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Abstract Let X be a Banach space with a separable dual. We prove that X embeds
isomorphically into a L, space Z whose dual is isomorphic to £;. If, moreover, U is a
space with separable dual, so that U and X are totally incomparable, then we construct
such a Z, so that Z and U are totally incomparable. If X is separable and reflexive,
we show that Z can be made to be somewhat reflexive.
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1 Introduction

In 1980 Bourgain and Delbaen [7] showed the surprising diversity of £, Banach
spaces whose duals are isomorphic to £ by constructing such a space Z not containing
an isomorph of ¢o. Moreover, Z is somewhat reflexive, i.e., every infinite dimensional
subspace of Z contains an infinite dimensional reflexive subspace. In fact, R. Haydon
[15] proved the reflexive subspaces could be chosen to be isomorphic to £, spaces.
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D. Freeman et al.

The structure of Banach spaces X whose dual is isometric to £ is more limited.
Such a space X must contain co [29] and in fact be an isometric quotient of C (A) [18].
Finally it was shown in [11] that such spaces must be ¢( saturated. Nevertheless, such
a space need not be an isometric quotient of some C («), for @ < w1 [1].

The construction developed by Bourgain and Delbaen is quite general and allows
for additional modifications. Very recently Argyros and Haydon [4] were able to adapt
this construction to solve the famous Scalar plus Compact Problem by building an
infinite dimensional Banach space, with dual isomorphic to £1, on which all operators
are a compact perturbation of a multiple of the identity. In this paper we will prove
three main theorems concerning isomorphic preduals of £;.

Theorem A Let X be a Banach space with separable dual. Then X embeds into a
Lo space Y with Y* isomorphic to €.

Moreover, we have the following refinements of Theorem A.

Theorem B Let X and U be totally incomparable infinite dimensional Banach spaces
with separable duals. Then X embeds into a Lo space Z whose dual is isomorphic
to L1, so that Z and U are totally incomparable.

Theorem C Ler X be a separable reflexive Banach space. Then X embeds into a
somewhat reflexive L, space Z, whose dual is isomorphic to €. Furthermore, if U
is a Banach space with separable dual such that X and U are totally incomparable,
then Z can be chosen to be totally incomparable with U.

We recall that X and U are called totally incomparable if no infinite dimensional
Banach space embeds into both X and U.

Since there are reflexive spaces of arbitrarily high countable Szlenk index [28] The-
orem B (with U = c¢() as well as Theorem C solve a question of Alspach [2, Question
5.1] who asked whether or not there are £, spaces with arbitrarily high Szlenk index
not containing cp. Moreover Alspach, in conference talks, asked whether Theorem A
could be true. Furthermore, Theorem B with U = c¢( solves the longstanding open
problem of showing that if X* is separable and X does not contain an isomorph of ¢,
then X embeds into a Banach space with a shrinking basis which does not contain an
isomorph of c.

In Sect. 2 we review the skeletal aspects of the Bourgain—Delbaen construction of
Lo spaces, following more or less, [4]. Theorem A will be proved in Sect. 4, while the
proofs of Theorems B and C are presented in Sect. 5. The construction used to prove
Theorem A will also be useful in the case where X* is not separable. The construction
proving Theorems B and C will be an augmentation of that used to prove Theorem A.

Section 3 contains background material necessary for our proof. We review some
embedding theorems from [12,26] that play a role in the subsequent constructions.
Terminology and definitions are given along with some propositions that facilitate
their use. In particular, we define the notion of a c-decomposition and relate it to
an FDD being shrinking (Proposition 3.11). This will be used to show that our L+,
constructs have dual isomorphic to £1. We also show how Theorem 3.11 leads to an
alternate and self contained proof of a less precise version of embedding Theorems 3.8
and 3.9, which is sufficient for their use in this paper.
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The universality of £ as a dual space

We use standard Banach space terminology as may be found in [16] or [23]. We
recall that X is L if there exist A < 0o and finite dimensional subspaces E; € E» C

-+ of X sothat X = (J,2 E, and the Banach-Mazur distance satisfies

d (En zg'g““fn)) <, forallneN.

In this case we say X is Loo.1. Sx and By denote the unit sphere and unit ball of
X, respectively. A sequence of finite dimensional subspaces of X, (E;){, is an FDD
(finite dimensional decomposition) if every x € X can be uniquely expressed as
T = Zfil x; where x; € F; for all i € N. It is usually required that E; # {0} for all
i € Nfor (E;)72, to be a finite dimensional decomposition, but it will be convenient
for us to allow E; = {0} for some i’s in Sect. 5.

We note that there are deep constructions of L, spaces other then the ones in
[7]. For example Bourgain and Pisier [8] prove that every separable Banach space X
embeds into a L, space Y so that Y/ X is a Schur space with the Radon Nikodym
Property. Dodos [10] used the Bourgain—Pisier construction to prove that for every
A > 1 there exists a class (Yf )e<w; Of separable Lo 3 spaces with the following

properties. Each Y. f is non-universal (i.e. C[0, 1] does not embed into Y. f ) and if X
is separable with ¢y (X) < &, then X embeds into Yg\. Here ¢y is Bourgain’s
ordinal index based on the Schauder basis for C[0, 1]. Now C[0, 1] is a L,-space
and is universal for the class of separable Banach spaces. Theorem A yields that
the class of L~o-spaces with separable dual is universal for the class of all Banach
spaces with separable dual. We thank the second referee for promptly reviewing our

paper.

2 Framework of the Bourgain—Delbaen construction

As promised, this section contains the general framework of the construction of
Bourgain—Delbaen spaces. This framework is general enough to include the origi-
nal space of Bourgain and Delbaen [7], the spaces constructed in [4], as well as the
spaces constructed in this paper. We follow, with slight changes and some notational
differences, the presentation in [4] and start by introducing Bourgain—Delbaen sets.

Definition 2.1 (Bourgain—Delbaen-sets) A sequence of finite sets (4, : n € N) is
called a Sequence of Bourgain—Delbaen Sets if it satisfies the following recursive
conditions:

A1 is any finite set, and assuming that for some n € N the sets Ay, As,. .., A, have
been chosen, we let I}, = U?:l Aj. We denote the unit vector basis of £1(13,) by
(e; : ¥ € I;), and consider the spaces £1(17;) and £1(I,\I'}), j < n, to be, in the
natural way, embedded into £ (/7).

Forn > 1, A,41 will be the union of two sets Afﬁil and Ale—i)-l’

0

n+1 and

where A

A,(ll_il satisfy the following conditions.
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The set ASRI is finite and

AD) c{n+1,8.0%, f) B0, 11,07 € By (1.
and  f € Viur1,p.6} 2.1

where V(,11,g,p+ is a finite set for B [0, 1] and b* € By, (r;,)-
Aleil is finite and

a, Belo, 1],
ke(l,2,...n— 1),

§ € Ar, b* € Byy(r,\1)
and e Vit okt g6

AV c Y+ a kg B b5 f) 2.2)

,3 (S [0, 1], and b* € Bgl(rn\rk).

Moreover, we assume that Afﬁgl and A,(ll_:l cannot both be empty.

If (4,) is a sequence of Bourgain—Delbaen sets we put I = U?il I,. ForneN,
and y € A, we call n the rank of y and denote it by rk(y). If n > 2 and y =
(n, B, b*, £)e A, we say that y is of type 0, and if y = (n, a, k, &, B, b*, f)e ALY,
we say that y is of type 1. In both cases we call B the weight of y and denote it by
w(y) and call f the free variable and denote it by f(y).
case) we sometimes suppress the dependency in the free variable and write (n + 1,
B, b*)instead of m+ 1, B, b*, f)and (n+1, o, k, &, B, b*) instead of (n + 1, &, k, &,
B.b*, ).

Referring to a sequence of sets (A, : n € N) as Bourgain—Delbaen sets we will
always mean that the sets Aﬁ,o) , A,(ll), I, and I" have been defined satisfying the con-
ditions above. We consider the spaces ZC,Q(UJ-eA Aj) and ¢4 (UjeA Aj),for A C N, to
be naturally embedded into £, (I") and £1(I"), respectively.

We denote by coo (1) the real vector space of families x = (z(y) : y€I') C R for
which the support, supp(x) = {y € I' : x(y) # 0}, is finite. The unit vector basis of
coo(I") is denoted by (e, : y € I'), or, if we regard coo(I”) to be a subspace of a dual

space, such as £1(I"), by (e; cyel). If I' = N we write cqp instead of coo(N).

Definition 2.2 (Bourgain—Delbaen families of functionals) Assume that (4,, : n €N)
is a sequence of Bourgain—Delbaen sets. By induction on n we will define for all
y € A, elements c;‘j el (l,—1) and d;" el (l},), with d;,“ = e;i - c;’j.

For y € Ay we define c;j = 0, and thus d;j = ej.

Assume that for some n € N we have defined (c; :yely), with c}’ﬁ el (), if
Jj < nandrk(y) = j. It follows therefore that (d; cyely) = (e;j — c; cyely)is
a basis for £1(1,) and thus for k < n we have projections:

Pl i) = (0, D ayds > > ayd;. (2.3)
yel, yel\Ik
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The universality of £ as a dual space

For y € A, 1 we define

, ©)
. ’,Bb* ify =(m+1,80b% Hea?,, o

C
7 | et + BPG () ity =(n+ 1ok £ BbF [EA),.

We call (c* y € I'), the Bourgain—Delbaen family of functionals associated to
(A, :ne N) We will, in this case, consider the projections P* ) to be defined on all
of coo(I"), which is possible since (d; :yel) forms a vector basis of cgy(I") and,
(as we will observe later) under further assumptions, a Schauder basis of £1(I").

Remark 2.3 The reason for using * in the notation for P(”;(’ m] is that later we will
show (with additional assumptions) that the P(}"c’m]’s are the adjoints of coordinate
projections P ) on a space Y with an FDD F = (F;) onto @ jek,m F;-

Of course we could, in the definition of A(O)l and A(il, assume B = 1, rescale
b accordingly, possibly i 1ncreas1ng the number of free variables, then simply define

c, = b*, if y is of type 0, or ¢, = aes + P(k n](b*), if y is of type 1. Nevertheless,

it will prove later more convenlent to have this redundant representation which will
allow us to change the weights of the elements of I" and rescale the b*’s, without
changing the ¢};’s. Moreover, it will be useful for recognizing that our framework is a
generalization of the constructions in [4,7].

The next observation is a slight generalization of a result in [4], the main idea
tracing back to [7].

Proposition 2.4 Let (A, : n € N) be a sequence of Bourgain—Delbaen sets and let
(c;’j 1y €TI') be the corresponding family of associated functionals. Let (P(’Z’ m k <
m) and (a’;,k 1y €I') be defined as in Definition 2.2. Thus

Piiuy i coo(l) = coo(D), D ayds > D ayds.
yer yeln\Tk

ForneN, let Ff = span(d; 1y €Ay, and for0e€[0,1/2) let C1(0) = C; = 0 and
ifn>2,

Ca®) = sup {BIPG 67 1 v = (i k6. B, 07, e,
k<m<fz§n,,3>9},
with sup(¥) = 0, and
Cp = Cn(0) = sup [ﬂnP:,;m](b*) iy = Gio k& B.0%, Heal,
k<m<n< n}
Then

Dy F} =span(ey : y € I}y) = €1(I), (2.5)
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and if C = sup,, C,, < 00, then F* = (F;}) is an FDD for £1(I") whose decomposition
constant M is not larger than 1 + C. Moreover, forneNand 6 < 1/2,

Cp < max (20/(1 — 26), Cn(0)). (2.6)

Proof As already noted, since d;j = e;ﬁ — c;, and c;j € L1(I',—1), for n € N and
y € Ay, (2.5) holds. By induction on n € N we will show that for all 0 < m < n,
||P[>'i’m]|el(1"n)|| < 1 + Cy,, and that (2.6) holds, whenever 8 < 1/2. For n = 1, and
thus m = 0 and C; = 0, the claim follows trivially (|| P;|| = 0). Assume the claim is
true for some n € N. Using the induction hypothesis and the fact that every element
of By, (r;,, ) is a convex combination of {:I:e)’j cy€elyrrtand Cp(0) < Cpry1(0),itis
enough to show that for all y € A, andallm <n

1P (€)1l < 1+ Cpgr and @7
20
18 Pl )l < 75V Cal®). ifp <6 <1/2 and 2.8)
y=@m+1akép b5 Heal) .

According to (2.4) we can write
e;’; = d; + C;l; = d;: + 6(6‘%k + ,BP(}k(’n](b*),
with o, B€[0,1],0 <k < n,& € Ay (putk = 0 and o = 0 if y is of type 0), and

b* € Bey(r\1p)-
Thus

P mi(ey) = Py 1 (e5) + BPingm.i).m ")

Now, if k > m, then P[ﬁ’m](e;’j) = aP[ﬁ’m](e;“) and thus our claim (2.7) follows

from the induction hypothesis:
e P (el < 14+ Cr < 14 Cpy.
If k < m it follows, again using the induction hypothesis in the type O case, that

1P @)1 < @llef ]|+ Bl Py &)l < 14 ot which yields (2.7).

Inorder to show (2.8), lety = (n+1,a, k. &, B, b*, f)e A}, with f <6 < 1/2.
We deduce from the induction hypothesis that

18P 5]
< BUIP myles | + 1P g ler i 1D
<20(C,+1)
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The universality of £ as a dual space

20 (Ca(0) + 1)) <20C,(0) + Co(0)(1 —20) = C,(9) if Co(0) > 1255,
<
— 120 (% + 1) = % otherwise,

max .
= 1 29 ’ n

This finishes the induction step, and hence the proof. O

Remark 2.5 Let I' be linearly ordered as (y; : j € N) in such a way that rk(y;) <
tk(y;), if i < j. Then the same arguments show that, under the assumption C < co
stated in Proposition 2.4, (d;jj) is actually a Schauder basis of ¢; [4]. But, for our
purpose, the FDD is the more useful coordinate system.

The spaces constructed in [4] satisfy the condition that for some 6 < 1/2 we have
B <6, forally = (n,a,k,a*, B,b*, f)el oftype 1. Thus in that case C,(0) = 0,
n € N, and the conclusion of Proposition 2.4 is true for C < 26/(1 — 26) and, thus
M <1/(1-20).

The Bourgain—Delbaen sets we will consider in later sections will satisfy the fol-
lowing condition for some 0 < 6 < 1/2:

Foreachn € N and y = (n,a,k, & B,b*, f) € ALV, (2.9)

either B <6, orb* = e; for some n € A,,, k <m < n, such that cf; =0.
Note that in the second case it follows that e; = d;‘ and so P(’; m](e;) = e;. Thus,
Bl P(Tc,m](b*) I = Blleyll < 1, and thus, we deduce that the assumptions of Proposi-
tion 2.4 are satisfied, namely that F* is an FDD of ¢; whose decomposition constant
M is not larger than max(1/(1 — 26), 2).

Assume we are given a sequence of Bourgain—Delbaen sets (4, : n € N), which
satisfy the assumptions of Proposition 2.4 with C < oo and let M be the decomposi-
tion constant of the FDD (F") in £1(I"). We now define the Bourgain—Delbaen space
associated to (A, : n € N). For a finite or cofinite set A C N, we let P;{ be the
projection of £1(I”) onto the subspace @ jca Fj* given by

Pi (D) — (D), D ayds— > aydy.
yell y€eA

If A = {m}, for some m € N, we write P, instead of P{’ﬁn}. For m € N, we denote by
R, the restriction operator from £1(I") onto £1(I3,) (in terms of the basis (e;)) as
well the usual restriction operator from €., (1") onto £~ (13,). Since R, o P[’j m) is a
projection from £ (I") onto £1(I},), for m €N, it follows that the map

I i loo(Tm) = Loo (M), x> P[** 10 R} (),

1,m

is an isomorphic embedding (P[’j’fm] is the adjoint of P[’j’m] and, thus, defined on

£oo(IM)). Since R}, is the natural embedding of £, (17,) into £ (17) it follows, for all
m €N, that
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Ry o Jp(x) =2, forx € €(l3,), thus/y, is an extension operator,  (2.10)
Jpo R, 0 Jy(x) = Jy(x), wheneverm < n and x € £oo(1},), (2.11)

and by Proposition 2.4,
[Jmll = M. (2.12)

Hence the spaces V), = J(loc(I7n)), m € N, are finite-dimensional nested sub-
spaces of £o,(I") which (via J,,;) are M-isomorphic images of £~ ([7,;). Therefore

I E— S . .
Y = Upen Yn  is a Loo m space. We call Y the Bourgain—Delbaen space associ-
atedto (A,). Itfollows from the definition of Y, and from 2.10, that forany x € £ (1)
we have

reY < x= lim ||x— Jy,oRy(x)| =0. (2.13)
m—00
Define for m e N
Pim:Y—=Y, xv JyoRux).
We claim that P[; ,,) coincides with the restriction of the adjoint P of P[1 m tO

the space Y. Indeed, if n € N, with n > m, and = = J,(2) € Yy, and b* € l1(I") we
have that

(P[?m](f)’ b*>
= (x, Pﬁ,m](b*»
= (R (2), Ry 0 P} ,,y (™)) (since P ,,(b*) € span(e} : y € In))
— (P 0 Ry 0 Ry (@), b%) = (Pl1my(2), b¥).

Thus our claim follows since | J,, ¥, is dense in Y.

We therefore deduce that Y has an FDD (F,,), with F,, = (P, — Pii,m—11)(Y),
and as we observed in (2.12), Y,,, = 69;5:1 F; is, via J,;, M-isomorphic to £, (17,) for
m € N. Moreover, denoting by P4 the coordinate projections from Y onto ®jca Fj,
for all finite or cofinite sets A C N, it follows that P is the adjoint of PX restricted to
Y, and P} is the adjoint of P, restricted to the subspace of Y* generated by the F,’s.

As the next observation shows, Jy,l¢.(4,,) 1s actually an isometry for m € N.

Proposition 2.6 Foreverym € Nthemap Jy e, (a,,) is anisometry between £oo (A, )
(which we consider naturally embedded into £~ (1,)) and Fy,.

Proof Since J;,(boo(Am)) = (I — J—1)(Am) = Fyy, form € N, J,, is an isomor-
phism between £, (A,,) and F,,. By 2.10, for z € €oo (Anm), | Jm(@)]l = ||z]. In order
to finish the proof we will show by induction on n € N that |e;’j(Jm (z))| < 1 for all
y € Apand z € Loo(Ap), x|l < 1.

If n < m this is clear since Ry, o J,;(x) = x. Let n > m and assume our claim is

true forall y € I,. Let y € A, 41 and write e;j as e;’j = oee%k + ,BP(*;C n](b*) + dZ, with
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The universality of £ as a dual space

ae€[0,1], k <n, eg‘ € Ar,and b* € By, (r\ry) (@ = 0, k = 0, and replace eg‘ by 0 if
y is of type 0). We have for x € £ (Ay), with ||z] < 1,

(ey, Jm(2)) = (P[] y(e}), Ry (2))

B [m g6, R @) = BUPE ) (07), R @) = 07, T @) i k<im
(ef, Ry (2)) = (P}, (€}), Ry, () = alef, Jn(2)) itk >m.

Where the first equality in the first case holds since (P (1.4] %), R}, (x)) = 0. Using
our induction hypothesis, this implies our claim. O

Denote by || - ||« the dual norm of Y*.
Proposition 2.7 Forall y* € ¢,(I")

ly Il < 1y*lle, < MUy*ll (2.14)

and if y* € @"_m_HFJ with O < m < n, then there is a family (a,)yer,\r,, so that

vt =Pl z ayel | and Z ayelh| < Myt (2.15)
yely\lI'm yely\I'm 0
Proof The first inequality in (2.14) is trivial. To show the second inequality we let

y* € £1(I) for some n €N and choose = € Sy (r;) 50 that (y*, ) = [ly*|l¢,. Then,
from (2.12) and (2.10),

1 1
Iyl = <y* Mjn($)> = Mlly*llew

3 *
If y* e@j i F Wecanwrltey as
* *
y = Z Uyey
yel

Since P*

] (e;) =0, for y € I},,, we obtain

V= Pom @) =P D ave

yelu\In
Moreover we obtain, from (2.14), that
D oae| < | D ayel| =1yl < Mly*l..
yel\Iin 0 yely £
which yields (2.15). O

@ Springer



D. Freeman et al.

We now recall some more notation introduced in [4]. Assume that we are given a
Bourgain—Delbaen sequence (4;) and associated Bourgain—Delbaen family of func-
tionals (c;i : y €I'), corresponding to the Bourgain—Delbaen space Y, which admits
a decomposition constant M < co. As above we denote its FDD by (F;,). Forn e N
and y € A,, we have

. 0
P ity = 8,b" f) e Ay,

PO T et 4 BP0 iy = (1 k£ B4 ) € ALY
By iterating we eventually arrive (after finitely many steps) to a functional of type 0.
By an easy induction argument we therefore obtain

Proposition 2.8 ForallneNand y € A,, there area € N, By, B, ... B, €10, 1],
o1, 0, ...05 €10, 1landnumbers0 = po < p1 < p2—1 < pp < p3 < p3—1,... <
Pa—1 < pa—1 < pg = ninNy, vectorsb;f,j =1,2...q, withb}‘f € Bgl(]"pjil\['pi_l),
and (g,);’.zl C Ly, with§j e Ay, for j=1,2...a,and §; =y, so that '

a
e, = Z“./dé‘} +Bi Py, _1.pp))- (2.16)
j=1

Moreover for 1 < jo <a

a
ey =ajey + > ajdf + B PG, | (B0, (2.17)
Jj=Jjo+1

We call the representations in (2.16) and (2.17) the analysis of vy and partial anal-
ysis of y, respectively and let cuts(y) = {p1, p2, ... pa}, which we call the set of cuts
of y.

3 Embedding background and other preliminaries

Our constructions will depend heavily on some known embedding theorems. We
review these in this section and add a bit more to facilitate their use. Zippin [30]
proved that if X™* is separable, then X embeds into a space with a shrinking basis.
So, in proving Theorem A, we could begin with such a space. However, to make our
construction work, we need a quantified version of this theorem which appears in
[12]. For Theorem C, we need a quantified reflexive version [26]. We begin with some
notation and terminology.

LetE = (Ei)?i | be an FDD for a Banach space Z. coo(EB}’i | Ei) denotes the linear
span of the E;’s and if B C N, coo(bicp E;) is the linear span of the E;’s for i € B.
P, = PnE : Z — E, is the n'" coordinate projection for the FDD, i.e., P,(2) = z,
if z = Z?il z; € Z with z; € E; for all i. For a finite set or interval A C N,
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The universality of £ as a dual space

Py = Pf = ZneA P . The projection constant of (E,) in Z is

K=K Z) = sup{HP

]| M= n}
E is bimonotone if K(E, Z) = 1.

The vector space coo (D72, EF), where E7 is the dual space of E;, is naturally iden-
tified as a w*-dense subspace of Z*. Note that the embedding of E into Z* is not,
in general, an isometry unless K (E, Z) = 1. Now we will often be dealing with a
bimonotone FDD (via renorming) but when not we will consider £ to have the norm
it inherits as a subspace of Z*. We write Z*) = [coo(®52,EF)]. So Z®) = Z* if
(E;);2, is shrinking, and then E* = (E)?°, is a boundedly complete FDD for Z*.

For z € coo(®52, E;) the support of z, suppg(z), is given by suppg(z) = {n :
P,F (z) # 0}, and the range of z, rang(z) is the smallest interval [m, n] in N containing
SUppE (2).

A sequence (zi)le, where £ € Nor £ = o0, in Coo(@?ilEi) is called a block
sequence of (E;) if max suppg(z,) < minsuppg(z,+1) for all n < €. We write
Zp < m to denote max suppg(z,) < m and z, > m is defined by min suppg (z,) > m.

Definition 3.1 [25] Let Z be a Banach space with an FDD E = (E;)72,. Let V be a
Banach space with a normalized 1-unconditional basis (v;)° mpandletl < C < oo.
We say that (E,)2 | satisfies subsequential C-V -upper estimates if whenever (z;):2,
is a normalized block sequence of E with m; = min suppg(z;),i € N, then (z,) 2y i
C-dominated by (vy,, )2, . Precisely, for all (¢;)72, € R,

iU, |-

Similarly, (E, )°° | satisfies subsequential C-V -lower estimates if every such (zi)° |
C-dominates (Um,) hp

We say that (E,)>2, satisfies subsequential V-upper estimates or subsequential
V-lower estimates if there exists a C > 1 so that (E,)52 | satisfies subsequential
C-V -upper estimates or subsequential C-V -lower estimates, respectively.

These are dual properties. If (v*)°°1 are the biorthogonal functionals of (v,), 1
we define subsequential V*-upper/lower estimates to mean as above with respect to

%\ 00
)2,

Proposition 3.2 [25, Proposition 2.14] Let Z have a bimonotone FDD (E;){°, and
let V be a Banach space with a normalized 1-unconditional basis (v; )°°1 with bior-
thogonal functionals (vy);2 . Let 1 < C < oc. The following are equivalent.

a) (E;)72, satisfies subsequential C-V -upper estimates in Z.
b) (E})72, satisfies subsequential C-V*-lower estimates in A

Moreover, the equivalence holds if we interchange “upper” with “lower” in a) and
b). If the FDD (E,-)l?i | is not bimonotone the proposition still holds but not with the
same constants C. These changes depend upon K (E, Z).
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Recall that A € Bz is d-norming for Z (0 < d < 1) ifforall z € Z,
d|zll < sup{|z*(z)| : z* € A}

We will need a characterization of subsequential V -upper estimates obtained from
norming sets.

Proposition 3.3 Let Z have an FDD E = (E;)72 | and let V be a Banach space with
a normalized 1-unconditional basis (vi)?il. Let 0 < d < 1andlet A C By+ be
d-norming for Z. The following are equivalent.

a) (E;)72, satisfies subsequential V -upper estimates.
b) There exists C < 0o so that for all 7* € A and any choice of k and 1 < ny <
- < ngg1 in N,

<C.

k
* E *
Z llz" o P[ni,ni+1)|lvni
i=1

Moreover, if (E;)$2, is bimonotone, then a’) = b') = b") = a") where
a')  (E;)P2, satisfies subsequential C-V -upper estimates.
b') Forevery x* € Sz« and any choice of k and 1 < nj <ny < --- < ngy1 in N,

<C.

k
* E *
Z llz" o P[ni,ni+1)||vni
i=1
b”) Forevery z* € A and any choice of k and 1 <ny < --- < ngyy inN,

<C.

k
* E *
Z 2" o P[”iani+l)||vni
i=l1

a")  (E;)?2, satisfies subsequential Cd ~L_V.upper estimates.

Proof By renorming, we can assume that (E;)?°, is bimonotone and thus we need

only prove the “moreover” statement.
a’) = b’) follows from Proposition 3.2. Indeed, (z* o P[];;:f ni+1))§:1 is a block sequence

of (E}), whose sum has norm at most 1, and min suppg. (z* o P[E,- ,nm)) can be assumed
equal to n; by standard perturbation arguments.

b’) = b”) is trivial.

b”)=a").Let (z;)"_, be anormalized block sequence of (E;) with m; =min suppg (z;)
fori < n.Let m, | = maxsuppg(z,) + 1. Let (a;)] € R and choose z* € A with

n
¥ (zaiZi)
i=1

>d

n
> vz
i=1

@ Springer



The universality of £ as a dual space

Thus,
n n
ZaiZi <d! zaiz*(zl')
i=1 i=1
n
= d_] Zaiz* °© P[I’ii,miJrl)(Zi)

i=1

n
-1 2 * E
=d |ai] HZ °© P[mi,miﬂ)
i=1

n n
~ (B s ) (e )
[ i=1

i=

n
E a;j Vp;
i=1

<cd! ,by b”).

O

We recall some terminology concerning finite subsets of N which can be found for
example in [27].

Definition 3.4 [N]=® denotes the set of all finite subsets of N under the pointwise
topology, i.e., the topology it inherits as a subset of {0, 1}V with the product topology.
Let A C [N]<?. We say A is
i) compact if it is compact in the pointwise topology,
il) hereditary ifforall A € A,if BC Athen B € A,
iii) spreading if for all A = (ay,...,a,) € Awitha; < ay < --- < a, and all
B=(by,...,by) € [N withb, < by <--- <b,and a; < b; fori < n,
B € A, such a B is called a spread of A,
iv) regularif {n} € Aforall n € N and A is compact, hereditary and spreading.

We note that if A C [N]=® is relatively compact, or equivalently if A does not con-
tain an infinite strictly increasing chain, then there is a regular family, B C [N]=¢,
containing A.

Definition 3.5 Let A C [N]=® be a regular family. A sequence of sets in [N]<¢,
Al < Ay <--- < Ay (e, max A; < min A;j4 fori < n) is called A-admissible if
(min A7, € A.

Tsirelson spaces 3.6 Let A C [N]=® be a regular family of sets and let 0 < ¢ < 1.
The Tsirelson space T 4 . is the completion of cop under the norm || - || 4. which is
given, implicitly, by the equation

n

12l = llzlloo V sup [ZcuAimnA,C :n €N, and

i=1

Al << A, s A—admissible}.
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Here A;x = z|4,. The unit vector basis (#;) of coo is always a shrinking and 1-
unconditional basis for 7 4 .. If the Cantor-Bendixson index of A (c.f. [27]) is at least
w then T 4 . does not contain any isomorphic copy of £, or co, and hence T 4 . must
also be reflexive as every Banach space with an unconditional basis which does not
contain an isomorphic copy of cg or ¢; is reflexive.

If A = S, is the a"-Schreier family of sets, where @ < w;, we denote Ty, by
T, . For more on these spaces (see e.g. [22,26] and the references therein). Let us
recall that, for n € N, the spaces Ty . and Tyn o are naturally isomorphic (via the
identity).

Remark 3.7 We will later use the fact that if X has an FDD (Ei)?il satisfying subse-
quential 7’4 .-upper estimates for some regular family A, then (E;)?°, is shrinking.
Indeed every normalized block sequence of (£;)7°, must then be weakly null, since it

is dominated by a weakly null sequence. This is equivalent to (£;)7°, being shrinking.

Our embedding theorems, 3.8 and 3.9 below, refer to the Szlenk index, S, (X), [28].
If X is separable then S,(X) is an ordinal with S;(X) < w; if and only if X™* is sepa-
rable. Also S; (T, o) = 0*“ [26, Proposition 7]. If S;(X) < w; then S;(X) = P for
some B < wi. Much has been written on the Szlenk index (e.g., see [3,6,12-14,20,
21,26)).

Theorem 3.8 [12, Theorem 1.3] Let « < w; and let X be a Banach space with
separable dual. The following are equivalent.

a) S;(X) <w*®.
b) X embeds into a Banach space Z having an FDD which satisfies subsequential
T, o-upper estimates, for some 0 < ¢ < 1.

Theorem 3.9 [26, Theorem A] Let o < w1 and let X be a separable reflexive Banach
space. The following are equivalent.

a) S;(X) < w¥?and S;(X*) < 0.

b) X embeds into a Banach space Z having an FDD which satisfies both subse-
quential T o-upper estimates and subsequential T} ,-lower estimates, for some
O<c< L

We note that the upper and lower estimates in both theorems are with respect to the
unit vector basis (#;) of T o and its biorthogonal sequence (#"), a basis for 7%,

In order to use Theorem 3.8 in our proof of Theorem A, we need to reformulate
what it means for an FDD for X to satisfy subsequential 7, o-upper estimates in terms
of the functionals in X*. We first need some more terminology.

Definition 3.10 Let E = (E;)72, be an FDD for a space X and let 0 < ¢ < 1. Let
x € coo(D2 Ei). A block sequence of E, (z1, ..., x¢), is called a c-decomposition
of x if

¢
T = E x; and, foreveryi < ¢,
i=1

either |[suppg(z;)| =1
or lzill < c.

3.1)
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Clearly every such x has a c-decomposition. The optimal c-decomposition of x is
defined as follows. Set n; = min suppg(z) and assume ny < ny < --- < n; have
been defined. Let

nj+ 1, i IR @) > c,

nji1 = qmin{n : | PE

n n](x)|| > c}, if ||P,Fj (2)]| < ¢ and the “min” exists,

1 4+ max suppg(z), otherwise.

There will be a smallest £ so that ngy| = 1 4+ max suppg(x). We then set for i < £,

T = P[Ei’ nisn) (z). Clearly (xi)le is a c-decomposition of . Moreover, and this will

be important later, if (E;) is bimonotone and j < [¢/2], then lx2j—1 + 22l > c.

Let A C [N]=“ be regular. We say that the FDD (E;)° | for X is (c, A)-admissible
in X if every x € Sx N coo(P;2, E;) has an A-admissible c-decomposition, (mi)f: 1
where (suppE(xi))f is A-admissible, i.e., (min suppE(x,-))le e A.

Theorem 3.11 Let E = (E;){2, be a bimonotone FDD for a Banach space X. The
following statements are equivalent.

a) (E;) is shrinking.

b) For all 0 < ¢ < 1 there exists a regular family A C [N]<? so that every
x* € Bxx Ncoo(®72 E}) has an optimal A-admissible c-decomposition.

c) There exists D C Bx+ N coo(®72Ef), 0 < ¢ < d =< 1 and a regular fam-
ily A C [N]=%, so that D is d-norming for X, and every x* € D admits an
A-admissible c-decomposition.

d) There existsa < w1, 0 < ¢ < 1,1 < C, and a subsequence (t,,, ?il of the unit
vector basis for T, o, so that (Ei)f’il satisfies subsequential C — (tm;),?; upper
estimates.

Proof a) = b). Assume b) fails for some 0 < ¢ < 1. Then the set

{(min supp g (z}))_, : (x])7_, is the optimal c-decomposition
of some z* € By+ N coo(®72Ef)}

is not relatively compact in [N]=%. This yields a sequence (n,-)fil € [N]“ so that for all
N € N, there exists 2*(N) € By+ N coo(D72 | E), with an optimal c-decomposition
(o} (N))f(:]\ll) so that min supp g« (z7(N)) = n; foralli < N. After passing to a subse-
quence, we may assume that limy _, oo 7 (N) = z} forsome 2} € Bx+Ncoo (D2, E])
with supp(z}) C [n;,n;41) for all i € N. We have that ||z} (N) + z], (N)|| > ¢
forall N € Nand 1 < i < £(N), and hence |z} + 27 | > ¢ foralli € N.
Furthermore, || >N z*(N)|| < | 5N 2*(N)|| < 1 for all N € N, and hence
Supyen |l Z,N: 1 27 (N)|| < 1. We conclude that () is not boundedly complete, and
hence (E;){2, is not shrinking.

b) = c) is trivial.

¢)=d).Let D,0 <c <d <1,and Abe as in ¢). We define

B={nUB UBy:neN, By, B, € A}U{0}.

@ Springer



D. Freeman et al.

It is easily checked that B = B 4 is regular. Let (t,~)f.’il be the unit vector basis of
T.;4,8- We will prove, by induction on s € N, that if (xi)f.‘: | is a normalized block
sequence of E with finite length and |suppE(Zﬁ-‘=1 xi)| < s, then for all (a,-)’l‘ CR,

k k
-1
Zaixi =c zai Imin suppg (;) (3.2)
i=1 i=1 Toa
This is trivial for s = 1 and also clear for k = 1, so we may assume k > 1.

Assume it holds for all s < s. Let (a:i)le be a normalized block sequence of E
with |suppE(Zj~‘:1 x;)| = s + 1. Let m; = minsuppg(x;) for i < k and set my41 =
1 + max suppg (zx). Let (ai)i.‘zl C Rand ¢/d < p < 1 be arbitrary. Since D is
d-norming for X, there exists z* € D with

k
" (Z aixi)
i=1
Let #* = PE'

oy () where E* = (E7)%2. is the FDD for X® . By the bimonot-

onicity of E, ||Z*|| < 1 and also ||:%*(Zf=1 a;z)| > pd| Zf:l ayx;||. Furthermore,
since z* admits an A-admissible c-decomposition, so does Z*. Let (m;‘)le be an
A-admissible c-decomposition of z* and let n; = min suppg.(x}) for i < £. Thus
(n)i_y € A.

If ¢ =1, then 2* € E;k for some j and so

k
i‘* (Zaimi)
i=1

k
Zaitm,-
i=1

> pd

k
2_aiti
i=1

< (pd)™! < (pd)" ;|

k
E a;xT;

i=1

<c!

< (pd)™! , 50 (3.2) holds.

k
E Qjlpy;
i=1

If £ > 1, we proceed as follows. Define

By = {m; :i < k and there exists j < € withm; <n; <m;q1},
By = {m,-+1 :i <kandm; € By},

and let n = min(B1). Then B = B} U B, = {n} U (B1\{n}) U By € B4. Indeed
By € A since it is a spread of a subset of (nj)’f.:l € A, by the definition of Bj.
Similarly B\{n} € A. '

Write B = {mp; : j < €'} where by < by < --- < by. Set Mp,, | = M4l

Since k£ > 1, |suppE(Z?$lJ,7] z;)| < s, for j < £, and our induction hypothesis

applies to such blocks. Moreover, if bj11 # b; + 1 for some j < ¢, then there is at

bji1—

. . m 1 . .
most one ; whose support is not disjoint from ®i—p, E *, since no n; can satisfy
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mp; < ni <mp,,,.Inaddition, |suppgs (z7)| > 11in this case, and so ||z} || < ¢ which
ylelds

bjr1—1 bjt1—1

z* E airi || <c E a;xi|.

We obtain for I = {j < ¢ :bjy1 #bj+1}and J = {1, ..., ¢'N\I,

k
53* (Zaixi)‘
i=1

k
d Zaixi
i=1

=
bjt1—1
3 X DI | S
jel i=b; jeJ
bjpi—1
=2.c| 20 @i+ la,|
jel i=b; jeJ
bjy1-1
SZ Z Aity; +Z||abjtmhj Il,
jel i=bj jeJ

by the induction hypothesis,

k
i=1

bjt1—1

el
d c d
- - z - E aitm,- S -
c“~d| : c
j=1 i=b;j

)

by definition of the norm for 7,4, ,- So

pc

it |-

k
2 @i
i=1

Since p < 1 was arbitrary this proves (3.2). Now the set B is regular, so its Cantor—
Bendixson index C B(B) is less than w;. By Proposition 3.10 in [27], if @« < w is such
that C B(B) < w® then there exists (m;);°, € [N]* suchthat {(m;)icr : F € B} C Sq.
It follows, from (3.2) that (E;) satisfies subsequential = (tmi)?il upper estimates,
where (z‘l)oo1 is the unit vector basis of T¢/4 .

d) = a) is immediate since (t,,;) is weakly null. O

Remark 3.12 In Theorem 3.11, if the FDD (E;) for X is not bimonotone, then the
Proposition holds with slight modification. Let K be the projection constant of (E;).
The hypothesis “0 < ¢ < d” in ¢) should be changed to “0 < ¢ < d/K”. This is seen
by renorming X, in the standard way, so that (E;) is bimonotone:

el = sup | PE
m<n
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Then D becomes d/K -norming for (X, ||| - |||). Furthermore, (3.2) becomes valid for
(X, |- |) with ¢~! replaced by K¢ ~!.

It is worth noting that Proposition 3.11 yields, as a corollary, the following less
exact version of Theorem 3.8. A similar version of Theorem 3.9 would also follow.

Corollary 3.13 Let X be a Banach space with X* separable. Then there exists @ < w)
and 0 < ¢ < 1 so that X embeds into a space Y, with an FDD (F;) satisfying subse-
quential T, o-upper estimates.

Proof By Zippin’s theorem [30], we may embed X into a space Z with a shrinking
FDD (E;). By Theorem 3.11 d), we obtain the result, except that the estimates are
with respect to (#,,;). We expand the FDD by inserting the basis vectors (¢;) je(m;_;,m;)
between E;_; and E; to obtain the desired FDD in a subspace of Z & T . O

Using Proposition 2.8 we can derive from Theorem 3.11 the following sufficient
and necessary condition for the dual of a Bourgain—Delbaen space to be isomorphic
to £q.

Corollary 3.14 Let Y be the Bourgain—Delbaen space associated to a Bourgain—
Delbaen sequence (A;) satisfying condition (2.9) for some 0 < 1/2 (and thus the
conclusion of Proposition 2.4 with M < max(1/(1 —20), 2)) and let F = (F}) be the
FEDD of Y as introduced in Sect. 2 and F* = (F]’."). Define

C = [cuts(y) 1y € U An].

n=1

Then ¥ is shrinking (and thus Y* is isomorphic to £1) if C is compact, or equivalently,
if C does not contain an infinite strictly increasing chain.

Proof Indeed, assuming (2.9), in the analysis of y € I

a
* g% p* %
ey = zaldéj + B P(p_/—l,P_;‘)(bj)'
j=1

all the B;’s are at most 6, except the ones for which the support of ngil_ pj)(bj)

(with respect to F*) is at most a singleton. Therefore the analysis of y represents a
c-decomposition of €}, and, thus, Theorem 3.11 yields that F is shrinking. O

4 The proof of Theorem A

Let X be a separable Banach space. We will follow the generalized BD construction
in Sect. 2 to embed X into a L, space Y. Since X can be embedded into a space with
basis (for example C[0, 1]), we can assume that X has an FDD, which we denote by
E = (E;), and after a renorming, if necessary, we can assume that E is bimonotone.
If X* is separable then we can assume that E is shrinking by [30].
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The Bourgain—Delbaen space Y, which we construct to contain X, will have Y*
isomorphic to £1, in the case that X* is separable.

To begin we fix 0 < ¢ < 1/16 and choose 0 < & < ¢, and (¢;)72, C (0, &) with
& | 0 so that

o0
Zei<§ and Zsi<%n forall n € N. “4.1)

i=1 i>n

Next, fori € N, we choose R; C (0, 1] and /il* C SE;f tobe ¢; /8, dense in their respec-
tive supersets, with 1 € R; for all i € N. We then choose an appropriate countable
subset, D C By+ N coo(@E]), which norms X.

Lemma 4.1 There exists a set D C (BX*\%BX*) N coo(PES) with the following
properties.

a) Ay =DNE; = ﬁﬁfn,form e N.

b) D g}(@’}zm E;‘) is finite, and (1 —&)-norms the elements of@?:m E; forallm <n
in N.

c) Every x* € D can be written as r* = Zle rix}, where (rzj, ..., rgx’;), is
a c-decomposition of x* and x7 € D, and r; € Ry, supp(z?)» fori =1,...L
Moreover

(supp(z}));_y
(z9)¢_, is the optimal lfm-decomposition}

of some z* € Bx+ N cop (@ﬁlE;‘)

€ [(supp(Z?))le :

If (E;) is 1-uncondtional in X then (a) and (b) can be replaced by

a’) Al = DNE,=A% formeN.

b) DN (@jegE;‘) is finite, and (1 — g)-norms the elements of ®jepEj, for all
finite B C N.

For D as in Lemma 4.1 and each x* € D we pick such a c-decomposition
(r1x*, o, .. rex™) and call it the special c-decomposition of x*. If z* € Aj =
DN E;‘.‘, we let (z*) be its own special c-decomposition.

Proof We abbreviate suppg«(-) by supp(:), and we abbreviate rang«(-) by ran(-).
Define

_ 1 [ 2 4T}
L+e/4 |11 220, airfll

We note the following properties of H.

:m <n,a; €R; andx;‘eA;‘fori € [m,n]].

H is countable. “4.2)
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HNe_ lE.* is finite for all n € N. 4.3)
HN®! , Ef(l1—e¢)-norms &;_, E;, forallm <ninN. (4.4)
Ifz* e H and supp(z™) N [m, n] # ¢, m < n, then
k
[m (@)
™ 7 (4 4 g/a)H. (4.5)
||P[I;:n,n]( @l

Set H, = {h € H : |ran(h)| = n} and thus H = (J2| H,. For each n € N we
will inductively define for 2 € H,, an elementh € (Bx+\4Bx+) N coo(@52  Ef). We
thenset D, = {h : h € H,} and D = U,cnD,.

Ifh € Hy, leth = h.Letn > 1 and assume that D,,, has been defined for allm < n.
Leth € Hy, and (z], ..., z;) be the optimal ¢/(1 + &/4)-decomposition of /. Note
that £ > 2 sincen > 1 and ||k = 1/(1 + &/4). We write the decomposition as

* Z
)l = ( 1 Z—)
(sihi)i— lz7 11+ /)(1~|— /DI

By the definition of H, ||z]|| < 1/(1 4+ ¢&/4) andso 0 < s; = [|z7]|(1 +&/4) < 1 for
i <L Ifh; & Hy, then [|s;h;|| = ||z7]| <c/(1+¢e/4)andsos; <c.

Fori < £, choose r; € Rmax supp(hy) with |r; — ;| < emaxsupp(h;)/4 and r; < c if
h ¢ Hy. We define h = Zf_l rih;. By induction, we will verify the following.

supp(h) = supp(h) (4.6)
lh—nl < D & (€)
jesupp(h)

(rlﬁl, . rgﬁg) is a c—decomp ofﬁ, with

and h; € U Dy, ifn > 1.

m<n

4.8)
max supp(h;)

The condition (4.6) is clear. To verify (4.7) we note that if #; € Hy, then

rihi = sihill < 1ri = sil < €pax suppiig) /4

If h; ¢ Hj, by the induction hypothesis,

Irihi — sihill < \lriChi — Bl + |(ri — si)hill
<c Z Ej +5maxsupp(h,')/4 =< Z Ej.

jesupp(i;) jesupp(i;)

~ ‘ ~
Thus ”h_h” S zl‘:l'“rihi _Sihil| < Zjesupp(ﬁ)
by construction. Equation (4.7) now yields,

€, which proves (4.7). (4.8) holds
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12<1/(+e/4)— D g <|hl—Ih—h|
Jjesupp(h)
<Al <kl + 1k =Rl < 1/A+e/H+ D e <1
jesupp(h)

Thus D C BX*\%BX*. Properties a), b), and ¢) of D follow from (4.6), (4.7), and
4.8).
If (E;) is 1-unconditional, as defined, we instead begin with

. La;r¥ -
H = [Z’fl’;l’*:@#BCN,Im < 00,a; € R; and 2} € A fori EB].
I 2 i ep @iyl
We then follow the above construction, similarly without the (1 + ¢/4)-factors. These
were necessary to ensure that the 4 ;’s were in Bxx. O

Next we define I" and a certain partial order on I" and use that to define the A,,’s.

J > 1 and there exists y* € D so that
=1k, ..., rix®): (nzt, ..., riz%) are the first j elements
1275« 1T 1 JTj J

of the special ¢ — decomposition of y*

From Theorem 3.11 and Lemma 4.1 we deduce for G = {{min supp(xjf) 1 <{}:
(rizy,...rexy) € I'}

(E;) is shrinking in X <= @ is compact. 4.9)

We first define an order on the bounded intervals in N by [n1, n2] < [my, m>] if
ny < my orny = mo and n; > mjy. It is not hard to see that this is a well ordering. It
is instructive to list the first few elements in increasing order (we let [n, n] = n):

(In)o2, =(1,2,11,2],3,12,31,[1, 31,4, [3. 4], [2,4], [1,4],5...)
Ify =(z7,...,2}7) € I' welet

14

¢
rang+ (Z xl*) =rang+(y) and suppgs (Z x;‘) = suppg« ().
i=1

i=1

For y € I' we define the rank of y by rtk(y) = n if ran suppg«(y) = I,. We then
define a partial order “<” on I" by y < nif tk(y) < rkg=(n). If tk(y) = rk(€) and
y # 1 we say that y and 5 are incomparable. We next define an important subse-
quence (mj)?‘;l of N. For j € Nletm; = rk(z*) for 2* € A;. Thusmy = 1,my =2,
m3 = 4 and more generally m ;1 = m; + j. Note that
for y € I', ip = max suppg=(y)

: . (4.10)
if and only if m;, < rk(y) < mjy41.

The following proposition is easily verified.
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Proposition 4.2 “<” is a partial order on I'. Furthermore,

a) Every natural number is the rank of some element of I and the set of all such
elements is finite.
b) IfjeNand (z*) e{y :tk(y) =m;} ={(ra*) e I' :r e Rj,z* € Aj}, then

{yel:y <z*}={y € I' : max suppg:(y) < j} and
{y ey > @} ={y eI' : maxsuppg:(y) > j and suppg-(y) # {j}}.

Proof Lemma 4.1 (b) implies that for any n there must be some y € I" of rank n, and
if we let s < t, so that I,, = (s, t], then

14

t—s
#yel k(y)=ny<> > J[#Rr, #Dn (ea;.f:tj_] E%),
J4

=1 s=to<t1<..1y=t j=1
which yields (a). (b) follows easily from the definition of our partial order. O

For neN, set A, ={y € I' : tk(y) =n}. We will next define c; for y € I' (thus also
defining e}, = ¢, + dy). Following this we will show how the A,,’s can be recoded to
fit into the framework of Sect. 2. To begin,

i) we let c}’j = 0if rk(y) € {m; : j € N} (thus, in particular, c;i =0ify € Ay).

We proceed by induction and assume that c; has been defined for all y € I}, =
U’ =1 An. Assume that y € Ayqq withn + 1 & {m; : j € N}. Lety = (a7, r223,
..., rexy). There are several cases.

ii) £=1,s0y=(r1z]), where [suppg«(x7)|> 1. Let (s1y}, $2%5, . . ., Smyy,) be the
special c-decomposition of =} and note that m > 2, since [|z7| > 1/2 > ¢. Put
& = (5197, 52Y5+ - - - » Sm—1Y,,_,) and let ) be the special c-decomposition of y;,.

Define c;‘, = rleg‘ + r1smef;.

iii) £=2and |suppg: (z])|=1.Let& = (z7) and let n be the special c-decomposition
of 2} and set c;j = rleg + rze;.

iv) £ > 2or{ = 2and |suppg«(z})| > 1. Let & = (riz], a3, ...re—12;_,) and
let ) be the special c-decomposition of z. Define ¢}, = eg‘ + reey.

Note that in the cases (ii), (iii) and (iv) k := k(&) < rk(n) < n and, furthermore,
as can be shown inductively

min suppg= (e’;) > Mminrangs () forally € A,. 4.11)

For the recoding we proceed as follows. We will identify A, with new sets A con-
forming to Definition 2.1. Set A} = Ay = {(rz*) : r € Ry, 2* € A]}. Forn > 2 we
will identify A, with A, = A;O) U A;l). Assume this has be done for j < n. We let
y € A,+1 and define y in the four cases above.
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i) Ify = (ra*) withr € R; and z* € A; for some j € N, and thus tk(y) = m;},
welety = (m;,0,0,rz"),ie. we choose 8 = 0, b* = 0 and (rz*) to be the
free variable.

In the next three cases let &, n and k = rk(§), €,m, r;, j < £, and s;, j < m, be as
above in (ii), (iii) and (iv), and let & and 7] be the recodings of & and 7.

ii) Ify = (r127]), with [suppgs«| > 1, welety = (n + 1, 2ry, %(e;_f + smeg)).

iii) Ify = (ra}, roab), with [suppgs (2| = L let 7 = (n + 1, r1, k, &, 12, ex).
iv) Ify = Srlx*f, rax3, ..., rexy), with £ > 2 or [suppgs (z])| > 1,let y = (n +
1, l,k,é,re,€;)~

In cases (i) and (ii), y is of type 0, while in the other cases it is of type 1. In cases
(ii),(ii1) and (iv) the set of free variables is a singleton and we have thus suppressed
it. Definition 2.2 yields that the Bourgain-Delbaen space corresponding to the A,’s
is exactly the same as the one obtained from the A s above. Indeed, in (ii) (iii) and
(iv) the definition of ¢* involves the projections P( . But PF (e*) = e by Propo-
sitions 4.2 and 4.11. Also, from our construction, we note that (2 9) is satlsﬁed for the
A ’s since the factors r involved are all at most 2¢ < 1 /8, unless the relevant b* = en
and c:‘] = 0, for some n € I". It follows as in Remark 2.5, that F* = (F;‘) is an FDD
for €1, whose decomposition constant M does not exceed 2.

Let y = (ro],...,rexy) € I', £ > 2. Then by iterating case (iv) we can
compute the analysis of e,. Namely e}, = Z] 3(d + 7 e,7 ) + ¢}, where y; =
(rlxl, R rgxe), for2 < j <¢¥, and n; is the specml c-decomposition of a:j, for
3 < j < L. By considering the different cases where |suppg: (z])| has one or more
elements we have

. _ Hzﬁ:l d;“j +rje ,”7‘ if [suppg: (z])| = @.12)

e
Y Zf.zz(d;‘j +rje, ) +d + rleé/ + rlsmen if [suppg« (z7)| > 1,

where in the bottom displayed formula, using case (ii), 5{ = (1Y - Sm—1Yp_1)>
where (s1y7, ..., Sm—1Y5_,> SmYy,,) is the special c-decomposi-tion of ) and 7’ is
the special c-decomposition of y .

From 4.12, Corollary 3.14 and our construction using special c-decom-positions
of elements of D, it follows that (F;) is a shrinking FDD, if (E;) is a shrinking FDD.
Indeed, then the set {(min suppE*x;“)f:] . (rizy, ..., rexy) € I'} is compact. From
the analysis (4.12) we see that C = {cuts(y) : y € '} is also compact.

To complete the proof of Theorem A it remains only to show that X embeds into Y,
the Bourgain—Delbaen space associated to (A4,). Asin Sect. 2 we let Jy, : €oo(I7) —
Y C oo (I") be the extension operator, for m € N.

@ Springer



D. Freeman et al.

Definition 4.3 For i € N, define ¢; : E; — Loo(Ap;) by ¢i(x)(ra™) = ra*(z).
Define ¢ : Coo(@?il E)—Y=U,Yn Sl byop@) =2 Ju, oqﬁi(PiEx) IS
co0 (D721 Fimy)-

In proving that X embeds into ¥ we will use the following connection between the
functionals ¢}, and the elements y € I deriving from the elements of D.

Ifng{m;:jeN} and y = (rzj,...,rex;) € A,, then c;i =ae§ +,3e;,
(4.13)
where &€ = (s1y], 205, ..., skyg) and n = (2], ..., twz),) are in A,_j,

¢ L L
such that Zrix? =a Zsiy;“ +8 Ztiz;‘.
i=1 i=1 i=1
This is easily verified using (ii), (iii) and (iv). Note that, since A;-" C BE[_* is (1 —e/4)-
norming E;, (1 —e¢/4)||z|| < ||¢i(x)|| < ||z| forall x € E;.

Proposition 4.4 The map ¢ extends to an isomorphism of X into Y, and
A=)zl < ll¢@)| < |z| forallzeX.

Proof Using (4.13) and the definition of ¢;, j € N, we deduce, by induction on the
rank of y € I, that for all y = (rj27, ..., rex}) € I'and all x € 000(69702115]‘),

e
e (p@) = D rjah(@).

j=1

Using the bimonotonicity of E in X, and the properties of the set D C By as listed
in Lemma 4.1 we obtain for x € cqg (EB‘;.’;] E;j)

¢
(1 - o)zl < sup |z*(@)| = sup > riah @)
r*eD y=(@ray,...rexp)el |2
= sup le, (P ()| = [zl
yvell
which implies our claim. O

We will be using the construction of Y and all the terminology and notation of that
construction in the next two sections. In the proof of Theorems B and C we will also be
using the construction for V replacing X where V has a normalized bimonotone basis
(v)72 . In this case the v;’s play the role of the E;’s, more precisely E; is replaced by
span(v;). To help distinguish things we will write BDyx and B Dy for the respective
L~ spaces containing isomorphs of X and V.
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Finally, it is perhaps worth noting that, in the V case we could alter the proof
slightly by allowing the scalars R; to be negative and ¢; /8-dense in [—1, 1]\ {0} and
take A* = {l+s/4 ]} In the case that (v; ) is also 1-unconditional we can use A* = {v;‘}
(see the second part of Lemma 4.1). We would then obtain

Corollary 4.5 Let V be a Banach space with a normalized bimonotone shrinking
basis (v;)72,. Then W embeds into a L, space Z, with a shrinking basis (z;);2, so
that (vl)o"1 lS equivalent to some subsequence of (z;)72,.

In case that V is the Tsirelson space T, the construction of a Bourgain—Delbaen
space containing V becomes simpler.

Remark 4.6 Let X be the Tsirelson space T, o, where ¢ < w; and ¢ < 1/16. In

¥, there is a natural choice for the set D satisfying the conditions of Lemma 4.1
(1-unconditional case). Indeed, we let D = U,C;o:o D,,, where D,, n > 0 1is defined by
induction

Dy = {iejf : j € N} and assuming Dg, D ... D, have been defined we let

(4.14)
k k22,x;‘eU'}=0Dj, fori <k,
Dyt = Zz {minsupp(z}) : i <k} € Sy, and
i=1 max supp(z;) < minsupp(z}, ), if i <k.

In that case D 1-norms 7, and I” also has a simple form in this case:

t>2,27 €D, fori <¢,
Ty =1 (cat,ca3y, ... cxy) : {minsupp(z}) :i <} € S,, and U Dy.
max supp(z;) < minsupp(z;, ), ifi <&,

Our construction in Theorem A leads then to a Bourgain—Delbaen space containing
isometrically 7, o and it is very similar (but simpler) than the construction in [4] where
a mixed Tsirelson space was used instead of T 4.

In summary, our proof of Theorem A, then yields the following theorem.

Theorem 4.7 Let X be a Banach space with a bimonotone FDD E = (E ) and let
& > 0. Then X embeds into a Bourgain—Delbaen space Z having an FDD F = (F}),
such that

a) Forn €N, there are embeddings ¢, : E, — F,,,, so that

@ : coo (EB;.,O:lEn) — Z, an = Z¢n(xn)
extends to an isomorphism from X into Z with (1 — ¢)||x|| < ||l¢ ()| < ||z for
z e X.

b) F is shrinking (in Z) if E is shrinking (in X ).

From Theorem 4.7 and [12, Corollary 3.5] we obtain
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Corollary 4.8 There exists a collection {Y, : a < w1} of Loo2 Spaces such that Y}
is 2-isomorphic to £1, and Yy is universal for the class Dy = {X : X separable and
S;(X) < a}, foralla < w.

5 The proof of Theorems B and C

The constructions which will be used to prove Theorems B and C are augmentations
of sequences of Bourgain—Delbaen sets as introduced in Sect. 2.

Definition 5.1 Assume that (4,) is a sequence of Bourgain—Delbaen sets, and assume
that (A,,) satisfies the assumptions of Proposition 2.4 with C < 0o, and hence M < oo.
We denote the Bourgain—Delbaen space associated with (4,) by Y and its FDD by
F = (F,). Since we will deal with different Bourgain—Delbaen spaces we denote from
now on the projections P4 of Y onto ®;e4F;, A C N finite or cofinite, by PE .

An augmentation of (Ay), is then a sequence of finite, possibly empty, sets (&),)
having the property that (4,) := (A, U®,) is again a sequence of Bourgain-Delbaen
sets. More concretely, this means the following. @ is a finite set and assuming that
for some n € N, (©;)'i_, have been chosen, welet A; = A; U ©;, A; = U], ©;,

and I'j = |J/_, A;, for j < n, where ©, is the union of two sets, @r(l(_)gl and @r(lir)l,
which satisfy the following conditions.

@,(l(_):l is finite and

eﬁ?lc{m+4,ﬁbﬂfdzﬁem,niﬁe3bfw,mdfeﬂ@ﬁhﬁmq, .1)

where W,41,8,5+) is a finite set for f€[0, 1] and b* e Bél(fn)‘
(9,(121 is finite and

a, Belo, 1],
ke{l,2,...n—1),
Eel, b*eB, a1, |
and f € W(n+1,oz,k,§,ﬂ,b*)

ol c i+ 1,akEBb" f): (5.2)

where W(n+1,a,k,§,,5,b*) is a finite set for « € [0, 1], k € {1,2,...,n — 1}, § € A,
,3 (S [O, 1], and b* € Bel(Fn\fk)'

We denote the corresponding functionals (see Definition 2.2) by c; fory e T'. We
require also that (4, satisfies the conditions of Proposition 2.4, so that F- = (F,),
with F: = span(e; : ¥ € Ay) is an FDD of £ (I") whose decomposition constant
M can be estimated as in Proposition 2.4. We denote then the associated Bourgain—
Delbaen space by Z, and its FDDiby F = (F,). Asin Segt. 2, we denote the projec-
tions from Z onto ea;"zkf,-, by P[l;;m], if k < m, or by PF if k = m. The restriction

operator from loo(T) onto 2% (T',) or £, (_F ) onto £ (Fn)_is denoted by ﬁl and the
extension operator from £, (1",,) to @;f’zl Fj C Z C lx(I') is denoted by J,.
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Note that by Corollary 3.14, under assumption (2.9), F is shrinking in Z if {cuts(y) :
y € I'}is compact.

Remark 5.2 In general Y is not a subspace of Z. Nevertheless it follows from Prop-
osition 2.6 that Fj, is naturally isometrically embedded into F,, for m € N. Indeed,
the map

Um : Fn = Fmy x> Tnd @) = T a,),

is an _isometric emEedding (where we consider £, (A . ) to be naturally embedded into
Loo(Ap) and £oo (Ayy) naturally embedded into £oo(15,)). We put

Ve (931F) o coo (O5F)). @ (@) (53)

Wed_eﬁne Yon (@52 Fe, by ¥ ()52 = (¥ (272, € H?il F;, asequence
in (Fj)?il' Note that if ¥ € A, then we can regard, for x = (z;) € (®F;)¢,,
c;(W(x)) = c;’j (Z;'.:l ¥ j(x;)).Itis worth noting thatforyecoo(@;?o:1 F), vWlr =
y. Thus ¢ extends such elements to elements of Z. However this extension is not

necessarily bounded on Y. In any event, if we define m(z) = z|r for z € Z then
w:7Z—>Y.

The following provides a sufficient criterium for a subspace of Y to also embed
into the augmented space Z.

Proposition 5.3 Assume that X is a subspace of the Bourgain—Delbaen space Y with
FDD F = (F;) and which is associated to a Bourgain—Delbaen sequence (A;).
Assume moreover that C()()(EB‘;O:l Fj) N X is dense in X.

Let (®y,) be an augmentation of (A,) with an associated space Z, and assume that
|c;(1ﬂ(x))| <cxlz| forally € A = UjeN Ajand all v € X. Then v embeds X
into Z and ||| < ||¥(x)|| < max(1, cx)||z|. Furthermore, for x € X, m (Y (x)) = x.
Thus v : W (X) — X is the inverse isomorphism of V| x.

Remark 5.4 In[17;24, Lemma 3.1] it was shown that every separable Banach space X
can be embedded into a Banach space W with FDDE = (E ), so that X Ncoo (@j‘; 1E)
is dense in X. Moreover, (E ) can be chosen to be shrinking if X* is separable. Using
the construction of Theorem A, we can therefore embed W into a Bourgain—Delbaen
space Y which has an FDD F = (F) so that E j embeds into F),; for some increasing
sequence (m ;). It follows therefore that the image of X under the embedding into Y
has the property needed in Proposition 5.3.

Proof of Proposition 5.3 For x € X and ¥ € T we first estimate e;(w(a:)). Ifyer
then e;i (W (x)) = e;j (), and thus it follows that || (z)|| > ||zll¢s ) = ||| for all
reX and w (¥ (x)) = x. If y € A it follows that

W @)| = | @)| < exliol
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and therefore the restriction of v to X is a bounded operator, still denoted by i, from
X to £oo(T), and ||/ || < max(cy, 1).

We still need to show that the image of X under v is contained in Z. However
w(Xﬂcoo(éB‘]’-ilF/)) C Zsince y(XNF;) CY(Fj) C Fj C Zforall j € N. Thus
the image of v on a dense subspace of X is contained in Z, and hence ¥ (X) C Z.

Theorem 5.5 Let Y be the Bourgain—Delbaen space associated to a sequence of sets
(Ay) and let F = (F,) be the FDD of Y. Let X be a subspace of Y and assume that
coo(EB;?Ole 1) N X is dense in X and let V be a space with a I-unconditional, and
normalized basis (vy).

Then there is an augmentation (®,) of (A,) with an associated space Z and with
FDDF = (F,) so that the following hold.

a) X embeds isometrically into Z via .
b) IfF and (v;) are shrinking, then F is also shrinking and, thus, Z* is isomorphic
to £1. Furthermore, if (z,)) is a normalized block basis in Z, with the property that

8o = inf dist(z,, ¥ (X)) > 0
neN

then (z,) has a subsequence (z,) which dominates (v, ) where k, = max Suppg
(z,)+ 1, forneN.

¢) If X has an FDD E = (E,), with the property that E, C F,, forn € N, then in
this case we can choose (®,,) so that

o0
c;(w(x)) =0, whenever,y € A = U ©; and zeX.
j=1

Moreover every normalized block sequence (z,) satisfying

max Suppg(z,) + 1 + 2 < min sSuppg(zn+1)

and 8 = inf dist(z,, ¥ (X)) > 0, (54)
ne

dominates (v, ), where k, = max suppg(z,) + 1.

Remark 5.6 Incase (c) we allow some E,, to be the nullspace {0}. As noted in the intro-
duction, this will be convenient. In the case of Theorem A, we actually had E; C ij s
but we choose to simplify the notation in the arguments below.

Proof of Theorem 5.5 The construction of (®,) will differ slightly depending on
whether X has an FDD or not.

We use the construction of Sect. 4 for the space V with ¢ < 1 /16 using as an FDD for
V the basis (v;)2, and A% = {£v7} forall j € N. We write DY, Ay, 1Y, ..  todis-
tinguish these sets from A,,, I}, ... which came from the construction of Y. Thus we
obtain a L, space YV and a ﬁ-embedding (see Proposition 4.4) ¥ : V. — YV The
numbers ¢ < ¢ and (e,) C (0, ¢) satisfy, as in Sect. 4, the condition (4.1).
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Now DY = D is as defined in the unconditional case of Lemma 4.1 for the space
V. We also note that in the case that V is the Tsirelson space, T, , with @ < w; and
c < 1/16 we could use DY and I'V = I, 4 as defined in Remark 4.6.

We define by induction for all n € N the sets @, and the sets (H),EO) and @,(,1), if

n > 2, satisfying (5.1) and (5.2). Moreover, we also defineamap ®, — I'V, 7 > 37"
so that

cuts(y) is a spread of

{min suppy«(x}), min suppy«(23), . .., minsuppy«(z})},
5.5
WhereVV=(a:’f,x§,...,x’(")el“v, (5-5)
fory € ©,, and max suppy« (7V) <n.

The set of free variables will be a singleton, and o will always be chosen to be 1 in
(5.2), so we suppress the free variable and «, in the definition of the elements of @,,.
To start the recursive construction we put @; = @, and assuming @;O) and @]('1)

have been chosen for all j < n, we proceed as follows. Aj, and Fj, j <mn, Fj and
P(F,:j], 0 <k < j < n,are given as in Definition 5.1. Since Y is a subspace of £, (I"),
and since [, C I, e;, y € I',, is a well defined functional on Y (and thus on X).
The map ¢ : X — H;’il fj will be defined ultimately as in (5.3). At this point for

z € X, Y(@)lF, is defined and so e;(lp () = C;(iﬁ(ac)) is defined for ¥ € T",,. Thus
we can choose for 0 < k < n, finite sets

{b* € By T P(kan](b*)h/,(x) =0}, assuming X has an FDD

B,n C
o { (T \Te) no assumptions on X

which are symmetric and ¢,41/(2M + 4) dense in their respective supersets. Then
we put

09 =% yue? wih

n+1 n+1 n+1

@,(l(_);i) ={(n+1,rc,b*): (rv, ) € rv and b* € Bo.n1}
7 € Ay, Ix* € DV so that

O =1+ 1,red: (ra*) € I'V with [suppy«(z*)| > 1 and |,
7V is the special c-decomposition of z*

and
@D _ 0D 5(12) :
0,1 =06,/7U6,’7 with

k <n, EE Oy, b* € Bic.n,

G rvy) el

with |5 (¢ @)] < |1z

OUY Yy — 41,k re, b%)
forallz € X
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k < n,ge@k,neAn,Elx*eDV

with |supp(z*)| > 1, so that
E&", ratye Iy, and " is the

1,2 — =
@I’(l+1)= ]/=(I’l+1,k,§,r,€%)l

special ¢-decomposition of x*

with [eZ(¥ ()| < |||
forallz € X

(1,2)

0,2 =
Note that for (n+ 1,7, ¢%) € O\, or (n+ 1, k.. r. ) € O]

n+1
since |supp(z*)| > 1. We define fory € A, n > 2,

we have thatr < ¢

0,1)
n+1
0,2)
n+l >

(rvy ) ify=m+1,rc,b*) € ®
(ra’™) if?:(n—}—l,r,e%)e@
where 77" is the special c-decomposition of z*,

E" rvr) ity =0+ 1LkEre,b®) ey,

& ra*) ify =m+1,kEr e;‘;)e@,(lii),

where 77V is the special c-decomposition of z*.

(O]
n+1°

induction argument proves it also for the elements of @’521. It is worth pointing out

Then condition (5.5) follows immediately for the elements of ©& while an easy

that {yV : 7 € A} is a proper subset of I"", but nevertheless is sufficiently large for
our purposes.

Proposition 2.4 yields that (A,) admits an associated Bourgain-Delbaen space Z
with FDD F = (F ;) whose decomposition constant M is not larger than max(M, 1/
(I = 2¢)) < max(M, 2), where M is the decomposition constant of (F;). If (F;)
and (v, ) are both shrinking in V, and thus, the optimal c-decompositions of elements
of By« are admissible with respect to some compact subset of [N]<®, our condition
(5.5) together with Theorem 3.11 and Corollary 3.14 yield that the FDD F = (F)
is shrinking in Z. The definition of @,51) together with Proposition 5.3 imply that
isomorphically embeds X into Z.

To verify parts (b) and (c) of our Theorem and will need the following

Lemma 5.7 Let (zj) be a block basis in Z* with respect to F and (8;) C [0, 1] with
ZjeN 3 < 1.Assumethat|z’;(1/f(a:))| <djforall jeNandx € Bx.Defineforn € N

Pa = min suppge (23) — 1 and g, = max suppg= (z5) + 1 (thus Suppge (z3) C (P> )
and assume that

Z;lk — PF*

(pn,qn)(zz) for some 7} € By, p,y, and qu+n < pyp1. (5.6
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Then for any sequence (,Bj)j-\’:l withw* = Z?]:l Bj v;;j € DY there exists 7V € Aniqy
so that

P (e5) =cBuzl, foralln <N, and

N
PP (ep) (W (@) = D cpuzy (W (@) ifx € X. (5.7)

n=1
Proof We prove our claim by induction on N € N. If N = 1 then w* = £vj , and
welety = (g, c, £2]) € @,5? ‘D Then 67 = (L:i: ¢z} and P(p1 ql)(e ) = £z,
depending on whether 81 = +£1. Since d*(w(a:)) = 0 for x € X we also deduce the

second part of (5.7).

Assume that our claim holds true for N and let w* = ZNH Bjv = DV Then, by
our choice of DV (see Lemma4.1), w* has a special c-decomposition (rlw’l", Ca TeWy),

and we write w¥ as w¥ = ZIN’N] 1+1,B(j) vy with ,3(]) = pi/rj, for j < € and
Nj_1+1<i<NjandNgo=0<N; <...Ny=N+1. Since £ > 2, we can apply

the induction hypothesis to each w}f and obtain ﬁj € AqN/ +N;j—Nj_1> j=1,2...¢,
so that P(P PICAE B2k it Nj_y <n < Nj. Now let
(q1, cry, sign(BzZD} if [supp(w))| =1

V1= .
(Pyys1o 11 €5) if [supp(w})| > 1.

Note that, in the second case, by assumption (5.6) gy, + N1 < pn,+1 and thus
7 € A,,N e Assuming we have chosen 7]»_1, for2 < j <€ welet
1

@y 7srergsien(8,)25) if [supp(w;)| = 1
Vi= - .
(qNJ + N/ - N/—l + 1, )/j_l’ rk()//—l)s rj’ e%]) lf |Supp(wf)| > 1.
Using the induction hypothesis on the 77;’s, we deduce by inductionon j = 1,...¢

that forz € X

Nj Nj
e (W(@) = ¢ (W(@) < D leBuzy (W @)] < D dullzll < ],
n=l1 n=1
and thus | € G);?’l), if [supp(wi)| = 1, and ¥, € OéN , if [supp(w})| > 1, and

_ Ll . 1,2
Yj € @;Nj),1f|supp(w’f)| =1l,and ¥y Vi € O; iN N1
j=2,3...¢

Finally we choose ¥ = ¥, which in both cases is an element of Ay, +ny41. It
follows forn < N, and 1 < j < ¢ such that Nj_1 <n < Nj that

if [supp(wi)| > 1, if
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F %\ _ pF *
P(pn,qn)(eV) - P(pn,qn)(e?)

cr151gn(ﬂ])z* if [supp(w?)| = 1 i}
= = C .
PPh ey if lsupp(w] = 1]~ P

which finishes the verification of the first part of (5.7), while the second part follows
from the induction hypothesis applied to the 77;’s. O

Continuation of the Proof of Theorem 5.5 To finish the proof we consider a normal-
ized block basis (z,,) in Z, with 89 = inf), dist(z,, ¥ (X)) > 0 and the additional
property (5.4) in the case where X has an FDD. Let p, = minsuppg(z,) — 1 and
qn = max suppg(z,) + 1. It follows that g, +n < p,11, forn € N. In this case (X has
anFDD) we choose z € @je(pn,qn)Fj,With lzill < 1,25 (zy) = ;—%andZﬁW(X) =0.

In the case (b) we proceed as follows. We choose v € Z*, |yl < 1, so that
yn(zn) = 8o and yi |y (x) = 0. After passing to subsequence and using the fact that (zx)
is weakly null, we can assume that y is w*-converging, and after subtracting its w*
limit and possibly replacing 8o by a smaller number we can assume that (y;) is w* null.

After passing again to subsequences, we can assume that there exist p,’s and
qn’s with

<é&n

F*
H P(Pm‘]n)(y:;) - y;:

and g, +n < puy1 for n € N. Then we let z;; = P(l; an
that ||z} || < 1 and z)i(z,) = 80/(1 + &) =: &.

Inboth cases we found 7} € Gap +1F* with ||| < 1,z5(z,) = 8pand z |y (x) = 0
in the first case and ||z} ]y (x)ll < &, in the second.

By Proposition 2.7 we find b% € €1(I"y,—1\T" p,), for n € N so that ||b}|ls, < M

and 2} szqn)( ).

)W)/ (1 + &), and deduce

Using now the density assumption of B, 4,) We can choose l;* € B(pg4,) With
||b* - —b*ll < &4,/2M +4) < &,,/2M, since M < M Vv 2. So if we let 7} =

(Pn i )(b ), we deduce that ||z /M — Z}|| < 2Me,, /2M = ¢,, and hence Z:(z,)
@) /M — |2i/M = Z}| > 8,/M — &y, foralln € N.

Let ng € N be such that 8/ > anoM. It is enough to show that (z;),>n, has lower
(vg, Jn=n, estimates. We can therefore assume without loss of generality that ng = 1.

v

Let (« j)j'vzl C R with || ZN 1 @jVg; |l = 1 and using Lemma 4.1 (in the unconditional
case) we can choose (,BJ)N | C R with Z 1 Bjv; 0 € DV so that

N N N

*
E ﬂjvqj E Ajvg; | = E Oéj,Bj > (1 —e).
j=1 j=1 j=1

Since (p,,) and (g,) satisfy the assumptions of Lemma 5.7, we can choose y € A
so that
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N N
F*
| 2wz Zzafﬂfp(ﬂ./’fh)(e;)(zf')
=

j=1

N
= cza,-ﬂjzjf(zj) > c(1 — £)8)/2M,
j=1

which finishes the proof of (b) and (c) and thus Theorem 5.5 in full.
We now prove Theorem B.

Proof of Theorem B Let X and U be totally incomparable spaces with separable duals.

By Theorem 3.8 U embeds into a space W with an FDD which satisfies subse-
quential 7, -upper estimates for some o < w; and some 0 < ¢ < 1. As noted before
we can assume that, after possibly replacing o by one of its powers, we can assume
that ¢ < 1 /16. We also noted that Proposition 7 in [26] calculates the Szlenk index of
Ty, to be Sz(Ty ) = w*”. We may thus choose 8 > « so that Sz(Tg ) > Sz(Ty,¢).
Furthermore, any infinite dimensional subspace of Ty . has the same Szlenk index
as Ty .. We immediately have that T, . and Tg . are totally incomparable, that is no
infinite dimensional subspace of T . is isomorphic to a subspace of Tg .. This idea
can be refined further to give that no normalized block sequence in T, . dominates a
normalized block sequence in Tg ..

Using Theorem A and Remark 5.4 we can embed X into a Bourgain—Delbaen
space Y with shrinking FDD F = (F}) so that X N coo(EB‘;ile) is dense in X. We
apply now Theorem 5.5 to Y, with (v;) being the unit vector basis of T¢ g, to obtain a
Bourgain—Delbaen space Z, and an embedding v of X into Z, so that every normal-
ized block sequence, which has a positive distance to 1 (X), has a subsequence (z;)
which dominates some subsequence of (v;). If (z;) is equivalent to a basic sequence
in U, then (z;) is dominated by a subsequence of the unit vector basis for 7, . Thus
a subsequence of the unit vector basis for 7, . must dominate a subsequence of (v;)
(the unit vector basis for Tg ), which is a contradiction. Thus no normalized block
sequence in Z, which has a positive distance to ¥ (X), is equivalent to a subsequence
inU.

Now any normalized sequence in Z has a subsequence which is equivalent to a
sequence in X or has a subsequence which has a positive distance to ¥ (X). In both
cases it follows that the sequence is not equivalent to a sequence in U. Theorem B
follows.

Proof of Theorem C Assume that X is reflexive. Using Theorem 3.9 we can assume
that X has an FDD (E;) which satisfies for some o < w; both subsequential T .-
upper and subsequential 7,/ .-lower estimates. As noted before we can assume that
c < l/16.

By Theorem 4.7 we can embed X into a Bourgain—Delbaen space Y with a shrink-
ing FDD F = (F}), associated to a sequence of Bourgain—Delbaen sets (4,), via the
mapping ¥ given in (5.3).

Now we apply Theorem 5.5 (b) to the unit vector basis (v;) of 7. and obtain an
augmentation (®,) of (4,) generating a Bourgain—Delbaen space Z having an FDD
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F=(F ), so that every normalized block basis (z,) in Z has a subsequence which
is either equivalent to a block sequence in X, or which dominates a subsequence of
(v;). Moreover, the later case holds for all normalized block bases of (z,). In both
cases it follows that this subsequence is boundedly complete, and since it is shrinking
it follows that it must span a reflexive space.

Similarly we can show the following result, whose proof we omit.

Theorem 5.8 Let X be a Banach space with separable dual and let (u ;) be a shrinking
basic sequence, none of whose subsequences is equivalent to a sequence in X. Then X
embeds into a Bourgain—Delbaen space Z whose dual is isomorphic to £, and which
does not contain any sequence which is equivalent to any subsequence of (u ).

Using a construction similar to one in the proof of Theorem 5.5 we can show the
following embedding result for spaces with an FDD satisfying subsequential lower
estimates.

Theorem 5.9 Let V be a Banach space with a normalized unconditional basis (v;),
having the following property.

There is a constant C > 0 so that for
any two sequences (p,) and (q,) in N,
with py < q1 < p2 <q2 <...,(vp,)
C — dominates (v, ).

(5.8)

Let X be a Banach space with an FDD (E;) which satisfies subsequential V -lower
estimates. Then X embeds into a Lo space Z withan FDD (F;) which satisfies skipped
subsequential V'-lower estimates where V' is some subsequence of V. Furthermore,
if (E;) and (v;) are both shrinking, then (F}) can be chosen to be shrinking too.

Proof After renorming, we may assume that the FDD E = (E;) is bimonotone and
that the basis (v;) is 1-unconditional. We use the construction of Sect. 4 to define a L
space Y withan FDD F = (F;) and an embedding ¢ : X — Y such that ¢ (E;) C Fy,
for some sequence (m;) € [N]“. For convenience, we will refer to the space ¢ (X) as
X. As the FDD (E;) satisfies subsequential V-lower estimates, there exists K > 1,
so that

if (x;) C X is a normalized block sequence such

Mg;
that z; € eaj:m

ij’ withl = p; <q1 < p2, ..., 5.9

i

then (z;) K — dominates (v, ).

We now define the Banach space V = V @ ¢y with basis (3;) given by v, = v;
and v; = ¢; if i & {m}, where (¢;) is the unit vector basis of cp. It is clear that (v;)
is a l-unconditional normalized basic sequence, and that (v;) is shrinking if (v;) is
shrinking.
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We denote the projection constant of (F;) by M. The sets 4,), ©0h 0.2
©WD and ®U+?) are defined as in Theorem 5.5 for some constant ¢ < 1/K, the
basic sequence (9;), and some inductively chosen €,41/(2M +4)-dense sets B, C
By m\To (i.e. we are using the case “no assumptions on X ). This construction yields

that (A,,) admits an associated Bourgain-Delbaen space Z with FDD F= (F/) whose
decomposition constant M is not larger than max(M, 1/(1 — 2¢)) < max(M, 2). If
(F;) and (vy,) are both shrinking in V, and thus, the optimal c-decompositions of
elements of By;. are admissible with respect to some compact subset of [N]=“, we
have that the FDD F = (F) is shrinking in Z. Furthermore, we have an isometric
embedding v : X — Z.
Before continuing, we need the following lemma which is analogous to Lemma 5.7.
O

Lemma 5.10 Let (zjf) be a block basis in Z* with respect to F" such that there exist
integers p1 < qi1 < p2 < qa...with Suppg* (z3) C (mp,,my,) foralln € N. Assume
that

* _ pFx ~% ~%
Z, = P(mp,,,mq,,)(zn) Jor some z,, € Bgn,, .m,,), forn € N.

N . N 74 [
Theror any sequence (Bj);_, with w*= zj:l Bj v;‘j € D", there exists y € Antiy
so that

P(Ej,,,,,mqn)(%) = cPpzy, ifn < N, and
F al (5.10)
PP @)W @) =D cPuzi(W(@) ifreX.

n=1

Since parts of the proof are essentially the same as the proof of Lemma 5.7 we will
only sketch it and point out where both proofs differ.

Proof We will prove our claim by induction on N and the case N = 1 is exactly
like in the proof of Lemma 5.7 (with p; and g; being replaced by m,; and mg;,
respectively). To show the claim for N + 1, assuming the claim to be true for N,

we let w* = 27;1] Bivm,, = Z;V:ll Bjvg; € DV, and define £ € N, £ > 2 and

Vi and Mjs j =1,2...,¢£, as in Lemma 5.7. We need only to show by induction
onj = 1,2...¢, that |e;(1ﬂ(a:))| < |lz|| for z € X (without the assumption of
J

Lemma 5.7 that Izj (Y (x)] < 8illz|l, for j < £). Using the induction hypothesis on
the ﬁj’s, we deduce by inductionon j =1, ... £ thatforx € X

e (@) = Ic, (¥ @)
N

< D lePuz, (¥ ()]

n=1
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Pl @)

Nj
<> clBal
n=l1

Nj N; B
= [ 2B | [ D1 g @ @D,
n=1 n=1

Nj
<c| D NP iy G @),

n=1

Nj

<c |3 (| P @@,

n=1

F ~
P g 6 [, )
< cK |zl < Jlz]

[in the penultimate line we use the l-unconditionality of (v;) and in the case of
Jj = £ we put Pyt = May s for the last line we use (5.9)] and thus y; € @,(,,Oq’ll),

. _ _ - (0.2) . — oD .
if |supp(w})| = 1, and ¥ € ()mleH, if [supp(wi)| > 1, and 7; € quNj, if

—_ 1,2 . e
[supp(w})| = 1, and Vj € (H)r(nqu NN if [supp(wi)| > 1,if j =2,3...L
We put then ¥ = ¥, and the rest of the proof follows again like in Lemma 5.7. O
Continuation of the Proof of Theorem 5.8 To finish the proof we consider a normal-
ized block basis (z,,) in Z such that there exists sequences p; < g1 < p» <q...
with suppg(z,) C (mp,,mg,) for all n € N. We choose z;; € EBje(pmqn)Fj, with
lzxll < 125 (zn) = 557

By Proposition 2.7 there exists b} € £1(Iy,—1\T"p,),forn € Nsothat ||b}[l,, < M

* F
and z; = P([’nv‘]n

B(p.g With b} — b} < e4,/(2M +4) < &4,/2M, since M < M v 2. So if we
let 7 = P(im M@;), we deiuce that ||z} /_M — 7% <2Me,, /2M = &, and hence
ZMzn) = 25 @) /M — |25 /M — 25| = 1/M — &, foralln € N.

Let (ocj)y:1 C R with || Z;v:l ®jvg; || = 1 and using Lemma 4.1 (in the uncondi-

tional case) we can choose (,Bj);\’:1 C R with Z;V:l Bj v;i € DV so that

y(by). Using the density assumption of B(y,q,), We choose b e

N N N
Sk [ Dy | =D i = —e).
j=1 j=I1

j=1

Since (py) and (g,) satisfy the assumptions of Lemma 5.7 (recall that m ;| =
J +mj), we can choose y € A so that

@ Springer



The universality of £ as a dual space

N N
F*
| 2 ez Zzafﬂfp(l’jﬂ/)(e;)(zj)
=

j=1

N
= CZ%@'Z?ZD >c(l—e)(1/M —¢),

j=1

which gives that (z,,) dominates (vg, ). Thus we may block the FDD (F}) to achieve
the theorem.
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