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Constr Approx

1 Introduction

Let X be a Banach space, and let (x;) be a Schauder basis for X with biorthogonal
sequence (x). For x € X and n > 1, the error in the best n-term approximation to x
(using (x;)) is given by

X — E a; X

on(x) :=inf{
i€eA

2 (a) CR,A| Sn}.

Let A, (x) C N be the indices corresponding to a choice of n largest coefficients of x
in absolute value, i.e., A, (x) satisfies

min{|e(x)|: i € Ay(x)} = max{|e} (x)]: i e N\ A,(x)}.

Then G, (x) := ZieA"(x) x7¥(x)x; is called an nth greedy approximant to x. We say
that (x;) is greedy with constant C if

[x = Gu()| < Cop(x) (xeX,n>1.

If C =1, then (x;) is said to be 1-greedy. Temlyakov [18] proved that the Haar system
for L,[0, l]d (1 < p <oo,d =>1)is greedy, which provides an important theoretical
justification for the thresholding procedure used in data compression. Subsequently,
Konyagin and Temlyakov [13] gave a very useful abstract characterization of greedy
bases. To state their result, we recall that (x;) is unconditional with constant K if, for
all choices of signs, we have

i +x7 (x)x;

i=1

=K|xll (xeX).

We say that (x;) is democratic with constant A if, for all finite A, B C N with |A| =
| B|, we have

<A

D%
i€eA

Theorem A [13] Suppose that (x;) is unconditional with constant K and democratic
with constant A. Then (x;) is greedy with constant K + K3A. Conversely, if (x;) is
greedy with constant C, then (x;) is suppression-unconditional with constant C and
democratic with constant C.

D%
ieB

Theorem A was used in [20, 21] to prove that L [0, 1] (p # 2) has a greedy basis
that is not equivalent to a subsequence of the Haar basis, and in [5] to prove that £,
and L,[0, 1] (p # 2) have a continuum of mutually nonequivalent greedy bases. It
was also used in [7] to study duality for greedy bases, and a similar theorem was
proved in [7] to characterize the larger class of almost greedy bases (see also [6]).

Some examples of greedy bases are given in [21]. In most cases these bases are
greedy simply because they are symmetric (e.g., Riesz bases for a Hilbert space,
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Constr Approx

which are equivalent to the unit vector basis of £, or good wavelet bases for the
Besov spaces B(f, »(R), which are equivalent to the unit vector basis of £,), or be-
cause they are equivalent to the Haar basis (e.g., good wavelet bases for L p(Rd)) or
to a subsequence of the Haar basis (e.g., generalized Haar systems [12]). In [10] cer-
tain wavelet bases in the Triebel-Lizorkin spaces f;’ ,- are shown to be greedy. In [1] it
is proved that 1-symmetric bases (e.g., the unit vector bases of Orlicz and Lorentz se-
quence spaces) are in fact 1-greedy. On the other hand, there are examples of spaces
with an unconditional basis but no democratic unconditional basis, and hence no
greedy basis, e.g., certain spaces with a unique unconditional basis up to permutation
[2], the spaces £, @ £, and £, & co for 1 < p < g < oo [8], and the original Tsirelson
space T* [19]. Wojtaszczyk [22] proved that the L, spaces (1 < p < oo) are the
only rearrangement-invariant function spaces on [0, 1] for which the Haar system is
greedy.

Using Theorem A we prove that for every 1 < p < oo and 1 < g < oo the Ba-
nach space (P52, p , has a greedy basis. Furthermore, we show that the Ba-
nach space (P, ¢, )zl does not have a greedy basis whenever 1 < p < oco. This
answers a question posed by P. Wojtaszczyk, who asked when such spaces have
a greedy basis. The problem of finding a greedy basis for Banach spaces of the
form (P, 577) ¢, 1s particularly pertinent from the approximation theoretical stand-
point as such spaces are isomorphic to certain Besov spaces on the circle [17]. As
shown in [17, Theorem 2] (see also [16, p. 255]), the Besov space B;’,‘qu[O, 1], where
l1<p<oo,1<g<oo,me{—-1,0,1,2,...},anda e (1,m+1+1/p), 151somor-
phic to €m+2 ® (Do, 62 )¢, Which is easﬂy seen to be isomorphic to (D, e

The greedy bases Wthh we construct in Theorem 1 differ from the examples dlS-
cussed above in that they are neither subsymmetric (see [14, p. 114] for this notion)
nor equivalent to a subsequence of the Haar basis.

The following result completely characterizes for which pairs (p, g) the space
@, )¢, has a greedy basis.

Theorem 1 Let 1 < p,q < oo.

(@) If 1 < q < o0, then the Banach space (B, U)e, has a greedy basis.
(b) The spaces (Do —1))e,s with 1 < p < 0o, and (@ —1 ) ces with 1 < p < 00,
do not have greedy bases

The following result yields that only in the trivial case that p = g does
(B2 €))e, have a 1-greedy basis:

Theorem 2 Let 1 < p < 00, and let (E,);2 | be a sequence of finite dimensional
Banach spaces. If (x;){2 is a normalized 1 greedy basis for the space (Be, En) tp
then (xi)f.’il is l-equivalent to the standard unit vector basis for £, (as usual, zf

p = 00 we consider the co-sum).

As the cases £, @ £, and P, Z’]’))g , are settled, the following spaces might be
interesting to consider:

Problem 3 Assume 1 < p # q < 00. Does £,(¢,) = (D £p)e, have a greedy basis?
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2 Proof of Theorems 1 and 2

Part (a) of Theorem 1 will follow easily from the following lemma, whose proof will
require some work:

Lemma4 Let 1 < p <ocoandl < q < o0, and let ¢ > 0. There is a constant 1 <
K < oo such that for all N € N there exist M = My and a finite normalized sequence
()M, C g (€Y) such that

(a) (xi)iﬂi1 is 1-unconditional,
() (1—o)Al <Y jeqxill? < (L +e)|A| forall AC{l,..., M},
(c) the span of (xi)M. | is K-complemented in {4 (611;’), and

(d) Eg is isometric to a K -complemented subspace of the span of (xi)f‘i 1
Using the lemma, we give a quick proof of the first part of Theorem 1.

Proof of Theorem 1 (a) Let 1 < p <oo and 1 < g < oo. It will be more convenient
for us to work with the space X := (Dy_, ¢ (ZN )¢, instead of (B2, "¢, - That
these spaces are isomorphic follows from Pelczynskl s Decomposition Method [15],
which says that if two Banach spaces are complementably embedded in each other
and one of them is isomorphic to the (countably infinite) £,-sum, 1 <r < 00, or cg-
sum of itself, then they are isomorphic. It is easy to observe that X and (@Zo:l ZZ) t
are 1-complemented in each other and that X is isometric to its £, sum.

We let ¢ > 0 and choose, for each N € N, a sequence (x(N)) in the Nth co-
ordinate of X = (@ N=1%4 (Z;, ))) ¢, which satisfies Lemma 4. From the conditions

(a) and (b) in Lemma 4 it follows that (xFN)) NeN,1<i<My 1S a 1-unconditional and

1+s (N ))MN

-democratic sequence in X. As the span of (x; is K-complemented in

Z (EN) for each N € N, it follows that the closed span of (x( ))NEN 1<i<My 18 K-
complemented in X. Furthermore, as EN is K-complemented in the span of (x(N))

for each N € N, it follows that (@ Nl Zg )e . is K-complemented in the closed span
of (xl.(N)) NeN,1<i<My - Thus, by the Pefczynski decomposition theorem, X is isomor-

phic to the closed span of (xi(N))NEN,ISifMN‘ Hence X, and thus (@f’il ﬁ';))gq , has
a greedy basis. g

Proof of Lemma 4 For ¢ > 0, we choose numbers ¢; \ 0 such that ]_[fil (1+¢) <
1+e¢and I—[;’il (1 —¢;) > 1—¢e.Foreachn € N, we denote by (e(,-,n))f.\':l the unit vec-
tor basis for the nth coordinate of £, (Zg ), and we denote by (e?i,n))z]'i | their biorthog-
onal functionals. Thus the norm on ¢, (Eg ) is calculated by

© [N q/p\ 1/q
H > agmein | = (Z <Z|a(l,n) |P) ) for (agm:1<i<N,neN)CR.
n=1 \i=1

If x e ¢y (Zg), then we denote the support of x by supp(x) = {(7, n)|ez"i)n)(x) #0}.
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Before proceeding, we fix two sequences of integers (m;), (k;) € [N]® with m| =
k1 = 1 and which satisfy the following inequalities for all i > 1:

(i) 1/ei <mj,
Qi) m 1< (1+e)0m ',
(iii) (14 (m;/ki)'/9)9 <1+ ¢;, and
() 1—er < (1= (mi/kp!/ 7.
The above inequalities can be easily guaranteed by first choosing m; large enough to
satisfy (i) and (ii), and then choosing k; large enough to satisfy (iii) and (iv). For the
sake of convenience we define n j = ﬂ{zl k; for all j € N. We define the finite family
(X, j))1<i<N,1<j<ny/n; DY
1
XD = 74 Ze(,',s+(,/—1)n,.) foralll <i<Nand1l<j<ny/n;.
i s=1
It is clear that (x(, ;)) is a normalized and 1-unconditional basic sequence as
the sequence has pairwise disjoint support. Also, UiS N, j<ny/n; SUPP(X(i, j)) =
{1,2,...,N} x{1,2,...,ny}. For each integer 1 < ¢ < N and subset

Ac{@ pHeN*|l<i<tandl<j<ny/n},
we will prove by induction on ¢ that

q

> X))

(i.j)eA

Jé £
AI[]a—e) < <|AI]Ja+en. e
i=2 i=2

First note that if £ =1 and A C {(1, j) € N?|1 < j <ny}, then

q
> xa) Y e

(1,j)eA (1,j)eA

q
= [Al.

Thus (1) is trivially satisfied. We now assume that (1) is satisfied for a given 1 <
¢ < N, and we will prove it for £ + 1. We first partition the set £ = {(i, j) € N?:
I<i<{f{+1landl <j <ny/n;}into sets £21, $2>,..., 2 defined for each
I<r<ny/ngs1 by

ny/netn

2 ={G, D eN N <i<l+1,0 = Dner/mi+ 1= j <rnei/mi}.
Observe thatfor | <r <ny/ne+1, 1 <i <€+ 1,and 1 < j <ny/n;,

n n
£+1 +1 Sj <r +1
n; n;

>  supp(x,jy) ={i} x [(j — Dni + 1, jn;]

c{i} x [(r — Dnes1 + 1, rngH].

(i,j)ef2, <+— -1

Since supp(x(¢+1,r)) = {€ + 1} x [(r — Dngqq + 1, rngqq], it follows that
(i,j))e2, <+ {W+1,5:(,s)esupp(xq, )} Csupp(xe+1,r).-
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Given the set A C §2, we partition A into Ay, As,..., A
AN, forall 1 <r <ny/nes+1. We note that

> X

(i,j)eA

by defining A, =

ny/nesrs

g N/nest

>

r=1

q
> xi)

(i, ))eA,

and that (x, ), j)es, is 1-equivalent to (x(, j)) ¢, e, forall 1 <r <ny/neq;.
Thus, to prove the inequality (1), we just need to consider the case A = Aj. We first
note thatif (41, 1) & Ay, then the inequality (1) is immediately true by the induction
hypothesis. Thus we now assume that (£ +1,1) € Ajand A; \{(¢{+ 1, D} #0.

Roughly speaking, we will argue that either |Aj| is large enough so that
2. j)eA,; X, j) can be replaced by > e a \e+1,1)) X, j)» OF [A1] is so small that a
large part of the support of x(¢41,1) is disjoint from

B ={n: (i,n) € supp(x(,j)) for some (i, j) € A1 \ {(€+1, D} },

and we can approximate x4i1,1) by its projection onto span(ew+i,) : n €
{1,2,..., N} \ B). The first case we consider is that |Aj| > my1. This assumption,
together with the inequality my41 > 1/€¢41, yields

A m 1
[A1] - e

Al =1 " mep1—1  1—gpyr’

This allows us to obtain the desired lower estimate. Indeed,

q q
Z Xa@.pry| = Z X(i. j)
(i,j)eA; (i, )eAN{(+1,D}
14 41
> (A=) ]Ja—e) =14 ] A —e.
i=2 i=2

To prove the upper estimate in (1), we use that |A1| > my together with (ii) to get

1/q
(A =DYr+1  mG+1
A - S < (e,
! Moyl

Thus,

+1

> X

(i, j)eA;

= Z XG0, /)

(. )eA\{(t+1, 1)}

1 1/q ‘ 1/q
< (1A -1)" (H(l +s,->> - (1’[(1 +s,-)>

i=2 i=2

|

041 l/q
< |A1|”‘1(1"[<1 +ei)) :

i=2
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This completes the proof of (1) for £ + 1 in the case that |Aj| > myy1. We
now assume that |[A;| < mg1. The size of the support of each x(; ;) is given by
[supp(x¢, jy)l =n; forall 1 <i <€+ 1and 1< j <ny/n;. We thus have a simple
estimate for the size of the union of the supports

= > |supp(xa )| <lAtlne. ()
(i, ))eA\{(t+1,1)}

U supp(x(, ))

(. )eAN{(E+1.1)}

We define sets

B = {(Z—i—l,n)eNz:(m,n)e U supp(x(;, j)) for some 1 <m SZ}
@, DeAN{(E+1,1)}

and
By :=supp(x(¢+1,1) \ B1.

The inequality (2) gives that |Bq| < |Aq|n¢. For i = 1,2, we define Pp,x(+1,1) by

Pp.x(e+1,1) = n]L/q Z(@H,j)eB,- e(+1,j)- We may estimate the value || Pp,x+1,1)l
e+1

by

1/q 1/q 1/q
| P, xer1,1 ||=L|31|1/4< 14ilne [ Mertie _ [ et
X411 1/q et e fon :

Moty
3
We use this to obtain the following estimate:
q q
' Z Xap| = H Pg,x@+1,1) + P xe+1,1) + Z X@,j)
(i, ))€A (@, NeAN{(t+1,1)}
q
=P, xe+1,0l7 + H Pp x(e41,1) + Z X, j)

(@ )eAN(E+1,1)}

m 1/q 14 1/9749
§1+[<k;+11> +((|A1|_1)H(1+8i)> ]
+ i=1
Moss 1/q ¢ —1/q74
=141+ (=L Al -1 1+ ¢
+[ +<kz+1> ((I N )H( +8)> }

l
< (1A =) ][ +e)

i=1

m 1/q [ ¢ —1/979 ¢
5[1+< ”1> (]‘[<1+e,»)> } [T +en
i=1 i=1

ket
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mest 1/q ¢ —1/974
1 All—1 1 i
+[ +(k£+1) ((I il )E( +s)) }

4
< (1A =) +e)

i=1

m 1/q [ ¢ —1/q74q 14
s[1+<k“1) (1‘[(1+e,-)> } | [ +e)
£+ i=1 i=1

l+1
<lAl[Ja+e) by iii).

i=1

For proving the remaining lower inequality in (1), we will use the following estimate
for || Pg,x(¢+1,1) |l which follows from (3):

me+1 Y
| Pe,xe+1,nll =1 = 1P xe+1,pll > 1 — .

ket
This yields
q q
Z xipll = IPsxe+1.0lI? + || Ppyxce+1.1) + Z X, j)
(i,j)eA (I, NeAN{(+1, D)}

> || Ppyxet1,nll? + <—||P31x(e+1,1>|| +

> X(i.j)

(. )eAN(E+1,1)}

»

)g
= || Pg,xe+1.) 1
> X j)

(. )eA\{(t+1,1)}
q

+ (1 — 1Py xe+1,1)ll -

> X(i, j)

@@, ))eA\{(e+1,1)}
1/g9\ q 1/9\ q
=(-(52) ) +(-(G5) ) vy
key1 ket
¢
x[Ta—en
i=1
1/g\ q ¢
me41
>(1- [Arl | | —&)
< <ke+1> > E l

£+1

>[Ta—eniail by ).

i=1
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Thus we have proven the inequalities (1) in all cases. It remains to prove that there
exists a constant 1 < K < oo, independent of N € N, such that X := span(x;, j))
is K-complemented in ¢, (EIIY ) and Eljy is isometric to a K-complemented subspace
of X.Foreach 1 <i < N, we define the vector y; as

l/q ny/ni

1 &
Yi= l/q Z -7y D€
N =1

It should be clear that (yi)lN= | is 1-equivalent to the unit vector basis for E,IY . Indeed,

if (a;) € £, then
ny / N ;[P q/p\ /4 | N q/p\ /4
j=1\i=1 "N j=1\i=1

N 1/p

<Z|ai|”> :

i=1

We let Y = span(y;) and define projections T : £, (E,IY) — X and Ty : ¢, (E,IY) —
Y by

(Za(t NEa, J))

/"l n;
z( S aessim >)e(, et

k=1

ny /ni n;
Z ( (g=D/q Z“(l k+(j=Dn; ))X(, 5 and

N
2
N
22
N N ny 1 ny

(S pen) = zz( zaum)e(,s)—z(mzaﬁ,@)ﬁ.
i=1s=1 N k=1

It is simple to check that Tx and Ty are projections of £, (Zg ) onto X and Y, respec-
tively. As Y is a subspace of X, we have that Ty restricted to X is a projection of X
onto Y. Thus we just need to prove that there exists a uniform constant K such that
ITx |, | Ty || < K. We note that Tx = Ty if, considering a more general case, nl =ny
forall 1 <i < N. Thus proving there exists a constant K independent of (nl) , and
N such that || Tx || < K will prove the inequality for || 7y || as well. We first cons1der
the case that p = g. In this case, the basis (e, j)) for the space £, (Kév ) is symmetric.
The operator T is then an averaging operator on a space with a symmetric basis, and
hence has norm one.

Now if ¢ < p < oo, then £, (Zg ) is an interpolation space for the spaces £, (ijv )
and E,,(Zé‘]o) [3]. Then by the vector-valued Riesz—Thorin interpolation theorem [3]
(see also [4]) ,if 6 = %, then

1Ty ey < TG, o I T ) < 1T g e
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Thus if we prove that there exists a uniform constant K such that || Ty || £, (e, <K,
then the result will follow as well for all 1 < g < p < co. On the other hand, if
I<p<g<oo,thenl <q' <p' <oo,withqg' =q/(g—1)and p'=p/(p —1).
It is simple to check that our operator Ty : £, (ZN ) —> ¢ (EN ) has adjoint T} = Ty :
L, (E D) —> Ly (E /). We thus have that ||Tx||€q(@;v) =|T%ll, /(eN <K.

All that remains is to prove is that there exists a umform constant K such that
I Tx || £, (e < K. This constant K will come from a discretization of the classical
Hardy-Littlewood maximal operator [11], which is defined as

n,(g)(x) = sup

y<x<z X —

V4
f |g()|dt forx eRand g € L (R). 4)
y

It is known that the operator n, is of strong type (g, g) for 1 < g < oo, and for a
proof of this see [9, Theorem 8.9.1 and Corollary 8.9.1]. In other words, there exists
a constant 1 < K < oo such that

/q
(/’nu(g)(x)’qu> <K</|g(x)|qu) forall g € Ly (R).

By applying this to step functions whose discontinuities are contained in N, we get

the following inequality for £,:
1/q
Z|aj|q) for all (a;) € £,.

1 n g\ 1/q
(ot su)) e
<,jeN(’”515" n—m+1 = jeN
(5)

We now prove that ||TX||eq @) = K. Note that Ty is zero on all vectors of the
form ), ny ag ke(i, k). It follows that the operator Ty attains its norm at an extreme
point of the unit ball B N (X)) of the finite-dimensional subspace EZN (Eévo) c{y (EIOVO).
The set of extreme points of B,y @) is given by

q =)

nN N
EXt(BZq(ZZéV)) = {Zaj ZE(,"j)e(,‘,j) cegh ==x1,(aj) € SZZN }

j=1  i=l

Thus there exist constants &, j) = £1 and a sequence (a;) € S,y such that
' q

ny N
ITxllgy ey = | T (Z Z(me(m)‘

ny/ni 1
= Z Z Z —Z% k+(j=Dni) k+(j—Dn; | €G.s+(j—Dn;)
i=1 j=1 s=1 \"" =
ny/ni n;
< Z Z ( Z'ak-‘r(j Dn; | >€(1,s+<j—1)n,-)
i=1 j=1 s=1 k=1
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N ny/n; n;
Z Z Z( sup Z |ak|)e(1 s+(j—Dn;)

i=1 j=1 s=1 \m=s+t(—-Dni <""+1 M j=m

N ny
< ZZ sup 1 Z|ak| €., j)
i=1 j=1 m<j<nn+
ny l/q
= sup |ax|
(Sl i) )
ny 1/q
< K(Z |aj|q> by (5)
j=1
=K. 0

Theorem 5 The Banach space (B, ZZ) ¢, does not have a greedy basis whenever
1< p<oo.

We recall that Bourgain, Casazza, Lindenstrauss, and Tzafriri proved that the
spaces (D~ €5)e, and (P, ¢%)e, each have unconditional bases which are
unique up to permutation [2]. In particular, these spaces cannot have a greedy ba-
sis, as the unconditional basis of each of these spaces (which is unique up to per-
mutation) fails to be democratic. Thus we need only to prove Theorem 5 for the
case 1 < p < oo. This is important for us as £, has nontrivial type and cotype when
1 < p < co. We rely on the following proposition, which was used in [2] to prove,
among other uniqueness results, that (@), | €3)¢, has a unique unconditional basis
up to permutation.

Proposition B [2, Proposition 2.1] Let V be a Banach lattice of type p and co-
type q for some 1 < p < q < o0, and let C.,Cy > 1 be constants. There ex-
ists a uniform constant K > 1 which satisfies the following statement. If Z is a
C.-complemented subspace of the direct sum X = (Q}fﬁzl Ve, and Z has a nor-
malized basis (zn)’fl:1 with unconditional constant Cy, then there exists a partition of

the integers {1,2, ..., k} into mutually disjoint subsets {ty};_, so that, for any choice
of scalars {ot,,}n |» we have
1/q I/p
- q p
max o < < K max o .
m(D n|> < < lfssr(D ! )
NET NETs

Using Proposition B, we are now prepared to give a proof of Theorem 5.

Proof of Theorem 5 Let 1 < p < 0o. To reach a contradiction, we assume that X =
(@ N )[1 has a normalized basis ()cl)OO | which is Cy-democratic and Cy,-uncon-
ditional for some constants C4, C,, > 1. Let (x) C (P, ¢ )61 @, €)oo, With

% + é = 1, be the biorthogonal functionals. We let (e(;,1))1<i<n<oco b€ the unit vector
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basis for X with biorthogonal functionals (e?‘i n) )1<i<n<oo- By a standard perturbation
argument we may assume that

supp(x;) = {(i,n) :n € N,i <n,ef; , (x;) #0}

is finite for each j € N.
We now fix N € N. There exists My € N such that (x]) _, C (EBMN E”)gl,

ie., e(l n)(x,) =0 for all n > M,, and i < n. Define (z(N ]))] | C (@MN €))7, by

z(N’]) ] (@}m o, forall 1 <j <N.As (x]) - | has basis constant at most Cy,

it is easy to show both that (x*)N | is Cy-equivalent to (z( . ])) =l and that the span

of (ZZ"N j))j.v | is Cy-complemented in (EB,/,WNI 49N 7,- Indeed, let J : span(x,) =X

be the inclusion map. Then J* : X* — span(x*)N | 18 a quotient map of norm 1 Let
H span(xl?“)l.: — span(z(]v!l.))i:1 be the isomorphism defined by H(xl. )= z(NJ.),
which has norm at most C,,. Then H o J* : X* — span(z*N l))fv [isa quotient map
of norm at most C,. We just need to check that H o J*(Z(N 1)) z(N i Indeed,
for x € span(x; : j < N), J*(Z(N l))(x) = z(N l)(x) =x; *(x). Hence, J* (z(N :)) _x
and H o J* (z(N 0= z(N iy Thus H o J*is a prOjeCthIl of norm at most C,,.

We will be applying Proposition B for the space V = £, and consider the spaces
span(z¥ n.iy i i =N), N €N, (in the natural way) to be C, complemented subspaces
of co(£4). For the sake of convenience, we denote q= min(qg, 2) and ¢ = max(q, 2).
We have thus defined g and g exactly so that £, has type g and cotype g. By Proposi-
tion B, there exists a constant K independent of N €N, and there exists forall N € N
a partition of the integers {1, 2, ..., N} into mutually disjoint subsets {t¥ }rN | so that,

for any choice of scalars {ozn} _|» we have

l/q
~ max § |an|q =
1<s<rN

I<s<ry

1/1
<K max (Z |an|q> .
nerly

We first consider the case that supy.ymaxj<s<,y [7¥| < 0o. In this case we have
thatif N € Nand (o), C R, then

N
*
u Z“izuv,i)

i=1

§CMK<sup max ]r ‘) max |o;|.
MeN 1<s<ry 1<i<N

Hence (x,.*) is equivalent to the unit vector basis of cg, which implies that (x;) is
equivalent to the unit vector basis of £;. This is a contradiction, as (x;) is a basis for
(@n 1 p)[] and X is not isomorphic to El as 1 < p < 0o. We now consider the
remaining case that sup y oy maxj<s<,y |tV | =
First note that there exists a subsequence of (x;) which is equivalent to the unit
vector basis of ¢1. Indeed, there is a subsequence (x;.) which converges in the w*-
topology (considering X as the dual of X, = (P2, ZZ)CO) tosome x € X. If x #0,
then we may choose y € (@n 1 q)co, with || y|| = 1, such that (y, x) > ||x]||/2. (Here
(-, -) denotes the duality pairing of X, x X.) Since (x}) is w*-convergent to x, we
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may assume (by passing to a further subsequence if necessary) that (y, x; Ly > |Ix]||/4
for all j > 1. By unconditionality of (x j), for all scalars (a j), we have

2 | St = D)= 1

and hence (x}) is equivalent to the unit vector basis of £1. On the other hand, if x =0,

VAN
Cu Z"JXJ

then we can find an arbitrarily small norm perturbation (z/j) of a further subsequence
of (x’) such that for each n € N there is at most one j such that the E" component of
z is nonzero. Note that (z ) is then isometrically equivalent to the umt vector basis
of £1. Hence any sufﬁc:1ent1y small norm perturbation of (z ) is equivalent to the unit

vector basis of £1. In particular, (x ]) is equivalent to the umt vector basis of £1.

Thus, as (x;) is democratic and has a subsequence equivalent to the unit vector
basis of £1, there exists C > 1 such that C|| ), caXill > |A] for all finite nonempty
sets A C N. We choose N € N and 1 < s < ry such that |rSN|1/‘; > 2KCC,%. Thus,

H x| < 2Cu<2 b,xf)(Z x,-> for some (b;) € coo, with|| Y~ bix}
ietN ietN

i N i N
[ASE LET

=1

2 ZierSN |bi
T S
l Zier}v lZ(N,i)”

SR vl
N (ZzerN |bi |q)1/q

<2KC*tN|1714 by Holder’s inequality.

Combining this result with the inequality |th |4 > 2K CC,% gives the following con-
tradiction:

2KCC2N|' 1/ |fN|<cHZx,

ietN

<2kcClN|'"a.

As both possible cases result in a contradiction, we see that (D5, £)¢, cannot
have a greedy basis when 1 < p < oo.

Finally, the case ¢ = 0o and 1 < p < 0o in Theorem 1 is easy to handle.
Proposition 6 For 1 < p < oo the space (6P €})c, does not have a greedy basis.

Proof Assume that (x,) is a greedy basis of (B Z’;,)CO. Let (x;) be the biorthogonal
sequence in (P ZZ) ¢,- Then (x,}) is unconditional since (x,) is unconditional. By the
argument given above (which is valid for any semi-normalized unconditional basis
sequence in (6 E;)gl) (x) has a subsequence (x*) equivalent to the unit vector
basis of ¢;. By unconditionality the natural projection of the closed linear span of
(x) onto the closed linear span of (x*) is bounded. Since (x)*) is equivalent to the
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unit vector basis of £1, it follows that (x),) is equivalent to the unit vector basis of cy.
Since (x,) is democratic and contains a subsequence (x;) which is equivalent to the
unit vector basis of ¢, it follows that for some constant C > 1, we have

an

neA

< C for all finite A C N.

This together with the unconditionality of (x,) implies that (x,) is equivalent to the
unit vector basis of ¢, which is a contradiction since (P Z’;)co is not isomorphic
to co. Il

We have now finished the proof of Theorem 1 and determined which spaces of the
form (BY_, Zg )¢, have a greedy basis. We now turn to the proof of Theorem 2.

We rely on the concept of greedy permutations developed by Albiac and Woj-
taszczyk [1], which we recall here. Let M (x) denote the subset of the support of
x consisting of the largest coordinates of x in absolute value. We will say that a
one-to-one map 7 : supp(x) — N is a greedy permutation of x if 7 (j) = j for all
J €supp(x) \ M(x) and if j € M (x) then, either 7 (j) = j or w(j) & supp(x).

Definition A basic sequence (e;) is defined to have property (A) if for any x €
span(e;) we have

D e

nesupp(x)

Z Or(my€s (X)ex(n)

nesupp(x)

for all greedy permutations 7 of x and all sequences of signs (6) with 6;¢,) =1 if
w(n)=n.

We recall that (e,,) is called C-suppression unconditional, for some C > 1, if for
any (a;) C coo and any A C N,

§ aie;

i€eA

<C

E ae;
ieN

Theorem C [1, Theorem 3.4] A basic sequence (e,) is 1-greedy if and only if (e,) is
1-suppression unconditional and satisfies property (A).

Proof of Theorem 2 We first consider the case that 1 < p < co. We show that if
A C Nis any finite set, then || Y_;c 4 aixill = (34 lai|P)!/P for all (a;) € coo. This
is trivial if |A| = 1 as (x;) is normalized. We now assume that the equality holds for
|A| <k forsome k > 1. Let (a;) € coo and A C N such that |[A| =k + 1. Choose N €
A such that |ay| = max;ex |a;|. We define7; : A— Nbyn;(N)=jandm;j(n) =n
for all n = N. The map 7; is a greedy permutation whenever j ¢ A, and hence by
Theorem C we have the following equalities:
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E aiXi

ieA

Z ajxi +ayxj|| forall j €A

icA,i£N

hm Z ajxj +ayx;j

i€Ai#N
p 1/p
= ( Z aixi|| + |aN|p) . as (x;) is normalized and weakly null

i€Ai£N

l/p
= <Z la;|? ) by the induction hypothesis.
icA

This finishes the proof of the induction step, and, thus, the proof of our claim.

The case p = 00, in which case we consider the cg-sum of the E,,, works similarly,
as every normalized unconditional sequence in (3 E;)., must be weakly null.

We now consider the £; case. Let (x;) be a 1-greedy basis for (3_ E,)e,. If (x;)
is w*-null with respect to the w* topology given by (3_ E),, then the proof that
(x;) is l-equivalent to the unit vector basis for £ is the same as the previous case
1 < p < oo. If (x;) is not w*-null, then (x;) has a subsequence (x;) which converges
w* to some nonzero x € () E,)e,. Hence (xg, — x) is w*-null. This implies that
im0 |y + xk, — x| = |yl + limj o0 |xx, — x|| forall y € O E,)¢,. We use this
to achieve the following equalities:

lim hm lxk, — x| = lim hm || Xk, — x) — (xi —x)||
n—o0 n—o00
= lim [xg, — x|l + lLim |[xg, — x| =2 lim |lxg — x||.
n—00 1—>00 1—>00

Furthermore,

lim hm lxk, + x| = lim hm || Xk, —x) + (xg; —x) +2x ||
n—0oo n—oo

= lim [|xg, —x 4+ 2x|| + lim [[xg — x|
n—>oo 1—> 00
=2[lx|l + lim [lxg, — x|l + lm [lxg — x|
n—oo 1—>00
=2|x|| +2 lim ||xg, — x|
1—> 00

As (x;) is 1-greedy, we must have, by Theorem C, that lim,, _, o0 1im; s o0 || Xk, — Xk, || =
limy,— o0 lim; s o ||k, + Xk, ||. This however implies that ||x || = 0, which is a contra-
diction with our assumption that x is nonzero. |
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