EQUILATERAL SETS IN UNIFORMLY SMOOTH BANACH SPACES.
D. FREEMAN, E. ODELL, B. SARI, AND TH. SCHLUMPRECHT

ABSTRACT. Let X be an infinite dimensional uniformly smooth Banach space. We prove
that X contains an infinite equilateral set. That is, there exists a constant A > 0 and an
infinite sequence (z;)52; C X such that |z; — z;|| = A for all i # j.

1. INTRODUCTION

A subset S of a Banach space X is called equilateral if there exists a constant A > 0 such
that [z — y|| = X for all 2,y € S with x # y. Much of the research on equilateral sets
in Banach spaces is in estimating the maximal size of equilateral sets in finite dimensional
Banach spaces, for some examples see [AP],[P],[S], and [SV]. Much less is known about
equilateral sets in infinite dimensional Banach spaces. Instead of estimating the maximal
size of equilateral sets in finite dimensional spaces, we consider the question of whether or
not an infinite equilateral set exists in some given infinite dimensional Banach space. That is,
given an infinite dimensional Banach space X, does there exist a sequence (z,)22, C X and
a constant A > 0 such that ||z, — x,,|| = A for all n # m? For example, any subsymmetric
basis is equilateral, such as the unit vector basis for ¢, for all 1 < p < oo or the unit vector
basis for Schlumprecht’s space. On the other hand, the unit vector bases for Tsirelson’s space
and the hereditarily indecomposable Gowers-Maurey space are not subsymmetric, and yet
they each have equilateral subsequences. Whether or not a given infinite dimensional Banach
space contains an equilateral sequence is an isometric property. That is, it is possible for
two infinite dimensional Banach spaces to be linearly isomorphic, and yet only one of them
contain an equilateral sequence. Indeed, Terenzi constructed an equivalent norm || - || on
{1 such that the Banach space ({1, | - ||) does not contain an equilateral sequence [T1],[T2].
Terenzi gave two distinct renormings of ¢, which do not contain an equilateral sequence,
and these are the only known infinite dimensional Banach spaces which do not contain an
equilateral sequence. However, every renorming of ¢y does contain an equilateral sequence
[MV]. Taken together, these two results are somewhat surprising as both ¢; and ¢y are
not distortable. We show that every uniformly smooth infinite dimensional Banach space
contains an equilateral sequence.
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2. ASYMPTOTIC STABILITY

Given a uniformly smooth Banach space X, before we can construct an equilateral se-
quence in X, we will need to first construct a sequence which is very close to being equilateral
in certain ways. In this section we show how certain properties of weakly null sequences can
be stabilized to make them “almost equilateral”.

Let X be a uniformly smooth Banach space. For all z € X \ {0}, there exists a unique
functional ¢, € Sy« such that ¢,(z) = ||z||. Furthermore, the map ® : X \ {0} — Sx~ given
by ®(z) = ¢, is uniformly continuous on subsets of X which are bounded away from 0.

Given a normalized weakly null sequence, the next lemma allows us to obtain a subsequence
such that the difference between any two distinct elements is uniformly bounded away from
1. We recall that the spreading model generated by a semi normalized sequence (z;)°; in a
Banach space X is a Banach space (E, || - ||) with a basis (e;)$°; satisfying

n
| > e
1=1

See [O] for an expository reference on spreading models and the use of Ramsey theory in
Banach spaces.

n

= lim lim ... lim H E aixkiH, for all n € N and scalars (a;)}.
k1—00 ka—00 kn,—o00 —
1=

Lemma 2.1. Let X be an infinite dimensional uniformly smooth Banach space and (z;)52, C
X be a normalized weakly null sequence. Then (x;)32, has a subsequence with a spreading
model (e;)2, such that ||e; — es| = A > 1.

Proof. Every semi-normalized weakly null sequence in a Banach space has a subsequence
with a l-suppression unconditional spreading model (Proposition 2.3 (b) in [O]). Thus,
after scaling and passing to a subsequence, we may assume that (z;)$°, has a normalized 1-
suppression unconditional spreading model (¢;)2,. Furthermore, as X is uniformly smooth,
[(e;)] will be uniformly smooth as well. This can be seen as the property of being uniformly
smooth is a uniform property of all two dimensional subspaces of a Banach space and for
all € > 0 every finite dimensional subspace of [(e;)] is (1 4 €)-isomorphic to some subspace
of X (Proposition 2.3 (c) in [O]). As (e;)2 is 1-suppression unconditional, its sequence of

1=

biorthogonal functionals (e})s°, is normalized. We have that ej(e; —ez) = 1 and —el(e; —
es) = 1. If ||e; — e3]| = 1 then the normalizing unit functional of e; — es would not be unique,
and hence ||e; — eq| > 1. O

The following lemma allows us to choose a sequence which is asymptotically equilateral.

Lemma 2.2. Let X be an infinite dimensional Banach space and (x;);2, C Sx be a nor-
malized weakly null sequence with a spreading model (e;)32, such that |e; — es]| = A > 1.
There exists a subsequence (y;)52, of (x;)72, and a sequence of scalars (a;);°, C R such that
a; = 1, and lim;_, ||aryr — a;yi]| = A for all k € N.

Proof. For all z € X, we let ¢, € Sx be a functional such that ¢,(z) = ||z||. We have
that lim, oo iMoo ||Tn — Zml|| = |le1 — e2f| = A > 1. Let € > 0 be chosen so that
A > 1+ e. By passing to a subsequence of (x;)32,, we may assume for all n € N that
An = limy, oo [T — || > 1+ . Moreover, we may assume that ||z, — z,,|| > 1+ ¢ for
all n,m € N. If A\, = X for all n € N then setting a,, = 1 for all n € N gives us our desired
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sequence. Thus, after passing to a subsequence again, we may assume that either A\, < A
for all n € N or that \,, > X for all n € N.

We first consider the case that A\, < X for all n € N. We have for all n,m € N that
lzall = llzmll = 1, |@e,—o, || = 1, and ¢y, s, (2 — ) = |20 — x| > 1 + . Thus,
Gz —a, () > € for all n,m € N. Let @, =14 (A — \,)/e. Thus @, — 1. By the definition
of spreading model, we have that lim,, , ||az, — x,,|| exists for all n € N and 0 < a < @,.
We have that,

lim |[@,z, — zn| > im ¢, o (Guxn — )
m—00 m—00

= (@, —1) im ¢y, s, (x,) + im ¢, o (2, — x0)
m—00 m—00
>A—=A+ A=A

Thus, for all n € N, we have that lim,, . [T, — Zn| = A < A < limy, o0 [@nn — 20
Hence, we may choose by the Intermediate Value Theorem, applied to the function a —
lim,, o0 ||az, — 2|, @ constant 1 < a,, < @, to yield lim,, . ||anz, — 2| = A As @, — 1,
we have that a, — 1, and hence lim,,, . ||anTy — @@y || = limy, oo [|@nzn, — 2] = A for all
n € N.

We now consider the case that A\, > A for all n € N. By the definition of spreading
models lim,, o ||az, — x| exists for all n € N and 0 < a < 1. As limy, o [|2n]| =
lim,, 500 |0 - 2, — ]| = 1 and limy, oo [|[ 20 — Twm|| > A, there exist by the Intermediate
Value Theorem 0 < a,, < 1 so that lim,, ,« [|anz, — Zp|| = A > 1 4+ . After passing to a
subsequence of (x;)%2,, we may assume that ||a,z, — 2| > 1+ ¢ for all m,n € N.

Since for all m,n € N we have ||z,|| = ||zm] = 1 and |Japz, — 2m|| > 1+ ¢, it follows that
Gapr—zm (Tn) > €/ay, and, thus,

A= lim |la,x, — 2|
m—00

= lm ¢a,e, 2, (AnTn — Tm)
m—0o0

= lim Daryan—1m (l'n - l’m) - (1 - an)¢anxn—xm (xn)
m—o0

< lim @y — 2| — (1 — an)e/an, = Ay —e(1/a, — 1).
m—0o0

Since A = lim, oo A, and 0 < a, < 1, for n € N, it follows that a, — 1. Hence,
lim,, oo ||@nTn — T = limy, o ||an®, — || = A for all n € N.

O

By perturbing the asymptotically equilateral sequence given by Lemma 2.2 and passing
to a subsequence, we obtain the following.

Lemma 2.3. Let X be an infinite dimensional uniformly smooth Banach space and (x;)2, C
X be a semi-normalized weakly null sequence. There exists a weakly null block sequence (2;)52,
of (x;)32, with lim;_, ||2i]] = 1 and a constant X > 1 such that lim; o |2k — 2| = A for all
ke N and limy_,oo lim; o0 ¢z, —,(2¢) = 0 for all £ € N.

Proof. After passing to a subsequence and scaling, we assume by Lemmas 2.2 and 2.1 that
there exists A > 1 such that lim; , ||2;]| = 1 and lim; . ||zx — ;]| = A for all & € N. For
each k > ¢ we may pass to a subsequence of (x;) such that lim; e ¢u, s, (T¢) converges.
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By taking the diagonal and passing to a further subsequence, we may assume that there
exists (by)p2; C R such that limy_,o im; o0 ¢u, o, (2¢) = by for all £ € N. Let z* be a w*
accumulation point of {¢,, ., : k,i € N}. As (z,)2, is weakly null, lim, . 2*(z,) = 0.
Hence, limy, by = 0. If there exists a subsequence (jy)72, of N such that b;, = 0 for all
¢ € N then setting 2z, = x;, gives our desired sequence. We thus may assume by passing

to a subsequence that b7 > |by1| > 0 for all £ € N. We set vy = oo — b?f;x%. Thus,
limy oo Hmy o0 ¢y —a; (ve) = 0 for all £ € N. Furthermore, limg_,« ||vy — Zos11|| = 0 as by — 0
and b7 > |byy1| > 0 for all £ € N. As @ is uniformly continuous on semi-normalized subsets of
X, we have that limy_,o lim; o0 ¢y, —v, (v7) = 0 for all £ € N. After passing to a subsequence
of (v;), we may assume by Lemma 2.2 that there exists a sequence of constants ¢, — 1 such
that lim; , ||cxvp — cvi]| = A for all & € N. As the map ® is uniformly continuous on
semi-normalized subsets of X and ¢; — 1, we have that limy_ e lim; oo ey vy —civ; (Cove) = 0
for all £ € N. Furthermore, we have that (cyvg)32, is weakly null as (xor41)52; and (z2x)52,
are weakly null. Thus letting z;, = ¢y, for all k € N gives our desired sequence.

0

Given a Banach space X, recall that the modulus of smoothness of X is the function
px 1 [0,00) = [0, 00) defined by

1 1
px(T) :=sup {§||x + Tyl + §||x -1yl -1 2,9y € SX} for all 7 € [0, 00).

The modulus of smoothness quantifies the uniform smoothness of Sy, and a Banach space
is uniformly smooth if and only if lim,_,o+ 2 XT( D) = 0.

Let X be a Banach space and let (x])] 1 C X such that lim;_, ||z + z;|| exists for all
r € X. The map = — lim;_, ||z + z;| is called a type. See [G] for a reference on types.
The following Lemma gives a relationship between types and uniform smoothness.

Lemma 2.4. Let X be a uniformly smooth Banach space and let Y C X be a subspace. Let
(z7)52, C X be a seminormalized weakly null sequence such that lim; ., ||y — ax;|| exists for
ally €Y and a € R. Define ||-|| on Y &R by ||(y,a)|| = lim;_ ||y — ax;||. Then Y &R is
a uniformly smooth Banach space under the norm || - || with modulus of smoothness at most
the modulus of smoothness of X.

Proof. Let px : [0,00) — [0,00) be the modulus of smoothness of X. Let 7 > 0, and
(z,a),(y,b) € Sygr. Since lim;_, ||z — az;|| = 1 and lim;_, ||y — bx;|| = 1, we have that,

SN a) + (Dl + 51 0) — (5, 0)] ~ 1

1 1
= lim —Hx— az; +7(y — bz;)|| + Iim —||z —ax; — 7(y — bz;)|| — 1
j—)OO i—o0 2
zliml‘ T — ax; y — bx; ’+1‘ x—azr;  y— by H_
oo 2 ||Tle = az, | Ty = oa 0|l T 2 [T —amg] Ty = b
< px(7).

Thus, pyer(7) < px(7) and hence Y & R is uniformly smooth under the norm || -||. O
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Lemma 2.5. Let X be a uniformly smooth Banach space and let Y C X be a subspace. Let
(77)52, C X be a seminormalized weakly null sequence such that im; ., ||y — ax;|| exists for
ally €Y and a € R. Define || - || on Y & R by ||(y,a)| = lim; ||y — az;||. Then for all
z,y €Y and a,b € R,

Pw.a)((2,0)) = M ¢y_az; (2 — ;).

J]—00

Proof. Let (y,a) € Syer. We have that
Swa)((y,@) = Iy, )l = lim lly — az;l| = lim ¢,—aq,(y — az;).

Let (z,b) € Sygr such that ¢, q)((2,0)) = 0. Assume that lim;_,o ¢y_az,(2—bx;) # 0. Thus,
there exists ¢ > 0, 0 € {—1, 1}, and a subsequence (k;),en of N such that agzﬁy_axkj (z—bxy,) >
cforall j € N. Let A > 0.

I(y, @) + Ao (z, b}l = lim ||y — az; + Ao(z — ba;)|

> lijrgioglf Py—aas, (y — axy, + Ao(z — bxy,))
— ]1520 %,axkj (y — axy;) + A lijrgglf acby,axkj (2 — bay;)
> 14 Ae.

Hence, we have that

Ny a) +oAE O = Iy, o)ll o (1 +Ae) —1
Ptya)(0(2,)) = lim T > \ ¢
This is a contradiction as we have assumed that ¢(,.)((2,0)) = 0. Thus lim;_,o ¢y—az,(z —
brj) =0 forall (2,b) € qb(_yl’a)(O). We have as well that lim; o0 ¢y—as, (Y —ax;) = ¢ry.a)((y,a)).
Thus, lim;_oc @y—az; (2 — b2;) = ¢(y.0)((2,0)) for all (z,0) € Y @ R. O

3. A UNIFORM VERSION OF THE INVERSE MAPPING THEOREM

Let d € N and U C R? be a compact and convex subset whose interior contains the origin.
We denote by C3(U,R?) the space of all continuously differentiable function f : U — R
with f(0) = 0. For f € CL(U,R?), let f; denote the i-th component of f, for i < d. The
derivative function is denoted by Df, i.e.,

ofi
Df:U — RUWD ¢y {agj (5)}

1<i,j<d

R is the space of d x d matrices. Elements of R(»? can be seen as operators on ¢4 and
we denote the operator norm on R by || - ||,. We also denote the Euclidean norm on R?
by [ - [l2-

It follows for f € CL(U,R@%) that the map Df(-) lies in C(U,R@%), the space of all
R(@9)_valued continuous functions on U. For M € C(U,R4%Y) we let || M||o = supg [[ M (§)]]2
and for f € C§(U,R?) we let || f|l(1,00) = [[Df|loc- Then || - ||oc and || - [|(1,00) are norms on
C(U,R@D) and CL(U, R?) respectively, which turn C(U,R@?) and C}(U, R?) into Banach
spaces, and the operator

D : CHURY) — C(U,RYD) s Df,
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is an isometric embedding, onto the subspace of continuous functions
M =[Mgp]: U =R & (M5 (O)i<ij<ar

for which the ith row, [M; ;)(-)]1<j<q is a conservative vector field, for all i = 1,2,...,d.
From these considerations and the Theorem of Arzela-Ascoli we obtain the following com-
pactness criterium.

Proposition 3.1. A bounded subset B C C}(U,R%) is relatively norm compact if and only
if {Df : f € B} is equicontinuous.

For a decreasing function d(-) : (0,1) — (0,1), with lim.,od(¢) = 0, and a real number
R > 0 we let Fs.),r) be the set of all f € C§(U,R?) for which [[Df(0)|2 < R, Df(0) is
invertible, with ||Df(0)7!||; < R, for which the modulus of continuity of Df is not larger
than (), i.e. [|[Df(§) — Df(n)|lz < e, for &,n e U with [[£ —n|l2 < d(e). Note that F5¢y,r)
is a closed and bounded set and {Df : f € Fsy.r)} is equicontinuous. Thus, Fs.y.r) is
compact by Proposition 3.1.

We now state and prove a uniform version of the inverse mapping theorem. This will be
used in proving our main result in Section 4.

Corollary 3.2. Letd € N. For all R > 0 and decreasing functions 6(-) : (0,1) — (0, 1), with
lim. 0 d(g) = 0, there is an n = n(d(-), R), so that for all f € F5y.r) we have nB* C f(U),
where B% denotes the Fuclidean unit ball in RY.

Proof. Assume our claim was not true. Then we could choose a sequence f™ C F(5(:),R), SO
that LB ¢ f™(U), for all n € N.

As F5(),r) is compact, we may assume that ™ converges in norm to some f € F50),R)-
By the Inverse Mapping Theorem f has a continuously differentiable inverse f~! on some
neighborhood V' C U of the origin. Since the sequence (D f(™)° is bounded, the sequence

(f™)22, is equicontinuous and we can find p > 0 so that that for all n € N f(™(pB?) C V.
For n € N we consider the map

g™ pBt = RY s fTho fM(Q).

The sequence (¢™)>, converges in C}(pB?,R?) to the identity. After possibly decreasing
p and passing to a subsequence of the (¢(™) we may assume that for all n € N

1 1
(3.1) |Dg™ (x) —1d || < 5 and 1(Dg™ (x))™t —1d||, < 5 forallz e pB<,

1
(3.2) Hg(”)(z)—(g(”)(a:)+ (Dg(”)(a:),z—a:))}|2<§\|z — 2|2, for all z, z€ pB®.

(3.1) can be achieved since Dg™(-) uniformly converges to the identity matrix, and (3.2)
can be achieved using the Taylor formula and the equicontinuity of the sequence (Dg(”)(-)).
We claim that the image of pB¢ under g = ¢, n € N contains fz’Bd.
Indeed, assume y € gBd. Choose x1 = y and note that

g™ (21) = yll2 < ||g(”)( ) = Dg™ (0)(®) |2 + 11Dg"™(0)(y) — ¥l

< Slylla+gllyl <2 by (32) and (31)
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Assume that we have chosen xy, 2o, ..., 2, € pB? satisfying the following conditions for
all j =1,2,...,m
31\t o
(3.3) |z; —xj_1]]2 < §(Z> p (if 7 > 1) and thus
j ,
p 3 (1)1—1
., < 2 (=
bl < £ +0325 (5
1\J
(3.4) lote) =yl < (3) p
Then we let

-1
Tm+1 = Ty + (Dg(xm)) (y - g(zm))
It follows from (3.1) and the induction hypothesis (3.4) that
3 Lym
We now have that

19(Zmr1) = yYll2 = || 9(@m+1) — (9(@m) + Dg(@m) (Tmi1 — Tm)||,

1
< gllemi = zmlz - by (3.2)

B won

which finishes the induction step.

Letting & = lim,,_o0 T = 1 + Z;”_l(:vjﬂ — :Bj) it follows that

p  3p p 31
— <Py,
ol <+ - 4a SVIRIET Ut

and by (3.4) we have g(z) = y. Hence, the image of pB? under ¢ = ¢/, n € N contains
L RBd
LB

Finally we can find a positive p/ > 0 so that p/B? C f(4B%), and thus

/B C f(5B7) € fog(pB") = f7(pB) € fO(U),
which contradicts %Bd ¢ fM(U), for all n € N, and hence our proof is complete. O

4. CONSTRUCTING AN EQUILATERAL SET

Given an infinite dimensional uniformly smooth Banach space X, our goal is to construct
an equilateral sequence (z,)7, C X. This will be done by first constructing a sequence
(2,)22, C X which is “close” to being equilateral as in Section 2. We will then choose
en \¢ 0 and perturb (z,)°; by a triangular array of constants (@in)1<i<n<oo (With |a;,| < e,
for all 1 <4 < n) such that 1f we set x, = (14ay, n)Zn—i-ZZ | ;7 then (x,)52 is equilateral.
The sequence g, N\, 0 will be determined by the following lemma.

For N € N, (g;)¥, € [0,1), and 1 > C > 0 we define Axn(C, (;)X,) to be the set of
N x N matrices [a; ;]1<ij<n € RV which satisfy the following three properties.
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(1) |a; ;| <2foralll1<i,j <N,
(2) |a;;| > Cforall<i<N,
(3) |ai,j|§5j fOI‘&HlSZ<]§N

Lemma 4.1. For all C > 0 there exists a sequence (Ry)F—; C (0,00) and a sequence
(61)25 C (0,1) such that A is invertible and ||A7Y| < Ry for all A € Anxn(C, (g:)X,).

Proof. We will prove the lemma by induction on N € N. For N = 1 the lemma holds
for Ry = % We now let N € N and assume that (g;)Y, has been chosen such that if
A€ Anun(C, (g:)X,) then A is invertible. We let A’ = Any1xn41(C, (€2,€3, ..., €N, 0).

If [ai,j]lgi’jgj\q_l € A’ then [ai,j]lfi,jSN S ANXN(O, (82)5\42) is invertible by the induction
hypothesis, and hence [a;;]i1<ij<n+1 is invertible because the last row of [a; j]1<;j<n+1 18
linearly independent from the others. Thus, A’ is a compact set of invertible matrices. As
the set of invertible matrices on RV *! is open, there exists ey, such that [a; ;+6;]1<ii<N+1
is invertible for all [ai7j]1§i7]’§N+1 S A’ with |5i,j| S EN+1 for all 1 < Z,] S N 4+ 1. The
map A — A~! is continuous on the set of invertible matrices, and hence there exists a
constant Ryy1 > 0 such that ||[a;; + 5i’j]fgl7i7jSN+1|| < Ry for all [a;]1<ij<ni1 € A" with
0; ;] < engr1forall 1 <i,j < N+1 as this set is compact. Thus, ||A™}| < Ry for all
A€ Anvinyxvn(C, ()5, O

We are now ready to prove our main result.

Theorem 4.2. Let X be an infinite dimensional uniformly smooth Banach space. There
ezists a sequence (z;)32, C X and a constant X\ > 0 such that ||z; — x;|| = X for all i # j.

Proof. For all x € X \ {0}, we let ¢, € Sx+ be the unique functional such that ¢,(z) = ||z||.
By Lemma 2.3, there exists a weakly null sequence (z;)7°, C X such that lim; , ||z;]| = 1 and
aconstant 2 > A > 1 such that lim; , ||zx—2;|| = A for all k € N and limy_, 00 im;_yo0 @2, 2. (2¢0) =
0 for all £ € N. After passing to a subsequence, we may assume that lim, . ||z — z]| exists
for all x € X and that ||z — 2| > (1 +X)/2 for all i # k and ||2;]] < (3+ \)/4 for all i € N.
This gives us the following estimate for all i # k.

I+XA 3+A A-1

(11) Gaaa(t) = b2t = 2) + By ai(2) 2 N — 2l — il > =22 = 205 = 20

We set C' = %, and thus we have that ¢, . (zx) > 2C > 0 for all i # k. By Lemma
4.1 there exists (Ry)¥-; C (0,00) and (g;)32, C (0,1) such that ||A™!|| < Ry for all
A € Anun(C,(g4)Y,). By induction on N € N, we shall produce a sequence (z;)2; C X
and sequences of natural numbers My = (m)2, with My = N and My a subsequence of

Mpy_q, for all N € N, so that for all N € N the following properties are satisfied.
(1) |lo; —xj] =Aforal 1 <i<j<N,

(2) limiye0 flox — 2pn|| = Aforall 1 <k < N,

(3) [Jzi|| <2 forall 1 <i<N,

(4)

()

limy_, oo limy_ oo d)zmév,zmkN (x;) =0forall 1 <i<N,
|02 —ap (z3)] < e foralll <i< k<N andL € My.
(6) |Pzy—zp(zx)| > C forall 1 <k <N and L € My.

Note that if we are able to construct such a sequence (x;):2, by induction, then (z;)°; would
be equilateral by condition (1). Thus, all we need to do to complete the proof is to prove

2
3
4
)
6
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the induction argument. Let N = 1. We let x; = z; and M; = (2,3,4,...). Conditions (1)
and (5) are trivially satisfied. Condition (2), (3), (4), and (6) are satisfied by our choice of
(21)i2-

We now let N € N and assume that we have constructed (x;)Y, and M N = (mM)X, to
satisfy conditions (1) through (6). For each K € My, we define a map ¢g* : Brn+1 — X by
g% (a1, ...;an11) = (1 +any1)zkx + ZZ L a;z;. Our first goal is to show that there exists § > 0
and a subsequence M}, of My such that if we set xx,1 = ¢g* (a) for an arbitrary a € § By
and K € M}, and if My is an arbitrary subsequence of { L. € M\,|L > K}, then properties
(3), (4), (5), and (6) would all hold.

As |lzg|l < 3+ X)/4 < 2 for all K € N, we may choose §; > 0 such that ||g¥(a)| < 2
for all @ € 6, Bgn+1 and K € M. Thus, if 241 = ¢¥(a) for an arbitrary a € §; Bgnv+1 and
K € My then ||zy41]] < 2 and hence property (3) in the induction hypothesis would be
satisfied.

For each K € N, we have that

v (i) =0,

k

lim lim ¢, . iv(gK(a))— lim lim (1 4+ an+1)¢. v—2 v (2K) —|—Zaz¢>z N+

(oo koo | mp Tm {—00 k—00 ™y M m

as limg o0 lim; o0 2, —»,(2¢) = 0 for all £ € N and limy_, o limg o0 gzﬁz = N(xz) = 0 for all

1<i<N. Thus,if ey =g ( ) for an arbitrary a € §; Bgn+1 and K € MN then property
(4) in the induction hypothesis would be satisfied.

By (4), there exists a subsequence My = (m/V);2, of My such that |¢., ., (2;)| < eny1/2
for all 1 <i < N and L,K € My with L > K. The set (¢")genr, is equicontinuous on
61 Bpni1, ¢%(0) = zg for all K € M), and the map = — ¢, is uniformly continuous on
X \eBx for all € > 0. Thus, there exists d, > 0 with d, < 01 such that |¢,, _gx(q)(2:)] < ensa
forall 1 <i < N and K,L € My with L > K and all a € §,Bgn+1. Thus, if 2y = ¢%(a)
for an arbitrary a € d9Bgn+1 and K € M} then property (5) in the induction hypothesis
would be satisfied for all L € M}, with L > K. Similarly, (recalling that ¢,, _..(z) > 2C
for all i # k) after passing to a further subsequence of M}, we may assume that there exists
§ > 0 with § < & such that if zy; = g% (a) for an arbitrary a € § Bgv+1 and K € M), then
property (6) in the induction hypothesis would be satisfied for all L € M}, with L > K.
Thus, if we set xx,1 = g% (a) for an arbitrary a € §Bgn+1 and K € M}, and if My, is an
arbitrary subsequence of {L € My|L > K}, then properties (3), (4), (5), and (6) would all
hold.

Our next step is to show that we may choose a € §Bgn+1, K € M}, and a subsequence
My of {L € My|L > K} such that properties (1) and (2) hold for xx,; = g¥(a). For
each K € My we define a map f : RV*! — RN*! by

7@ = (1@ = 1l 19(0) = ol i [9¥@) = 2p 1) for all @ € RV
J—00
K
The derivative of f at 0, is given by Df%(0) = [88]2 |a= 0] .For1<jn<N,
n 1<y, n<N+1
ofk 0
(42) aajn ) = 67% L (]. + aN—l—l 2K + ;azl’z T ¢2K —x; (l'n)
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For 1 <n < N, we have by Lemma 2.5

Of N 9
4.3 — li 1 i — Zpyn || = i s n)-
U3) G ™ By | e 3 aizi = gy | = i G (20)
For 1 < j < N, we have
ark ) al
(4.4) ’ = (1 +an1)zr + T — Tjl| = @2 —z; (2K ).
dan41 _ dan1 a=0 ZZI ’ ®
By Lemma 2.5,
(4.5)
Of¥i 0 -
= lim |[(1+a 2K+ a;T; — Zyn|| = lim ¢, 2w (2
Dana |~ Danmil ol ( N+1)ZK ; w| = Jim Py N( K)-

We first note that equations (4.2), (4.3), (4.4), and (4.5) i

1<jn<N+4land K € My as ||z,]| <2forall 1 <n < N and ||zx|| §2f0rallKE M.
K

By equation (4.2) and property (5), we have that ‘—\a 0’ ‘gbZK . (xn)‘ <¢gjforall K €

My and 1 <n < j < N. By equation (4.3) we have that N“ la=o = im0 Py —- o ().

Thus, by property (4), there exists K; € M), such that ‘f;%:wa:o‘ < enyq for all 1 <
n < N and all K € M) with K > K;. By equation (4.2) and property (6), we have
that laf] = [¢op—a,(;)| > C for all K € My and all 1 < j < N. By equation

‘aO

(4.5), we have that 1

DFE(0) € Avsnyxvin(C, (€)X5") and hence ||[(Df5(0))7Y| < Ry for all K € My with
K > K;.

Due to property (2) and lim; . ||z —2;|| = A for all k£ € N, we have that lim;_, fmg'N(O) =
(A, ..y A). As [[(DFE(0) 7| < Ry for all K € M)y with K > K, we may apply Corollary
3.2 to obtain an integer K € M) with K > K; such that (\,...,\) € f5(6Byy1). Thus,
there exists a € dBgn+1 such that fX(a) = (), ..., \). We set ay,1 = ¢%(a) and My, =
{L € My |L> K}. As noted earlier, this choice of xy1 and My, satisfies properties (3),
(4), (5), and (6) in the induction hypothesis. Furthermore, we have that

N
(1 + CZN+1)ZK + Z Q;T; — Ty

i=1

fN+1|a 0‘ = ‘limj—wo ¢2K_zj(ZK)‘ > 21 -~ (. Thus, we have that

|leni — 4] = =X foralll<i<N,

thus satisfying property (1). We have that
N

(1+ani1)zkx + Za T — 2, N1
=1

:A’

lim ||zy11 — 2 N+1H = lim

j—00 j—00
thus satisfying property (2) in the induction hypothesis. We have satisfied all properties in
our induction hypothesis, and hence we obtain a sequence (x;)2; C X by induction which
satisfies ||z; — x;|| = A > 0 for all i # j. O
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