · · · < x1N < x22 < x23 < · · · < xM−1N < xM2 < · · · < xMN .

(i.e. xmj < xmi for i < j and xmN < xm+1
2 ). Let us mark the following, which

is obviously true.

(a) For each m with 1 6 m 6M the block sequence x1 < xm2 < · · · < xmN
is (1 + ε)-equivalent to the unit vector basis of `Np .

Fix m with 1 6 m 6 M . For notational reasons we set xm1 = x1. Find

gm ∈ W with gm(
∑N

i=1 x
m
i ) > N1/p

(1+ε) . By Lemma 7.2 and (27) we conclude

that gm has non-zero order less than or equal to k. Let

gm = θ

dm∑
q=1

cm,qfm,q.

be the functionals decomposition according to Remark 3.3, i.e.:

(b) the coefficients (cm,q)
dm
q=1 are in the unit ball of `p′k for m = 1, . . . ,M

and
(c) the sequence (fm,q)

dm
q=1 is an admissible and very fast growing se-

quence of functionals, each one of which has order strictly smaller
than k.
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Define

qm = min{q : min suppxm2 6 max supp fm,q}
We will prove the following three claims:

(i) gm(x1) > Θ, gm(xmN ) > Θ and dm 6 max suppx1.
(ii) The number qm exists, max supp fm,qm < min suppxmN and qm < dm.
(iii) (min suppxm2 )2 < min supp fm,qm+1 and min suppxm2 < s(fm,qm+1).

Item (i): Using that gm(
∑N

i=1 x
m
i ) > N1/p

(1+ε) , (a) and (28) we have

gm(x1) = gm

 N∑
j=1

xmj

− gm
 N∑
j=2

xmj


>

1

1 + ε
N1/p − (1 + ε)(N − 1)1/p = Θ > 0.

(30)

The same argument works to show that gm(xmN ) > Θ. If dm > max suppx1
then max suppx1 < min supp gm which implies that gm(x1) = 0. This con-
tradiction tells us that dm 6 max suppx1.

Item (ii): If qm did not exist then min suppxm2 > max supp fm,q for all

q and so gm(
∑N

j=1 x
m
j ) = gm(x1) 6 1. On the other hand we clearly have

gm(
∑N

j=1 x
m
j ) > 2 and so qm exists.

If max supp fm,qm > min suppxmN then we have:

gm

 N∑
j=1

xmj

 = gm(x1) + θcm,qmfm,qm

N−1∑
j=2

xmj

+ gm(xmN )

6 2 + (1 + ε)θ(N − 2)1/p <
N1/p

(1 + ε)
.

(31)

The last inequality uses (25). This contradicts that fact that gm(
∑N

j=1 x
m
j ) >

N1/p

(1+ε) .

Using item (i) we have gm(xmN ) > Θ. This fact combined with the fact
that max supp fm,qm < min suppxmN gives us qm < dm.

Item (iii): By definition of qm and the fact that (fm,q)
dm
q=1 is very fast

growing

(min suppxm2 )2 6 (max supp fm,qm)2 < min supp fm,qm+1 and

min suppxm2 < s(fm,qm+1).

This proves (iii).
Note that qm + 1 6 dm by item (ii). Define

fm := gm
∣∣
ranxmN

= θ

dm∑
q=qm+1

cm,qfm,q
∣∣
ranxmN

.
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We claim that

(32)
1

M1/p′k

M∑
m=1

fm ∈W.

We first assume that (32) holds and finish the proof of our theorem as follows:

M1/p(1 + ε) >
1

M1/p′k

M∑
m=1

fm

(
M∑
m=1

xmN

)
=

1

M1/p′k

M∑
m=1

fm(xmN ) >M1/pkΘ.

This contradicts (29).
All that remains to prove is (32). Note that

1

M1/p′k

M∑
m=1

fm = θ

M∑
m=1

dm∑
q=qm+1

(
cm,q/M

1/p′k

)
fm,q

∣∣
ranxmN

.

Using (b) we obtain that
∑M

m=1

∑dm
q=qm+1(cm,q/M

1/p′k)p
′
k 6 1 and therefore

it suffices to show that ((fm,q)
dm
q=qm+1)16m6M is an admissible and very

fast growing sequence of functionals, each one of which has order strictly
smaller than k, which will imply that f is a funtional in W of order-k. First
we check admissibility:

M∑
m=1

dm 6M max suppx1

6 min suppx12 ·min suppx12
6 min supp f1,q1+1.

(33)

The first inequality follows from item (i), the second from that fact that
M < max suppx1 < min suppx12 and the third comes from item (iii) (for
m = 1).

Note that by (b) the functionals under consideration have order strictly

smaller than k and for each m with 1 6 m 6M the collection (fm,q)
dm
q=qm+1

is very fast growing. At last, it suffices to show for each m ∈ N with
2 6 m 6M that

(max supp fm−1,dm−1)2 < min supp fm,qm+1 and

max supp fm−1,dm−1 < s(fm,qm+1).

This, however, follows from item (iii) since

max supp fm−1,dm−1 < min suppxm2 .

This proves the claim and finishes the proof of the theorem. �

We are interested in three problems related to the present work.

Problem 1. Let 1 < p1 < p2 < ∞. Is the space Xp1,p2 constructed in this
paper super-reflexive?
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Problem 2. Let 1 6 p1 < p2 6 ∞. Does there exist a space so that in
every block subspace the Krivine set is [p1, p2]? More generally, which types
of closed sets can be hereditary Krivine sets?

Problem 3. Let F ⊂ [2,∞) be finite. Does there exist a Banach space X
such that for every infinite dimensional subspace Y of X, `p is finitely repre-
sented in Y if and only if p ∈ {2} ∪ F? In particular, does our construction
satisfy this?
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