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∥∥∥
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∥∥∥
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∥∥∥
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∥∥∥
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∥∥∥
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∞
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Xm
Ã��¡c¿·¼j�Æ
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∞
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(xni )
Â,cÌj�Â7j#Ò;º

V
Ë�j"¹m¹kj�ÆÀlbn

X = (
∑
Xn)c0

j"n*Ò
Rm : X → Xm

Â,c�imÊ*c¢n7j"imº»¹kj"apÈ»¹�_"Ïmc�¸fimld_#n*¶KÃ
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� THMOP ZtÃ�� �1�)(1D	D
M < ∞ ��<����#� ���1&	%��

n,m ∈ N (1.�, ( %!" � % ��� "���. ; � (yi)
∞
i=1��B

(xni )∞i=1

%�"�;�< ��<�(-�
(Rmyi)

∞
i=1

&	%H(*.
M 0 � (-, " V 0 % ����"���.�; � I

Ä�¶�¶mº»·Élbn»eVimÊ*c�^�aÎj"lb·;oGÔ�c�¸Kj"n�á*n*Ò
(Nn)∞n=1 ∈ [N]ω

o
(m(n))∞n=1 ⊂ N

o,j"n*Ò
¶mº»Â*¶�c�×�º*cfn*¸�c�¶

(yni )∞i=1

_"Á
(xNni )∞i=1

¶mº*¸kÊãimÊ7j"i
(Rm(n)y

n
i )∞i=1

ld¶Éj"n
n
Ë?Â7j#Ò º

V
Ë

¶�c�×�º*cfn*¸�c�Á _#¹�j"aba
n ∈ N Ã*Ð`Æ½È7j#¶�¶�lbn»e�i�_½jÉ¶�º»Â*¶�c�×$º*cfn*¸�cHo*Ô�ct·¼jKÆ¿j#¶�¶mº»·�ctcflbimÊ*cf¹

imÊ7j"i
m(n) = m

ld¶t¸�_#n*¶�ikj"n$iKo�_#¹timÊ7j"i
(m(n))∞n=1 ∈ [N]ω

Ã µ Á
m(n) = m

oYimÊ*cfn
(Rmy

n
i )∞n,i=1

ld¶�j[Â7j#Ò�º
V
Ë�j"¹m¹kj�ÆÌlbn

Xm
Ã%qXÊ*cfn

(Rmy
n
i )∞n,i=1

¶kj"imld¶má7c�¶OimÊ*c
V
Ë�j"¹m¹kj�Æ

È»¹�_�¸�c�Ò9º»¹�cHoAj"n*ÒhimÊ�º*¶
(yni )∞n,i=1

¶kj"imld¶�á7c�¶2imÊ*c
V
Ë�j"¹m¹kj�Æ�È»¹�_�¸�c�Ò9º»¹�cHÃ µ Á

(m(n))∞n=1 ∈
[N]ω

o�adcfi
Tn := Rm(n)|[yri ]∞i,r=1

j"n*ÒØj"È»È»abÆ �pcf·É·¼j2K9Ã�çhi�_ÌimÊ*c¢j"¹m¹kjKÆ
(yni )∞i,n=1

i�_
á*n»ld¶mÊ;imÊ*c�È»¹�_�_"ÁmÃ

qO_�È»¹�_K¾Ac�imÊ*ct^�aÎj"lb·;o9Ô�c¢j#¶�¶mº»·�c�lbi`ld¶`Á j"ad¶kc*3$imÊ*cf¹�c�c{Ç9ld¶mi�¶
M <∞ ¶mº*¸kÊVimÊ7j"i

Á _#¹�j"aba
m,n ∈ N cf¾Acf¹mÆÉ¶mº»Â*¶�c�×�º*cfn*¸�c[_"Á

(xni )∞i=1

¸�_#n$ikj"lbn*¶Xj�Á�º»¹mimÊ*cf¹�¶mº»Â*¶�c�×�º*cfn*¸�c
(yi)

∞
i=1

¶�º*¸�Ê;imÊ7j"i
(Rmyi)

∞
i=1

ld¶Åj"n
M

Ë?º
V
Ë3¶�c�×�º*cfn*¸�cHÃ

Ð`Æ ��j"·�¶kcfÆ ��¶¼imÊ*c�_#¹�cf·;o�Á _#¹½j"n$Æ
n ∈ N j"n*Ò

m ∈ N cf¾Acf¹mÆ ¶mº»Â*¶kc�×$º*cfn*¸�c
_"Á

(xni )∞i=1

¸�_#n$ikj"lbn*¶�jVÁ´º»¹mimÊ*cf¹�¶mº»Â*¶�c�×�º*cfn*¸�c
(yi)

∞
i=1

¶mº*¸�ÊâimÊ7j"i
(Rmyi)

∞
i=1

ld¶hj
Ê*cf¹�c�Ò9lbikj"¹mÆ

M
Ë?º
V
Ë3¶�c�×$º*cfn*¸�cHÃÅÙOl¨Ç

n ∈ N ¶mº*¸�Ê imÊ7j"i
(xni )∞i=1

ld¶;j"n
(M + 3)

Ë
Â7j#Ò0º

V
Ë3¶�c�×�º*cfn*¸�cHÃ �¡càn*_KÔ ¸�_#n*¶mim¹mº*¸fiÞj n*c�¶mi�c�Ò0¸�_#abadc�¸fimld_#n _"Á¼¶mº»Â*¶�c�×�º*cfn*¸�c�¶

{(yk,i)∞i=1}∞k=0

_"Á
(xni )∞i=1

\´ÔCÊ*cf¹�c
(y0,i)

∞
i=1 = (xni )∞i=1

s�j#¶�Ô�cfaba�j#¶
(mi) ∈ [N]ω¶�_�imÊ7j"iCÁ _#¹Åj"aba

k ∈ N Ô`c¢Ê7j�¾Ac

sup
m>mk

‖Rmyk−1,k‖ ≤ 2−k,
\��$KAs

(yk,i)
∞
i=1

ld¶�j�¶mº»Â*¶�c�×�º*cfn*¸�ct_"Á
(yk−1,i)

∞
i=1,

\���M�s

(Rmyk,i)
∞
i=1

ld¶Åj�Ê*cf¹�c�Ò9lbikj"¹mÆ
M

Ë?º
V
Ë3¶�c�×�º*cfn*¸�c ∀m ≤ mk.

\��$NAs

Ù7_#¹
k = 1

Ô�cÉ¸�Ê*_�_H¶�c
m1 ∈ N

¶mº*¸�ÊÞimÊ7j"i
supm>m1

‖Rmy0,1‖ ≤ 2−1 Ã,Ó�j#¶k¶
i�_ÀjV¶mº»Â*¶�c�×�º*cfn*¸�c

(y1,i)
∞
i=1

_"Á
(y0,i)

∞
i=1

¶mº*¸�ÊÞimÊ7j"i
(Rmy1,i)

∞
i=1

ld¶tj½Ê*cf¹�c�Ò9lbikj"¹mÆ
M

Ë?º
V
Ë3¶�c�×�º*cfn*¸�c�Á _#¹Åj"aba

m ≤ m1
Ã

Ù7_#¹
k > 1

oKeHlb¾Acfn
mk−1 ∈ N

j"n*Ò�j[¶�c�×�º*cfn*¸�c
(yk−1,i)

∞
i=1

o�¸�Ê*_�_H¶�c
mk > mk−1¶�_¼imÊ7j"i

supm>mk ‖Rmyk−1,k‖ ≤ 2−k
o*imÊ$º*¶�¶kj"imld¶mÁ´Æ�lbn»e�\��$KAs{Ã �pcfi

(yk,i)
∞
i=1

Â,chj
¶mº»Â*¶�c�×�º*cfn*¸�c`_"Á

(yk−1,i)
∞
i=1

¶�_[imÊ7j"i
(Rmyk,i)

∞
i=1

ld¶2jCÊ*cf¹�c�Ò9lbikj"¹mÆ
M

Ë?º
V
Ë3¶�c�×�º*cfn*¸�c

Á _#¹Xj"aba
m ≤ mk

o�imÊ$º*¶C¶kj"imld¶�Á�Æ�lbn»eØ\���M�s`j"n*ÒÞ\��$NAs{Ã»qXÊ»ld¶X¸�_#·ÉÈ»adcfi�c�¶CimÊ*c�lbn*Ò9º*¸fimld_#npÃ
�¡c½Ò»c{á*n*c

yk = yk−1,k
Á _#¹hj"aba

k ∈ N ÃpÐ`Æ \���M�s{o
(yk,i)

k
i=1 ∪ (yi)

∞
i=k+1

ld¶hj
¶mº»Â*¶�c�×�º*cfn*¸�ct_"Á

(yk,i)
∞
i=1

Ã»qXÊ*cf¹�c{Á�_#¹�cHoO\��$NAsX¶mÊ*_KÔ[¶ÅimÊ7j"i

(16) (vi)
∞
i=k+1 M

Ë3Ò»_#·Élbn7j"i�c�¶
(Rmyqi)

∞
i=k+1 ∀m ≤ mk, (qi) ∈ [N]ω, k ∈ N.

g�lbn*¸�c
(xni )∞i=1

ld¶�j"n
(M + 3)

Ë?Â7j#Ò º
V
Ë3¶�c�×�º*cfn*¸�cHoQimÊ*cf¹�cVc{Ç�ld¶�i�¶

(αi) ∈ B[V ]¶mº*¸kÊ;imÊ7j"i

\�� �Hs ∥∥∥
∞∑

i=1

αiyi

∥∥∥ > M + 3.
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Ù*_#¹�j"aba
k ∈ N j"n*Ò

m ∈ (mi−1,mi]
\´ÔClbimÊ

m0 = 0
s`Ô�ctÊ7j�¾Ac

∥∥∥
∞∑

i=1

Rm(αiyi)
∥∥∥ ≤

k−1∑

i=1

|αi| ‖Rmyi‖+ ‖Rm(αkyk)‖+
∥∥∥
∞∑

i=k+1

Rm(αiyi)
∥∥∥

≤
k−1∑

i=1

2−i + 1 +
∥∥∥
∞∑

i=k+1

αiRmyi

∥∥∥ Â$Æ
(13)

≤ 1 + 1 +M
Â�Æ

(16),
ÔCÊ»ld¸�Ê=lb·ÉÈ»abldc�¶

∥∥∥
∞∑

i=1

αiyi

∥∥∥ = sup
m∈N

∥∥∥
∞∑

i=1

Rm(αiyi)
∥∥∥ ≤M + 2.

qXÊ»ld¶[¸�_#n�im¹kj#Ò9ld¸fi�¶�\�� �Hs{o*¶k_�imÊ*ch^�aÎj"lb·;o7j"n*ÒÀÊ*cfn*¸�c �Qcf·É·¼j K9Ã�Ho»ld¶CÈ»¹�_�¾Ac�ÒYÃ
qXÊ*ctÈ»¹�_�_"Á�Á�_#¹[Ó�¹�_#ÈG_H¶mlbimld_#nç9Ã K�n*_KÔ Á�_#abad_�Ô[¶[lbn¿c{Ç*j#¸fimabÆ½imÊ*cÌ¶kj"·�c¢Ô`jKÆ;j#¶Clbn

Ü�åÌÛ�ç"Ý3Ã
�����$�AB ��B �����!���@%!&���&��*.��

I
�
I

µ Á
K

ld¶Xj�¸�_#º»n�ikj"Â»adc¢¸�_#·ÉÈ7j#¸fiC·�cfim¹mld¸¢¶mÈ7j#¸�c�imÊ*cfn
imÊ*cf¹�c�ld¶tjV¸�_#º»n$ikj"Â»adc¼ablb·Élbit_#¹�Ò9lbn7j"a

α
¶mº*¸�ÊÞimÊ7j"i

C(K)
ld¶�ld¶�_#·�_#¹mÈ»Ê»ld¸Éi�_

C(α)\�¶�c�chÜ�Ð`Ó�Ý´s{Ã�qXÊ�º*¶`l¨ÁpimÊ*c
V
Ë�j"¹m¹kjKÆ¼È»¹�_�¸�c�Ò9º»¹�c[Á?j"lbad¶�Á�_#¹

C(K)
o$imÊ*cfn½imÊ*cf¹�c�ld¶Xj¢á*¹�¶mi

ablb·Élbi�_#¹�Ò9lbn7j"a
α

¶mº*¸kÊàimÊ7j"i�imÊ*c
V
Ë�j"¹m¹kj�ÆàÈ»¹�_�¸�c�Ò9º»¹�c¼Á j"lbad¶ÌÁ _#¹

C(α)
Ã µ Á

α
ld¶himÊ*c

á*¹�¶mi�lbn9á*n»lbi�c�_#¹�Ò9lbn7j"a�imÊ*cfn
C(α)

ld¶Åld¶�_#·�_#¹mÈ»Ê»ld¸hi�_
c0

j"n*Ò=¶kj"imld¶�á7c�¶�imÊ*c
V
Ë�j"¹m¹kj�Æ

È»¹�_�¸�c�Ò9º»¹�cHÃ,Û�imÊ*cf¹mÔCld¶�cHo7Ô�ch¸Kj"n;á*n*Ò=j�¶�c�×$º*cfn*¸�c
βn < α

_"Á�ablb·Élbi�_#¹�Ò9lbn7j"ad¶�¶mº*¸kÊ
imÊ7j"i

C(α)
ld¶�ld¶�_#·�_#¹mÈ»Ê»ld¸¿i�_

(
∑
C(βn))c0

Ã�qXÊ$º*¶
C(α)

¶kj"imld¶�á7c�¶�imÊ*c
V
Ë�j"¹m¹kjKÆ

È»¹�_�¸�c�Ò9º»¹�c¢Â$Æ �pcf·É·¼j K9Ã�HÃ

�Qª��t®"¯Y¯���¯�� �t®%¯�	�¯ �%³Î�³´¯G¬ �Yª��Qª qXÊ*cÌÈ»¹�_�_"Á�_"Á�qXÊ*c�_#¹�cf· ç9Ã�çÉÔClbabaOÂGch¸�_#·�Ë
È»adcfi�c�_#n*¸�cÅÔ`c�Ê7jK¾AcÅÈ»¹�_�¾AcfnÀÓ�¹�_#ÈG_H¶�lbimld_#nÀç9Ã M*Ã�qQ_h·¼j"ÖAc�n*_#ikj"imld_#nVcKj#¶�ldcf¹Ko$Ô`c�n*_�Ô
¸�_#n*¶mldÒ»cf¹�imÊ*cCim¹mlÎj"n»eHº»aÎj"i�c�Ò¼¾Acf¹�¶�ld_#n

(xni )1≤n≤i<∞
_"ÁYimÊ*c[¶k×$º7j"¹�cÅj"¹m¹kjKÆ

(xni )∞i,n=1

Ã
qXÊ*c[Â,cfn*c{á*iX_"Á,º*¶�lbn»e�j¢im¹mlÎj"n»eHº»aÎj"¹[j"¹m¹kjKÆÉld¶�imÊ7j"iXj¢n7j"imº»¹kj"a,¶�c�×$º*cfn�imlÎj"aG_#¹�Ò»cf¹`¸Kj"n
Â,c�È»º»i�_#n�jÅim¹mlÎj"n»eHº»aÎj"¹�j"¹m¹kj�ÆAÃHÄ�¶�imÊ*c�Á _#abad_KÔClbn»e¢È»¹�_#È,_H¶mlbimld_#nÉ¶mÊ*_�Ô[¶Ko"Ô�cC¸Kj"n�imÊ*cfn
È7j#¶�¶Ci�_�jÉÂ7j#¶mld¸¢¶�c�×�º*cfn*¸�c¢lbnÀimÊ7j"iÅ_#¹�Ò»cf¹KÃ

��R6Z�ZCM M*Ã��� � �1�)(1D�D
ε > 0

o (?���!& (1. �*" D(1� � (-, "
V 0 (1���A(1� (xni )n≤i

(-,1'2&���% (
����&�(1.��1" D(1� %!" � (1���A(1� (yni )n≤i

� < &�;�< & % � (@%�&�; &	. &���%:D ���1& ;#� �*��(!��<�&�; (1D �*��,����¢\ � <����A�
& & % ��<�� � � %���D��� �+��� (1.�, . & %2��<��2%$�A;#�1. , D ��� �+���As{oL(1. ,G&���% � (@%�& %);#�1.�%��>(1. � & %�.��*��1�#�A(*�+��� ��<�(1.

1 + ε I
�!.C�*��<������ �1��,1%Ho

y1
1, y

1
2 , y

2
2, y

1
3 , y

2
3 , y

3
3, y

1
4 , . . .

& %)( � (@%!& ; %$� 0��"���.�; �
I

�����$�AB
I

qXÊ*c�È»¹�_�_"ÁXld¶tj"n¡cKj#¶mÆÞj#Ò*j"È»ikj"imld_#nà_"ÁXimÊ*c�È»¹�_�_"Á`imÊ7j"ihj½Ô�cKj"Ö�abÆ�n�º»aba
¶�c�×�º*cfn*¸�c¢Ê7j#¶Åj�Â7j#¶mld¸Ì¶mº»Â*¶�c�×�º*cfn*¸�cHÃ

qXÊ*chÁ _#abad_KÔClbn»eÀadcf·É·¼jV¶mÊ*_�Ô[¶�imÊ7j"i�Ô`c�n*c�c�Ò�i�_¼È»¹�_�¾AcÉÓ�¹�_#ÈG_H¶�lbimld_#nàç9Ã MØ_#n»abÆ
Á _#¹Cim¹mlÎj"n»eHº»aÎj"¹�j"¹m¹kj�Æ9¶KÃ
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I
�����$�AB

I
µ Á

(yni )∞i,n=1

ld¶�jV¶mº»Â7j"¹m¹kjKÆ=_"Á
(xni )∞i,n=1

imÊ*cfn
(yni )1≤n≤i<∞

ld¶tj¼im¹ml¨Ë
j"n»eHº»aÎj"¹�¶mº»Â7j"¹m¹kj�Æ;_"Á

(xni )1≤n≤i<∞
Ã7ÄÅad¶�_»o7l¨Á

(yni )1≤n≤i<∞
ld¶�j�im¹mlÎj"n»eHº»aÎj"¹¢¶mº»Â9Ë

j"¹m¹kj�Æ�_"Á
(xni )1≤n≤i<∞

imÊ*cfn
(yni )1≤n≤i<∞

·¼jKÆ;ÂGc�c{Ç9i�cfn*Ò»c�Ò=i�_Øj�¶�º»Â7j"¹m¹kj�Æ=_"Á
(xni )∞i,n=1

Â$Æ adcfimimlbn»e
(yni )i<n = (xmni )i<n

o2ÔCÊ*cf¹�c
(mn) ∈ [N]ω

ld¶�¶mº*¸kÊãimÊ7j"i
(yni )∞i=1 ⊂ (xmni )∞i=1

Á _#¹Åj"aba
n ∈ N Ã

�¡c n*_�Ô ¶mÊ*_KÔ imÊ7j"i¡j"È»È»abÆ�lbn»e imÊ*c
V
Ë�j"¹m¹kjKÆ0È»¹�_�¸�c�Ò9º»¹�cæi�_

(yni )∞i,n=1

j"n*Ò
(yni )1≤n≤i<∞

Æ�ldcfadÒ»¶t¶kc�×$º*cfn*¸�c�¶ÌÔCÊ»ld¸�ÊâcflbimÊ*cf¹hÂG_#imÊâ¶kj"imld¶�Á�Æ¿imÊ*c
V
Ë�j"¹m¹kj�ÆÈ»¹�_�¸�c{Ë

Ò9º»¹�cÉ_#¹�ÂG_#imÊ�Á?j"lba�imÊ*c
V
Ë�j"¹m¹kj�Æ�È»¹�_�¸�c�Ò9º»¹�cHÃpÙ*_#¹Ìj"aba

n ∈ N adcfi
0 ≤ |αn| ≤ 2−n

o
zi =

∑i
n=1 αny

n
i

o*j"n*Ò
yi =

∑∞
n=1 αny

n
i

Ã»Ù*_#¹�j"aba
m ∈ N l¨Á

(βi)
∞
i=1 ∈ B[V ]

imÊ*cfn

∥∥∥
m∑

i=1

βizi −
m∑

i=1

βiyi

∥∥∥ =
∥∥∥

m∑

i=1

βi

∞∑

n=i+1

αny
n
i

∥∥∥

≤
m∑

i=1

|βi|
∞∑

n=i+1

|αn| ≤
m∑

i=1

2−i < 1.

qXÊ$º*¶
supm∈N ‖

∑m
i=1 βizi‖ = ∞ l¨Átj"n*Ò _#n»abÆæl¨Á

supm∈N ‖
∑m

i=1 βiyi‖ = ∞ o
ÔCÊ»ld¸�Ê=lb·ÉÈ»abldc�¶[imÊ*c¢¸faÎj"lb·;Ã

�¡c�n*_�Ô�j#¶�¶mº»·�c�imÊ7j"iCimÊ*c�eHlb¾AcfnÀÂ7j#ÒØº
V
Ë�j"¹m¹kjKÆ

(xni )
ld¶XaÎj"Â,cfadc�ÒØim¹mlÎj"n»eHº»aÎj"¹mabÆ

j"n*ÒVimÊ7j"iXlbi`ld¶CjhÂ»lb·�_#n*_#i�_#n*c�Â7j#¶mld¸�¶�c�×�º*cfn*¸�c�lbn½lbi�¶Xadc{Ç9ld¸�_#eH¹kj"È»Ê»ld¸Kj"ap_#¹�Ò»cf¹KÃ»qXÊ»ld¶
j#¶�¶mº»·ÉÈ»imld_#nãld¶�¾Hj"abldÒ ÂGc�¸Kj"º*¶kc½imÊ*cØÈ»¹�_#È,cf¹mimldc�¶É_"Á��3Â,cflbn»eàj=Â7j#Ò º

V
Ë�j"¹m¹kj�Æ��;j"n*Ò

��¶kj"imld¶�Á�Æ�lbn»e imÊ*c
V
Ë�j"¹m¹kj�Æ È»¹�_�¸�c�Ò9º»¹�c��Þj"¹�clbn�¾#j"¹mlÎj"n�i;º»n*Ò»cf¹;ld¶�_#·�_#¹mÈ»Ê»ld¶m·�¶�Ã��¡c

j"ad¶�_�j#¶�¶�º»·�c¢imÊ7j"i
(xni )

ld¶Cn*_#¹m·¼j"ablbßKc�ÒYÃ
qXÊ*cÉÁ�_#abad_�ÔClbn»e¿imÊ*c�_#¹�cf· ld¶t_#º»¹Ì·¼j"lbn¡i�_�_#a�º*¶�c�Òi�_;¸�_#n*¶mim¹mº*¸fitimÊ*c¼¶mº»Â7j"¹m¹kj�Æ

(yni )
_"Á

(xni )
j"n*ÒÌimÊ*c`¸�_#º»n$ikj"Â»adc

w∗
Ë3¸�_#·ÉÈ7j#¸fi�¶�cfi

K ⊂ B[yni ]
Á _#¹�Ó�¹�_#È,_H¶mlbimld_#nÉç9Ã M*Ã

4�5pR�
�WYR6Z M*Ã K��27 % %�" ' ����<�(*�
(xni )1≤n≤i

& %�( .��*�!')(1DE&�� �A,G����&�(1.��1" D(1��(*�!�A(1�
&�.
X

%�"�;�<���<�(*�@B �1��� �1���!�
n ∈ N ��<�� %$����"���.�; �

(xni )∞i=1

& % �L�#(�� DE�H; �1. �@��� �1&�. � �>�
0 I � �

V = (vi) �
� ( .��*�!')(1DE&�� �A, � (@%!& ; % ����"���.�;!�H(1.�, D� � (Cn) ⊂ [0,∞)

(1.�,
ε > 0 I

� <���. (xni )
<�(1% ( ����&�(*. �1"�D (1� %!" � (1����(1� (yni )

��&���< ��<�� B��1D�D� ��&	.�� ���A�!��������� 3
� �1� (1D	D

m, s ∈ N (1.�, (1D�D
m ≤ m1 < · · · < ms

(*D	D
(αj)

s
j=1 ∈ BV

��&���<
‖∑s

j=1 αjy
m
mj‖ ≥ Cn

��<����A�2& %�(
g ∈ (2 + ε)BX∗

(*.�,
(βj)

s
j=1 ∈ BV

%��
��<�(*�

s∑

j=1

βjg(y
m
mj ) ≥ Cn,

\�� �As

g(ym
′

j ) = 0
� <���. � �@���

m′ ≤ j (1.�,
j 6∈ {m1, . . . ,ms}.

\�� �As
�	B �L�)(1D % � (@% %�" ' �2��<�(*�

(xni )1≤n≤i
& %2( � &�' �*.��*�>�1. � � (@%!& ;2%$����"���.�; � &�. &���% D ��� 0& ;#� �1�A(!� <�& ;#(1D �1��, ��� ��<���./��<����A� ���1&	%���%

(ji) ∈ [N]ω
%�� ��<�(*� �L� ')(1�F;�<��$�1% � ��<��
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%!" � (1���A(1� (yni ) � � %$��� ��&�. �
yni = xnji

B �1� (1D�D
n ≤ i I

�!. ��<�& % ;#(@%$� �L�G<�( �@�?��<��
( � � �@�2;#�1.�; D " %!& �1. B �1� %��1' � g ∈ (1 + ε)BY ∗ I

�����$�AB
I

Ä[Á�i�cf¹�È7j#¶k¶mlbn»ehi�_�jÌ¶�º»Â7j"¹m¹kj�Æ�º*¶mlbn»e��pcf·É·¼j�M*Ã�ÅÔ`c�¸Kj"nÀj#¶�¶mº»·�cÅimÊ7j"i
(xni )

ld¶QjXÂ7j#¶�ld¸�¶�c�×�º*cfn*¸�c�lbnÌlbi�¶padc{Ç�ld¸�_#eH¹kj"È»Ê»ld¸Kj"a»_#¹�Ò»cf¹Oj"n*ÒÌimÊ7j"iQlbi�¶pÂ7j#¶�ld¶p¸�_#n*¶mikj"n$i
Ò»_�c�¶Ån*_#i�c{Ç9¸�c�c�Ò¿imÊ*cÌ¾Hj"abº*c

1 + ε
Ã��¡ctá*¹�¶miÅ¹�cfn*_#¹m·

Z = [xni ]
Â$Æ¿jÉn*_#¹m· ||| · |||lbnãimÊ*cØ¶mikj"n*Ò*j"¹�ÒãÔXj�Ææ¶�_�imÊ7j"i ‖z‖ ≤ |||z||| ≤ (2 + 2ε)‖z‖ j"n*Òã¶�_�imÊ7j"i

(xni )ld¶�Â»lb·�_#n*_#i�_#n*c�lbn
Z

Ã �¡c=¸Kj"n imÊ*cf¹�c{Á _#¹�c=j#¶�¶�º»·�c;imÊ7j"i
(xni )

ld¶½jÞÂ»lb·�_#n*_#i�_#n*c
Â7j#¶mld¶�j"n*Ò¿n*c�c�Ò¿i�_¼¶mÊ*_�Ô�imÊ*cÌ¸faÎj"lb· _"Á�qXÊ*c�_#¹�cf· M*Ã KÉÁ�_#¹

(1 + ε)BX∗
lbn*¶mi�cKj#Ò¿_"Á

(2 + ε)BX∗
Ã

�Qcfi
(εk) ⊂ (0, 1)

ÔClbimÊ ∑∞
k=1 kεk < ε/4

Ã�Ð`Æãlbn*Ò9º*¸fimld_#n _#n
k ∈ N0

Ô`c
¸�Ê*_�_H¶�c

ik ∈ N
j"n*ÒØjt¶�c�×�º*cfn*¸�c

Lk ∈ [N]ω
o�j"n*Ò½Ò»c{á*n*c

ymj = xmij
Á _#¹

m ≤ k j"n*Ò
m ≤ j ≤ k ¶k_�imÊ7j"i[imÊ*c�Á _#abad_KÔClbn»e¼¸�_#n*Ò9lbimld_#n*¶�j"¹�ct¶kj"imld¶�á7c�Ò 3

\´lSs
ik = minLk−1 < minLk

j"n*Ò
Lk ⊂ Lk−1

o9l¨Á
k ≥ 1

\
L0 = N

s{Ã
\´lblSs�Ù*_#¹hj"aba

s, t ∈ N0
opj"aba

1 ≤ m ≤ k
oOj"aba

m ≤ m1 < · · · < ms ≤ k
j"n*Ò

l0 < l1 < · · · < lt
lbn
Lk

o*l¨Á�imÊ*cf¹�c¢ld¶�j"n
f ∈ BX∗

ÔClbimÊ

(20)

s∑

j=1

αjf(ymmj ) +

t∑

j=1

αj+sf(xmlj ) ≥ Cm
Á�_#¹[¶�_#·�c

(αj)
s+t
j=1 ∈ B[V ]

(21)
imÊ*cfn;imÊ*cf¹�cÌc{Ç�ld¶mi�¶

g ∈ BX∗
¶mº*¸kÊ;imÊ7j"i

\ jAs ∑s
j=1 βjg(y

m
mj )+

∑t
j=1 βj+sg(x

m
lj

) ≥ Cm
Á�_#¹Q¶k_#·�c

(βj)
s+t
j=1 ∈ B[V ]

o
\´Â6s |g(ym′j )| < εj

l¨Á
m′ ≤ k j"n*Ò

j ∈ {m′, . . . , k} \ {m1, . . . ,ms}
o

\�¸�s |g(xm′l0 )| < εk+1
l¨Á
m′ ≤ k + 1

\´lbn�imÊ*c�¸Kj#¶�c
s = 0

¸�_#n*Ò9lbimld_#n]\´Â6sÅld¶�Ò»c{á*n*c�Òi�_½Â,c�¾#j#¸fº*_#º*¶��,j"ad¶k_½n*_#i�c
imÊ7j"i[lbnà\�¸�s`Ô�chj"abad_KÔ

m′ = k + 1
s{Ã

�¡c�á*¹�¶�i`n*_#i�c�Á _#¹
(ij) ∈ [N]ω

imÊ7j"i
(xnij )n≤j

ld¶[j�¶mº»Â*¶�c�×�º*cfn*¸�c¢_"Á
(xnj )n≤j

lbn
imÊ*cflb¹�adc{Ç�ld¸�_#eH¹kj"È»Ê»ld¸�_#¹�Ò»cf¹�¶KÃ7qXÊ�º*¶

(xnij )n≤j
ld¶�jÉÂ»lb·�_#n*_#i�_#n*chÂ7j#¶mld¸h¶�c�×$º*cfn*¸�cÌlbn

lbi�¶Cadc{Ç9ld¸�_#eH¹kj"È»Ê»ld¸Ì_#¹�Ò»cf¹KÃ
Ù7_#¹

k = 0
oGl¨Á

f ∈ BX∗
¶kj"imld¶má7c�¶�\ ç �AsÅimÊ*cfn

g = P ∗[xnl1 ,∞)f
¶kj"imld¶�á7c�¶É\ ç���sÅÂ$Æ

_#º»¹[Â»lb·�_#n*_#i�_#n»ld¸flbi�Æ¿j#¶�¶mº»·ÉÈ»imld_#npÃ
Ä�¶�¶mº»·�c

k ≥ 1
j"n*ÒâimÊ7j"i�Ô`c¼Ê7jK¾AcÀ¸�Ê*_H¶�cfn

i1 < · · · < ik−1
Ã �¡cVadcfi

ik =
minLk−1

Ã
Ù�l¨Çâj"n lbn9á*n»lbi�c

M ⊂ Lk−1 \ {ik}
o2j;È,_H¶mlbimlb¾Ac½lbn$i�cfeAcf¹

m ≤ k
oOj"n lbn$i�cfeAcf¹

0 ≤ s ≤ k−m+1
o�j"n*Ò�È,_H¶mlbimlb¾AcClbn$i�cfeAcf¹�¶

m ≤ m1 < · · · < ms ≤ k
o$j"n*Ò½Ò»c{á*n*c

A = A(m, s, (mj)
s
j=1) =

⋂

t∈N0

At,
ÔCÊ*cf¹�c

At =

{
(lj)
∞
j=0 ∈ [M ]ω

∣∣∣∣
l¨Á

(mj)
s
j=1

j"n*Ò
(lj)

t
j=0

¶kj"imld¶�Á�ÆÞ\ ç �As
imÊ*cfn;imÊ*cfÆ;j"ad¶�_É¶�j"imld¶�Á´ÆÞ\ ç���s

}
.
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Ù7_#¹
t ∈ N imÊ*ct¶�cfi

At
ld¶Å¸fad_H¶�c�Ò¿j#¶�jÉ¶mº»Â*¶�cfiÅ_"Á

2N
lbn;imÊ*c¢È»¹�_�Ò9º*¸fiÅi�_#È,_#ad_#eHÆAo

imÊ$º*¶
A

ld¶�¸fad_H¶�c�ÒYo2j"n*ÒàimÊ�º*¶ ��j"·�¶�cfÆAÃ �¡c¼ÔClbabaX¶mÊ*_KÔäimÊ7j"i�imÊ*cf¹�c½ld¶�j"n lbn9á*n»lbi�c
L ⊂ M

¶�_;imÊ7j"i
[L]ω ⊂ A

Ã�Û�n*¸�c½Ô�c�Ê7jK¾Ac¼¾Acf¹ml¨á7c�ÒâimÊ7j"i�¸faÎj"lb· Ô�cV¸Kj"n¡á*n»ld¶�Ê
_#º»¹�lbn*Ò9º*¸fimld_#nÞ¶mi�cfÈ=Â�Æ�j"È»È»abÆ�lbn»eØimÊ7j"i¢j"¹meHº»·�cfn�it¶mº*¸�¸�c�¶�¶mlb¾AcfabÆ¿i�_Vj"aba�¸�Ê*_#ld¸�c�¶¢_"Á
m ≤ k

o
0 ≤ s ≤ k

j"n*Ò
m ≤ m1 < · · · < ms ≤ k

oYj#¶�imÊ*cf¹�c�j"¹�c�_#n»abÆ;á*n»lbi�cfabÆ
·¼j"n$ÆAÃ

Ä�¶�¶mº»·�cÌ_#º»¹Å¸faÎj"lb· ld¶ÅÔC¹�_#n»eVj"n*ÒYo»º*¶mlbn»e ��j"·�¶�cfÆ ��¶CimÊ*c�_#¹�cf·;o7Ô�cÌ¸�_#º»adÒ;á*n*Ò
j"n

L = (lj)
∞
j=1

¶�_�imÊ7j"i
[L]ω ∩A = ∅ Ã

�Qcfi
n ∈ N ÂGc�á»Ç»c�ÒYo,j"n*Ò;adcfi

p ∈ {1, . . . , n} Ã6qXÊ*cfn
L(p) = {lp, ln+1, . . .}

ld¶
n*_#i[lbn

A
j"n*ÒÀÔ�cÌ¸Kj"n¿¸�Ê*_�_H¶�c

tn ∈ N0
o
(αnj )tn+s

j=1

j"n*Ò
fn ∈ BX∗

¶�_�imÊ7j"i�\ ç �As`ld¶
¶kj"imld¶�á7c�ÒÞ\SÁ _#¹

(ln+1, . . . , ll+t)
¹�cfÈ»aÎj#¸flbn»e

(l1, . . . , lt)
j"n*Ò

lp
¹�cfÈ»aÎj#¸flbn»e

l0
s�Â»º»i�Á _#¹

n*_
(βj)

s+tn
j=1 ∈ B[V ]

Ò»_�c�¶�¸�_#n*Ò9lbimld_#n \ ç���sÅÊ*_#adÒYÃ6Ð`Æ¿¸kÊ*_�_H¶�lbn»e
tn

i�_VÂGcÌ·Élbn»lb·¼j"a
¶�_�imÊ7j"ih\ ç �AsXld¶[¶kj"imld¶�á7c�ÒYo9Ô`ct¸Kj"n;Ê7j�¾Ac

tn
o
(αnj )tn+s

j=1

j"n*Ò
fn

lbn*Ò»cfÈ,cfn*Ò»cfn$i�_"Á
p
Ã

�¡ctn*_KÔ�¶mÊ*_�Ô imÊ7j"i[imÊ*cf¹�c¢ld¶�j
gn ∈ BX

¶kj"imld¶mÁ´Æ�lbn»e¿\ jAsXj"n*Òà\´Â6sX_"ÁÌ\ ç���sfÃ
�Qcfi

k′ = max
{
m − 1 ≤ i ≤ k | i 6∈ {m1, . . . ,ms}

} Ã µ Á
k′ ≤ m

imÊ*cfn
{m1, . . . ,ms} = {k′ + 1, k′ + 2, . . . , k} j"n*Ò�Â�Æ�_#º»¹Ìj#¶�¶�º»·�c�Ò=Â»lb·�_#n*_#i�_#n»ld¸flbi�Æ
gn := P ∗[ym

k′+1
,∞)fn ∈ B∗X

¶kj"imld¶�á7c�¶�\ jAs�j"n*Ò¿\´Â6s2_"Á�\ ç���sfÃ µ Á
k′ > m

adcfi
0 ≤ s′ ≤ s

¶mº*¸kÊ�imÊ7j"i
m1 < · · · < ms′ < k′

oGj"n*ÒÞj"È»È»abÆ=imÊ*c
k′ − 1

¶mi�cfÈ�_"Á�imÊ*chlbn*Ò9º*¸fimld_#n
Ê$Æ�È,_#imÊ*c�¶mld¶�i�_

fn
o

(αnj )tn+s
j=1

o
m ≤ m1 < · · · < ms′

\´¹�cfÈ»aÎj#¸flbn»e
m ≤ m1 <

· · · < ms
s{o�j"n*Ò

k′ < k′ + 1 < · · · < ms < ln+1 < · · · < ltn
\´¹�cfÈ»aÎj#¸flbn»e

lp < ln+1 < · · · < ltn
s�i�_;_#Â»ikj"lbn jVÁ´º»n*¸fimld_#n7j"a

gn ∈ BX∗
ÔCÊ»ld¸kÊâ¶kj"imld¶má7c�¶¼\ jAs

j"n*Òà\´Â6s`_"Áh\ ç���sfÃ
g�lbn*¸�c

gn
¸Kj"n»n*_#iØ¶kj"imld¶�Á�Æ j"abaÅimÊ»¹�c�c�¸�_#n*Ò9lbimld_#n*¶½_"Á�\ ç���s=\SÁ _#¹Vj"n$Æ ¸kÊ*_#ld¸�c=_"Á

1 ≤ p ≤ n
s{o�Ô�c�Ò»c�Ò9º*¸�c=imÊ7j"i |gn(x

mp
lp

)| ≥ εk+1
Á _#¹½¶k_#·�c¿¸�Ê*_#ld¸�c�_"Á

mp ∈
{1, . . . , k + 1} Ã�Qcfi

g
Â,c�j

w∗
¸fabº*¶mi�cf¹`È,_#lbn$iC_"Á

(gn)n∈N
Ã�Ä�¶`imÊ*c�¶�cfi {1, . . . , k+ 1} ld¶�á*n»lbi�cHo

Á _#¹�j"aba
p ∈ N0

Ô`c�Ê7j�¾Ac |g(xmplp )| ≥ εk+1
Á�_#¹�¶�_#·�c

mp ∈ {1, . . . , k + 1} ÃYqXÊ»ld¶
lb·ÉÈ»abldc�¶XimÊ*cf¹�c¢c{Ç9ld¶mi�¶

1 ≤ m ≤ k+ 1
¶mº*¸kÊØimÊ7j"i |g(xmlp )| ≥ ε Á�_#¹`lbn9á*n»lbi�cfabÆ½·¼j"n�Æ

p ∈ N Ã9qXÊ»ld¶Cld¶Åj�¸�_#n�im¹kj#Ò9ld¸fimld_#n¿ÔClbimÊÀimÊ*ct¶kc�×$º*cfn*¸�c
(xmli )∞i=1

Â,cflbn»eÉÔ�cKj"Ö�abÆVn�º»aba?Ã
Û�º»¹Å¸faÎj"lb· ld¶[¾Acf¹ml¨á7c�ÒYo7j"n*ÒÀÔ�chj"¹�cÌj"Â»adc¢i�_�Á�º»a¨á*abapimÊ*c¢lbn*Ò9º*¸fimld_#n;Ê�Æ�È,_#imÊ*c�¶mld¶KÃ

qXÊ*cÀ¸�_#n*¸fabº*¶�ld_#n _"Á�_#º»¹ÉimÊ*c�_#¹�cf· n*_KÔ Á _#abad_KÔ[¶ÉÂ�ÆàimÊ*c½Á _#abad_KÔClbn»e¡È,cf¹mimº»¹mÂ7j%Ë
imld_#n0j"¹meHº»·�cfn�iKÃ µ Á�Ô`cÞÊ7j�¾Ac

n ≤ i1 < · · · < iq
j"n*Ò

(αj)
q
j=1 ∈ BV

ÔClbimÊ
‖∑q

j=1 αjy
n
ij
‖ ≥ Cn

o2imÊ*cfnãimÊ*cf¹�c;c{Ç9ld¶mi�¶
f ∈ BX∗

¶�_imÊ7j"i ∑q
j=1 αjf(ynij ) ≥

Cn
Ã�Û�º»¹¿¸�_#n*¶mim¹mº*¸fimld_#n�eHlb¾Ac�¶�j"n

h ∈ BX∗
ÔClbimÊ ∑q

j=1 αjh(ynij ) ≥ Cn
j"n*Ò

|h(ymj )| < εj
l¨Á
m ≤ q

j"n*Ò
j ∈ {m′, . . . , k} \ {i1, . . . , iq}

Ã�ÐXc�¸Kj"º*¶�c
(yni )

ld¶
Â»lb·�_#n*_#i�_#n*cHoXÔ�c�·¼jKÆFj#¶�¶mº»·�c�imÊ7j"i

h(yni ) = 0
Á�_#¹Àj"aba

i ≥ n
ÔClbimÊ

i > iq
Ã

�¡c�ÈGcf¹mimº»¹mÂ
h

Â�Æ=¶m·¼j"aba2·Ìº»abimlbÈ»adc�¶Ì_"Á�imÊ*c�Â»ld_#¹mimÊ*_#eA_#n7j"a�Á�º»n*¸fimld_#n7j"ad¶¢_"Á
(yni )

i�_
j#¸�Ê»ldcf¾Ac

g ∈ X∗
ÔClbimÊ

g(yni ) = h(yni )
Á�_#¹

i ∈ {i1, . . . , iq}
j"n*Ò

g(yni ) = 0
Á _#¹

i 6∈ {i1, . . . , iq}
ÃGqXÊ$º*¶

g
¶kj"imld¶má7c�¶�\�� �As�j"n*Òã\�� �As{Ã6Ä�abaOimÊ7j"i�¹�cf·¼j"lbn*¶�ld¶Åi�_V¸�Ê*c�¸kÖ

imÊ7j"i
g ∈ (1 + ε)BX∗

ÃpÐXc�¸Kj"º*¶�c
(yni )

ld¶¢n*_#¹m·¼j"ablbßKc�Òæj"n*Ò¡Â»lb·�_#n*_#i�_#n*cHoQÔ�c½¸Kj"n
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c�¶mimlb·¼j"i�c ‖g‖ j#¶XÁ�_#abad_�Ô[¶$3

‖g‖ ≤ ‖h‖+ ‖g − h‖ ≤ 1 +

iq−1∑

j=1

jεj < 1 +
ε

4
.

�¡ctj"¹�c�n*_�Ô È»¹�cfÈ7j"¹�c�ÒÀi�_�eHlb¾Ac�imÊ*c�È»¹�_�_"Á2_"Á�Ó�¹�_#È,_H¶mlbimld_#n¿ç9Ã M*Ã��¡c�Á�_#abad_�Ô imÊ*c
¶kj"·�c¢_#º»imablbn*c�j#¶CimÊ*c¢È»¹�_�_"Á�eHlb¾Acfn;lbn¡Ü�åÌÛ�ç#ÝYÁ�_#¹[Ó�¹�_#È,_H¶mlbimld_#n K9Ã M*Ã

�����$�AB ��B � �A�!���1%!&���&��1. �
I

�
I
�pcfi

(xni )
Â,c�jØn*_#¹m·¼j"ablbßKc�ÒàÂ7j#Ò

uV
Ë�j"¹m¹kjKÆÞlbn

Xj"n*Ò½adcfi
Mn

oAÁ�_#¹
n ∈ N oAÂ,c�¸kÊ*_H¶�cfnV¶k_timÊ7j"i`imÊ*c�¶�c�×�º*cfn*¸�c

(xni )∞i=n
ld¶`j"n

Mn
Ë?Â7j#Ò

uV
Ë3¶�c�×�º*cfn*¸�cÌj"n*Ò

limn→∞Mn =∞ Ã»Ð`Æ �Qcf·É·¼j M*Ã�ç�Ô�cCÏ
º*¶miXn*c�c�ÒÀi�_É¸�_#n*¶�ldÒ»cf¹
imÊ*c[im¹mlÎj"n»eHº»aÎj"¹Cj"¹m¹kj�Æ

(xni )n≤i
Ã�Ð`Æ�È7j#¶k¶mlbn»eti�_hjt¶mº»Â7j"¹m¹kj�ÆÉº*¶mlbn»e��pcf·É·¼jHM*Ã��j"n*Ò

imÊ*cfn ¹�cfn*_#¹m·Élbn»e*oOÔ`c¼·¼jKÆàj#¶�¶mº»·�c½imÊ7j"i
(xni )n≤i

ld¶�j;n*_#¹m·¼j"ablbßKc�Ò Â»lb·�_#n*_#i�_#n*c
Â7j#¶mld¸t¶kc�×$º*cfn*¸�c�lbn;lbi�¶[adc{Ç�ld¸�_#eH¹kj"È»Ê»ld¸Kj"a�_#¹�Ò»cf¹KÃ

�¡chj"È»È»abÆ;qXÊ*c�_#¹�cf· M*Ã K�Á _#¹
ε = 1

j"n*Ò
(Cn) = (Mn)

i�_½_#Â»ikj"lbn�jÉ¶�º»Â7j"¹m¹kj�Æ
(yni )n≤i

imÊ7j"i�¶kj"imld¶má7c�¶É¸�_#n*Ò9lbimld_#n*¶=\�� �As�j"n*Ò \�� �As{Ã 	�_#¹�c�_K¾Acf¹Ko
(yni )

lbnãlbi�¶Éadc{Ç9l¨Ë
¸�_#eH¹kj"È»Ê»ld¸Kj"a�_#¹�Ò»cf¹�ld¶tj½¶mº»Â*¶�c�×�º*cfn*¸�cÉ_"Á

(xni )
lbnlbi�¶�adc{Ç9ld¸�_#eH¹kj"È»Ê»ld¸Kj"a�_#¹�Ò»cf¹KoYj"n*Ò

imÊ$º*¶`ld¶�Â»lb·�_#n*_#i�_#n*cHÃ9Ù»º»¹mimÊ*cf¹m·�_#¹�cHo
(yni )∞i=n

ld¶`jÌ¶mº»Â*¶�c�×�º*cfn*¸�c�_"Á
(xni )∞i=n

Á�_#¹Xj"aba
n ∈ N Ã��¡c�ÔC¹mlbi�c

Y = [yni ]n≤i
Ã

�Qcfi
F (n)

Â,c¢jhá*n»lbi�c
(1/2n2n)

Ë?n*cfiClbn
[−2, 2]

ÔCÊ»ld¸�Ê¿¸�_#n�ikj"lbn*¶CimÊ*c�ÈG_#lbn�i�¶
0
o

−2
o,j"n*Ò

2
Ã��]Ê*cfn*cf¾Acf¹�Ô�c�Ê7j�¾AcÉjÉÁ´º»n*¸fimld_#n7j"a

g ∈ 2BX∗
ÔCÊ»ld¸�Ê¶kj"imld¶�á7c�¶�¸�_#n*Ò9l¨Ë

imld_#n*¶¢\�� �As�j"n*Ò\�� �As�Ô�c�·¼j�Æ�È,cf¹mimº»¹mÂ
g

Â$Æ½¶m·¼j"aba6·hº»abimlbÈ»adc�¶C_"ÁpimÊ*cÅÂ»ld_#¹mimÊ*_#eA_#n7j"a
Á�º»n*¸fimld_#n*¶¢_"Á

(yni )n≤i
i�_½_#Â»ikj"lbn

f ∈ 3BX∗
ÔCÊ»ld¸kÊ¶�j"imld¶�á7c�¶É\�� �As{o2\�� �As{oYj"n*Ò=imÊ*c

Á _#abad_KÔClbn»e¼n*cfÔ0¸�_#n*Ò9lbimld_#n 3
\ çHçAs

f(yni ) ∈ F (n)
Á _#¹Åj"aba

n ≤ i.
�¡c�n*_KÔ ¶mikj"¹miXimÊ*c�¸�_#n*¶mim¹mº*¸fimld_#nÀ_"Á

K
Ã��Qcfi

Y = [yni ]n≤i
j"n*Ò

m ∈ N Ã �¡c�Ò»c{á*n*c

Lm =





(k1, . . . , kq)

∣∣∣∣∣∣∣

m ≤ k1 < · · · < kq,

‖∑q−1
i=1 αiy

m
ki
‖ ≤Mm

Á�_#¹Åj"aba
(αi) ∈ BV ,

‖∑q
i=1 αiy

m
ki
‖ > Mm

Á _#¹[¶�_#·�c
(αi) ∈ BV




.

µ i�ld¶`lb·ÉÈG_#¹mikj"n�iXi�_Ìn*_#i�c�imÊ7j"iXl¨Á
(ki) ∈ [N]ω

j"n*Ò
k1 ≥ m

imÊ*cfnØimÊ*cf¹�c�ld¶`jÌº»n»ld×�º*c
q ∈ N ¶mº*¸�Ê¿imÊ7j"i

(k1, . . . , kq) ∈ Lm
Ã

�FÊ*cfn*cf¾Acf¹ ~k = (k1, . . . , kq) ∈ Lm
o�j"n]j"È»È»abld¸Kj"imld_#n]_"ÁtqXÊ*c�_#¹�cf· M*Ã K¡j"n*Ò

imÊ*cfn È,cf¹mimº»¹mÂ7j"imld_#nFeHlb¾Ac�¶Vj�Á�º»n*¸fimld_#n7j"a
f ∈ 3BY ∗

ÔCÊ»ld¸�Ê ¶kj"imld¶�á7c�¶V¸�_#n*Ò9lbimld_#n*¶
\�� �As{o7\�� �As{o$j"n*Ò=\ çHçAs{Ã µ nÉÈ7j"¹mimld¸fº»aÎj"¹Ko ∑q

i=1 f(αiy
m
ki

) > Mm
Á _#¹�¶�_#·�c

(αi) ∈ BV
Ã

�¡ctÒ»cfn*_#i�c
f/3

Â$Æ
f~k

j"n*ÒÀadcfiKo9Á _#¹Åj"n$Æ
n ∈ N o

Kn = {Q∗mf~k | m ∈ N, ~k ∈ Ln}.� cf¹�c
Qm

Ò»cfn*_#i�c�¶`imÊ*c�n7j"imº»¹kj"aGn*_#¹m· �[È»¹�_"Ïmc�¸fimld_#nVÁ´¹�_#·
Y

_#n$i�_
[(yni )]1≤n≤i≤m

Ã
Ù�lbn7j"ababÆAo»Ô�cÌÒ»c{á*n*c

K =

∞⋃

n=1

Kn ∪ {0}.



� î ë���ø 	Xû"ô�ø¨øAò
î��
ô#î�û#ñ3î�ò �*ð¨ì í�ô �!�%î
`î�ò?ìbð¨ïCë�ìSî�ò � �

�¡càá*¹�¶mi�¶�Ê*_KÔ imÊ7j"i
(yni |K)n≤i

ld¶�j Â7j#Ò0º
V
Ë�j"¹m¹kj�ÆÑj#¶�j"n j"¹m¹kj�Æ�lbn

Cb(K)
Ã

Ù�l¨ÇÞj"n
n0 ∈ N

ÃpqXÊ*cfn
(yn0
i )∞i=n0

ld¶Ìj"n
Mn0

Ë?Â7j#Ò¡º
V
Ë3¶�c�×�º*cfn*¸�cHÃ�^`_#n*¶�c�×�º*cfn$imabÆAo

eHlb¾Acfn j;¶mº»Â*¶�c�×�º*cfn*¸�c
(yn0
ki

)∞i=1

_"Á
(yn0
i )∞i=n0

Ô�c�Ê7jK¾Ac ~k := (k1, . . . , kq) ∈ Ln0Á _#¹Ø¶k_#·�c
q ∈ N ÃCÐ`Æ�\ çHçAs{o

f~k = Q∗q+1f~k
j"n*ÒFimÊ$º*¶

f~k ∈ Kn0 ⊂ K
Ã ��_�Ôto

∑q
i=1 f~k(αiy

n0
ki

) > Mn0/3
Á _#¹Ø¶�_#·�c

(αi) ∈ BV
oCj"n*Ò ¶�_

(yn0
i |K)∞i=n0

ld¶Àj"n
(Mn0/3)

Ë?Â7j#ÒÞ¶�c�×$º*cfn*¸�c�lbn
Cb(K)

o6imÊ$º*¶�È»¹�_�¾�lbn»eÀimÊ7j"i
(yni |K)n≤i

ld¶¢j½Â7j#Ò¿º
V
Ë

j"¹m¹kj�ÆAÃ
K

ld¶�_#Â�¾�ld_#º*¶mabÆ j¸�_#º»n�ikj"Â»adc¿¶mº»Â*¶�cfi½_"Á
BY ∗

Ã`g�lbn*¸�c
Y

ld¶�¶kcfÈ7j"¹kj"Â»adcHo
K

ld¶
w∗

Ë?·�cfim¹mlbß�j"Â»adcHÃQqXÊ$º*¶¢Ô`chn*c�c�Òi�_Ø¶mÊ*_�Ô imÊ7j"i
K

ld¶¢j
w∗

Ë3¸fad_H¶�c�ÒÞ¶�º»Â*¶�cfi¢_"Á
BY ∗lbn;_#¹�Ò»cf¹Åi�_�á*n»ld¶�Ê;imÊ*c�È»¹�_�_"ÁmÃ

�Qcfi
(gj) ⊂ K

j"n*Òj#¶k¶mº»·�c�imÊ7j"i
(gj)

¸�_#n�¾Acf¹meAc�¶
w∗

i�_V¶�_#·�c
g ∈ BY ∗

Ã��¡c
Ê7j�¾AcÌi�_�¶mÊ*_�Ô�imÊ7j"i

g ∈ K Ã ��¾Acf¹mÆ
gj

ld¶[_"Á�imÊ*c�Á�_#¹m·
Q∗mjf~kj

Á�_#¹Å¶k_#·�c
mj ∈ N

o
~kj ∈ Lnj

o7j"n*ÒÀ¶k_#·�c
nj ∈ N

Ã
Ð`ÆÉÈ7j#¶�¶�lbn»ehi�_�jÌ¶mº»Â*¶kc�×$º*cfn*¸�c�_"Á

(gj)
o$Ô`cÅ·¼jKÆ½j#¶�¶mº»·�c�imÊ7j"i`cflbimÊ*cf¹

nj →∞j#¶
j →∞ o9_#¹XimÊ*cf¹�c�ld¶[j"n

n ∈ N ¶�º*¸�ÊØimÊ7j"i
nj = n

Á _#¹Xj"aba
j ∈ N Ã��¡c�ÔClbabaY¶mikj"¹mi

ÔClbimÊÀimÊ*c�á*¹�¶miÅj"abi�cf¹mn7j"imlb¾AcHÃ��pcfi
ij

ÂGc�imÊ*c�á*¹�¶miCcfadcf·�cfn$i�_"Á ~kj Ã*g�lbn*¸�c
ij ≥ nj

o�Ô`c
Ê7j�¾Ac

ij → ∞
Ã7Ä�ad¶�_»o

f~kj (y
n
i ) = 0

Á _#¹�j"aba
n ≤ i < ij

Ã6qXÊ�º*¶
f~kj → 0

lbn�imÊ*c
w∗i�_#È,_#ad_#eHÆÀj#¶

j →∞ o»¶�_
g = 0 ∈ K Ã

Ù*¹�_#· n*_�Ô _#n]Ô`cÞj#¶�¶mº»·�c=imÊ7j"iVimÊ*cf¹�c�ld¶Àj"n
n ∈ N ¶mº*¸kÊFimÊ7j"i ~kj ∈ LnÁ _#¹hj"aba

j ∈ N ÃOg�lbn*¸�c
Ln

ld¶t¹�cfaÎj"imlb¾AcfabÆ¡¶�c�×�º*cfn$imlÎj"ababÆ¡¸�_#·ÉÈ7j#¸fiÉj#¶hj;¶mº»Â*¶mÈ7j#¸�c¼_"Á
{0, 1}N cfn*Ò»_KÔ`c�ÒàÔClbimÊàimÊ*cÉÈ»¹�_�Ò9º*¸fihi�_#ÈG_#ad_#eHÆAopÔ�c�·¼jKÆ¡j#¶�¶mº»·�cÉÂ�Æ�È7j#¶k¶mlbn»eÀi�_
j=¶mº»Â*¶�c�×�º*cfn*¸�c½_"Á

(gj)
imÊ7j"i ~kj → ~k

Á _#¹�¶k_#·�c ~k ∈ Ln
oOimÊ*cV¸fad_H¶mº»¹�c½_"Á

Ln
lbn

{0, 1}N Ã
�¡cÌn*_KÔ�¶mÊ*_KÔ0imÊ7j"i ~k ld¶[á*n»lbi�cHÃGg�º»È»È,_H¶�cti�_ÉimÊ*ch¸�_#n$im¹kj"¹mÆ;imÊ7j"i ~k = (ki)

∞
i=1

Ã
Ä�¶ ~k ∈ Ln

oQÁ�_#¹�j"aba
r ∈ N imÊ*cf¹�c½c{Ç9ld¶mi�¶

Nr ∈ N
¶mº*¸kÊâimÊ7j"i ~kj = (k1, . . . , kr,

l1, . . . , ls)
Á _#¹;¶�_#·�c

l1, . . . , ls
Á _#¹¿j"aba

j ≥ Nr
Ã[ÐXc�¸Kj"º*¶�c ~kj ∈ Ln

oCÔ�cÞÊ7jK¾Ac
k1 ≥ n

oGÔCÊ»ld¸kÊ¡lb·ÉÈ»abldc�¶¢imÊ7j"itimÊ*cf¹�cÉc{Ç9ld¶mi�¶
q ∈ N ¶mº*¸�Ê¡imÊ7j"i

(k1, . . . , kq) ∈ Ln
Ã

Ð`Æãº»n»ld×$º*cfn*c�¶k¶Ko
Ln

Ò»_�c�¶½n*_#iV¸�_#n�ikj"lbn j"n$Æ ¶�c�×�º*cfn*¸�c�c{Ç�i�cfn*Ò9lbn»e
(k1, . . . , kq)

Ã
qXÊ*cf¹�c{Á _#¹�cHo ~kNq+1 = (k1, . . . , kq+1, l1, . . . , ls) 6∈ Ln

o6j�¸�_#n$im¹kj#Ò9ld¸fimld_#npÃ
g�lbn*¸�c

BY ∗
ld¶
w∗

Ë3¶�c�×�º*cfn$imlÎj"ababÆÉ¸�_#·ÉÈ7j#¸fiKoHÔ`cC·¼j�ÆÉj#¶�¶mº»·�cXimÊ7j"i
f~kj

¸�_#n$¾Acf¹meAc�¶
w∗

i�_�¶�_#·�c
f ∈ BY ∗

Ã��¡c�¸faÎj"lb·ÕimÊ7j"i
f ∈ K Ã�qO_ÌÈ»¹�_�¾Ac�imÊ»ld¶`Ô`cÅá*¹�¶�i`¶mÊ*_�Ô]imÊ7j"i

Q∗mf ∈ K
Á�_#¹�j"aba

m ∈ N Ã2Ð`ÆF\�� �As�j"n*Ò \ çHçAshimÊ*cÀ¶�cfi {Q∗mf~kj (yni ) | j ∈ N o
1 ≤ n ≤ i} Ê7j#¶C_#n»abÆ�á*n»lbi�cfabÆV·¼j"n$ÆØcfadcf·�cfn$i�¶�Ã7g�lbn*¸�c

Q∗mf~kj → Q∗mf
j#¶
j →∞Ô�c�_#Â»ikj"lbn

Q∗mf~kj = Q∗mf
Á�_#¹

j ∈ N aÎj"¹meAc�cfn*_#º»eHÊpÃ µ n�È7j"¹mimld¸fº»aÎj"¹Ko
Q∗mf ∈ K

Ã
��c{Ç�i`adcfi

q = max~k
Ã*g�lbn*¸�c ~kj → ~k

j"n*Ò ~k ld¶�á*n»lbi�cHo9Ô�c�Ê7j�¾Ac
Q∗qf = f

j"n*ÒVimÊ$º*¶
f ∈ K Ã

��_KÔ�Ô�cÌ¶�Ê*_KÔ�imÊ7j"i
g ∈ K Ã*Ð`Æ½È7j#¶k¶mlbn»e½j"e$j"lbn¿i�_½jÉ¶mº»Â*¶�c�×�º*cfn*¸�ct_"Á

(gj)
Ô`c

¸Kj"n¿j#¶�¶mº»·�c�imÊ7j"i[cflbimÊ*cf¹
mj ≥ max~k

Á _#¹[j"aba
j ∈ N o9_#¹XimÊ*cf¹�c¢c{Ç�ld¶�i�¶

m < max~k¶mº*¸kÊ�imÊ7j"i
mj = m

Á�_#¹¢j"aba
j ∈ N Ã µ Á�imÊ*chá*¹�¶mi¢¸Kj#¶�c�_�¸�¸fº»¹�¶KoGimÊ*cfn

gj = Q∗mjf~kj



�mÿ � ¤ � �?~�~
�[���

¸�_#n$¾Acf¹meAc�¶
w∗

i�_
f

opj"n*Ò¡Ê*cfn*¸�c
g = f ∈ K Ã µ ÁXimÊ*c¼¶�c�¸�_#n*Òâ¸Kj#¶�c¼_�¸�¸fº»¹�¶KoYimÊ*cfn

gj = Q∗mf~kj
¸�_#n$¾Acf¹meAc�¶

w∗
i�_
Q∗mf

o*j"n*Ò;Ê*cfn*¸�c
g = Q∗mf ∈ K

Ã

�Yª���� ��� 	�� � �Aª�µ n;È»¹�cf¾�ld_#º*¶Å¶�c�¸fimld_#n*¶�o*Ô�cÌlbn$im¹�_�Ò9º*¸�c�Ò;Á _#¹�j"n�ÆØ¶kcf·Élbn*_#¹m·¼j"a¨Ë
lbßKc�ÒÉÂ7j#¶mld¸Å¶�c�×$º*cfn*¸�c

(vi)
imÊ*cCÈ»¹�_#È,cf¹mi3Æ

U(vi)
o$j"n*ÒÉimÊ*cfn½È»¹�_K¾Ac�Ò�imÊ7j"i�l¨Ápj�ÐCj"n7j#¸kÊ

¶mÈ7j#¸�c
X

ld¶
U(vi)

imÊ*cfn=imÊ*cf¹�cÌc{Ç9ld¶mi�¶�j¼¸�_#n*¶mikj"n$i
C ≥ 1

¶mº*¸kÊ¿imÊ7j"i
X

ld¶
C

Ë
U(vi)

Ã
Ä�¶hå�n7j"º*¶miÉj"n*ÒãÛ�Ò»cfaba�È»¹�_�¾Ac�ÒâimÊ7j"i�¹�c�¶mº»abiÌÁ�_#¹�imÊ*cV¸Kj#¶�c�¶Ìlbn ÔCÊ»ld¸�Ê

(vi)
ld¶himÊ*c

¶mikj"n*Ò*j"¹�ÒØÂ7j#¶mld¶�Á _#¹
c0

_#¹
`p

ÔClbimÊ
1 ≤ p <∞ o�Ô�c�n*c�c�ÒØi�_�¶mÊ*_KÔ imÊ7j"iC_#º»¹X¹�c�¶mº»abi

ld¶hn*_#i�j;¸�_#¹�_#abaÎj"¹mÆâ_"Á[imÊ*cflb¹�¶KÃQÙ*_#¹�c{Ç*j"·ÉÈ»adcHoQl¨Á
(vi)

ld¶�j;Â7j#¶mld¶ÌÁ�_#¹
`p ⊕ `q

ÔClbimÊ
1 < q < p <∞ ÔCÊ»ld¸kÊ¿¸�_#n*¶mld¶mi�¶[_"Á2imÊ*c¢º»n»ld_#n¿_"Á2imÊ*c¢¶mikj"n*Ò*j"¹�ÒÀÂ7j#¶kc�¶XÁ�_#¹

`p
j"n*Ò

`q
imÊ*cfnàjVÐXj"n7j#¸kÊ¡¶mÈ7j#¸�c�ld¶

U(vi)
_#¹
C

Ë
U(vi)

l¨ÁXj"n*Ò_#n»abÆ¿l¨Á
X

ld¶
U`p

_#¹
C

Ë
U`p¹�c�¶mÈ,c�¸fimlb¾AcfabÆAÃ7qXÊ�º*¶ÅimÊ*c¢¹�c�¶�º»abiCÁ�_#¹ÅimÊ»ld¶[È7j"¹mimld¸fº»aÎj"¹

(vi)
Á _#abad_KÔ[¶CÁ�¹�_#· Ü�åÌÛ�ç"Ý3Ã��¡c

·¼j"ÖAc¢imÊ»ld¶CldÒ»cKjÉ·�_#¹�c�Á�_#¹m·¼j"aQÂ$ÆØÒ»c{á*n»lbn»e¼imÊ*c�Á _#abad_KÔClbn»e¼c�×�º»lb¾Hj"adcfn*¸�ct¹�cfaÎj"imld_#n 3
L�R��9P´NpP	�,P�
�N N9Ã��� µ Á

(vi)
j"n*Ò

(wi)
j"¹�cXn*_#¹m·¼j"ablbßKc�Ò�Â7j#¶mld¸C¶�c�×�º*cfn*¸�c�¶2imÊ*cfn�Ô`c

ÔC¹mlbi�c
(vi) ∼U (wi)

\�_#¹
(vi) ∼CU (wi)

s`l¨Á�cKj#¸�Ê;¹�c��7c{Ç9lb¾AcÌÐCj"n7j#¸�Ê�¶mÈ7j#¸�c¢ld¶
U(vi)\�_#¹

C
Ë
U(vi)

s�l¨Á�j"n*Ò¿_#n»abÆ½l¨Á2lbi[ld¶
U(wi)

\�_#¹
C

Ë
U(wi)

s{Ã
�¡c�Ò»c{á*n*c�imÊ*c¢c�×�º»lb¾#j"adcfn*¸�c�¹�cfaÎj"imld_#n¿¶�im¹mld¸fimabÆ¼lbnØi�cf¹m·�¶C_"ÁO¹�c��7c{Ç9lb¾Ac¢¶mÈ7j#¸�c�¶`i�_

j�¾A_#ldÒVimÊ*c�º»n»È»adcKj#¶kj"n$i[¸Kj#¶kcÅ_"Á
`1

Ã�ÐXc�¸Kj"º*¶�c
`1

Ò»_�c�¶�n*_#iX¸�_#n$ikj"lbn¿j"n$Æ¼n*_#¹m·¼j"ablbßKc�Ò
Ô�cKj"Ö�abÆÞn$º»aba`¶�c�×�º*cfn*¸�cHo

`1
ld¶tim¹mlb¾�lÎj"ababÆ

U(vi)
Á _#¹Ìcf¾Acf¹mÆ

(vi)
ÃOqXÊ»ld¶tld¶h¸�_#º»n$i�cf¹�i�_

imÊ*c�¶mÈ»lb¹mlbi�_"Á�ÔCÊ7j"i�lbi�·�cKj"n*¶ÅÁ _#¹¢j�¶mÈ7j#¸�chi�_¼Â,c
U(vi)

Ã6Ð`Æ;¸�_#n*¶mldÒ»cf¹mlbn»eØ¹�c��7c{Ç9lb¾Ac
¶mÈ7j#¸�c�¶KofÔ`c�jK¾A_#ldÒ

`1
o�j"n*ÒtÔ�c�j"ad¶�_X·¼j"ÖAc�imÊ*c�È»¹�_#ÈG_H¶�lbimld_#n*¶plbn*¸fabº*Ò»c�Ò¢lbntimÊ»ld¶Q¶�c�¸fimld_#n

Á _#¹m·¼j"ababÆ½¶mim¹�_#n»eAcf¹KÃ �Åc��7c{Ç9lb¾Ac�¶mÈ7j#¸�c�¶[j"¹�c¢j"ad¶�_�c�¶mÈGc�¸flÎj"ababÆ½n»ld¸�c�ÔCÊ*cfnØ¸�_#n*¶�ldÒ»cf¹mlbn»e
È»¹�_#È,cf¹mimldc�¶`_"ÁOÔ�cKj"Ö�abÆ�n$º»abaY¶�c�×�º*cfn*¸�c�¶�Â,c�¸Kj"º*¶�c�imÊ*cÅº»n»lbiXÂ7j"aba,_"ÁOjt¹�c��7c{Ç9lb¾Ac�¶mÈ7j#¸�c
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(vi)
¶mº*¸kÊæimÊ7j"i

(vi) 6∼U (ei)
ÔCÊ*cf¹�c

(ei)
ld¶�imÊ*cÉ¶�ikj"n*Ò*j"¹�ÒÂ7j#¶mld¶�Á _#¹

c0
_#¹
`p

ÔClbimÊ
1 ≤ p < ∞ Ã
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T
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1 ≤ p < ∞ Ü�qXÝ3ÃYqXÊ*_#º»eHÊâÔ�c
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Ë3Ò»_#·Élbn7j"i�c�¶
(xi)
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(ai) ∈ c00
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(vi)
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(bi) ∈ c00
¶mº*¸�Ê¿imÊ7j"i ∑

aiv
∗
i (
∑
bivi) =

‖∑ aiv
∗
i ‖

j"n*Ò ‖∑ bivi‖ = 1
Ã��¡ctÊ7j�¾Ac

∥∥∥
∑

aiv
∗
i

∥∥∥ =
∑

aibi =
∑

aix
∗
i

(∑
bixi

)
≤ C

∥∥∥
∑

aix
∗
i

∥∥∥.
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C
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Â,cÉ¶mº*¸�Ê¡imÊ7j"i
w∗i (wj) = δij

Ã �pcfi
x ∈ S[vi]

Â,c�¶mº*¸�ÊàimÊ7j"i ∑
aiv
∗
i (x) =

‖∑ aiv
∗
i ‖

Ã��¡c¢n*_KÔ�Ê7j�¾Ac
∥∥∥
∑

aiv
∗
i

∥∥∥ =
∑

aiv
∗
i (x) =

∑
aiw

∗
i

∑
v∗j (x)wj

≤
∥∥∥
∑

aiw
∗
i

∥∥∥
∥∥∥
∑

v∗j (x)wj

∥∥∥

≤ C
∥∥∥
∑

aiw
∗
i

∥∥∥
∥∥∥
∑

v∗j (x)vj

∥∥∥ = C
∥∥∥
∑

aiw
∗
i

∥∥∥.
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supp(fn) ⊂ [kn, kn+1)
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j"aba
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aibifi(wi) ≤
∑
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∥∥∥
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)(∑
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)(∑
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∥∥∥.
� cfn*¸�cHo

(vi) C
Ë3Ò»_#·Élbn7j"i�c�¶
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·�cfim¹mld¸HÃ µ Á�Á�_#¹ÅcKj#¸kÊ¿Â7j#¶mld¸Ì¶�c�×$º*cfn*¸�c

(vi)
imÊ*cf¹�ctc{Ç9ld¶mi�c�Ò¿j�¸�_#n*¶mikj"n$i

C ≥ 1
j"n*Ò�j

¶mº»Â*¶mÆ�·É·�cfim¹mld¸[Â7j#¶�ld¸Å¶�c�×�º*cfn*¸�c
(wi)

¶mº*¸kÊ¼imÊ7j"i
(vi) ∼CU (wi)

imÊ*cfnØj#¸fimº7j"ababÆÉimÊ*c
á*¹�¶miXÊ7j"a¨ÁO_"ÁXÜ�åÌÛ�ç%Ý,Ô`_#º»adÒ;j"È»È»abÆ¼i�_Éj"abaGÂ7j#¶mld¸�¶�c�×$º*cfn*¸�c�¶XÔClbimÊ*_#º»i[¸kÊ7j"n»eHlbn»e¼j"n$Æ�Ë
imÊ»lbn»e*Ã,qXÊ*ctÁ _#abad_KÔClbn»eÀc{Ç*j"·ÉÈ»adc�¶mÊ*_KÔ[¶�lbn�È7j"¹mimld¸fº»aÎj"¹�imÊ7j"i�imÊ»ld¶�ld¶�n*_#i�im¹mº*c�cf¾Acfn
Á _#¹�imÊ*cXÔ`cKj"ÖAcf¹�¸�_#n*Ò9lbimld_#n¼_"ÁY¶mÈ»¹�cKj#Ò9lbn»e¼\´imÊ*cXÈ»¹�_#È,cf¹mi3Æ�imÊ7j"i�j"aba*¶mº»Â*¶�c�×�º*cfn*¸�c�¶�j"¹�c
c�×�º»lb¾#j"adcfn�i�s{Ã

	�W 
�
�
���P	�,P�
�NFN9Ã N�� �	B
(vi)

& % (�.��1��')(1D & � �#, %+���#�A(-,1&�. � � (@%�&�;:%$����"���.�; �$o ��<���.
(vi) 6∼U (t∗i ) Iµ nVeAcfn*cf¹kj"a?o�lbiX¸Kj"nØÂGc[Á j"lb¹mabÆ½Ò9l �¼¸fº»abi`i�_�¸kÊ*c�¸�Ö¼l¨Á2jÌÐCj"n7j#¸�ÊÀ¶mÈ7j#¸�c�ld¶

U(vi)
o9j#¶

cf¾Acf¹mÆØn*_#¹m·¼j"ablbßKc�Ò¿Ô`cKj"Ö�abÆÀn�º»abaO¶�c�×�º*cfn*¸�ctlbn¿imÊ*ct¶mÈ7j#¸�ctn*c�c�Ò»¶Åi�_�Â,ct¸�Ê*c�¸kÖAc�ÒYÃ µ n



� î ë���ø 	Xû"ô�ø¨øAò
î��
ô#î�û#ñ3î�ò �*ð¨ì í�ô �!�%î
`î�ò?ìbð¨ïCë�ìSî�ò � �

¸�_#n$im¹kj#¶�i[i�_�imÊ»ld¶Ko9lbiCld¶X¾Acf¹mÆØcKj#¶mÆ¼i�_É¸kÊ*c�¸�ÖØl¨Á
T ∗

ld¶
U(vi)

Ã»qXÊ»ld¶Cld¶XÂGc�¸Kj"º*¶kc
(ti)

ld¶
Ò»_#·Élbn7j"i�c�ÒÀÂ�ÆØj"abap_"Á2lbi�¶XÂ»ad_�¸kÖ½Â7j#¶kc�¶Ko*j"n*ÒØimÊ$º*¶CÂ�ÆVÓ�¹�_#ÈG_H¶mlbimld_#n N9Ã K9o

T ∗
ld¶
U(vi)l¨Á[j"n*ÒÞ_#n»abÆ=l¨Á

(vi)
Ò»_#·Élbn7j"i�c�¶�jØ¶mº»Â*¶�c�×�º*cfn*¸�cÉ_"Á

(t∗i )
Ã µ nÈ»¹�_�¾�lbn»e�Ó�¹�_#ÈG_H¶�lbimld_#n

N9Ã NÀÔ`c�ÔClbabaX¸Kj"¹m¹mÆimÊ»ld¶ÌldÒ»cKjÀÁ´º»¹mimÊ*cf¹�Â$ÆÞ¸�_#n*¶mldÒ»cf¹mlbn»eÞj;¸faÎj#¶�¶h_"ÁÅ¶mÈ7j#¸�c�¶ÌcKj#¸kÊ _"Á
ÔCÊ»ld¸�Ê Ê7j#¶�j;¶mº»Â*¶mÆ�·É·�cfim¹mld¸½Â7j#¶mld¶

(ei)
¶mº*¸�ÊâimÊ7j"i

(ei)
ld¶�Ò»_#·Élbn7j"i�c�ÒàÂ�Æâj"aba�_"Á

lbi�¶2n*_#¹m·¼j"ablbßKc�Ò�Â»ad_�¸�ÖhÂ7j#¶�c�¶KÃHqXÊ*c[j#Ò»Ò9lbimld_#n7j"a7¸�_#n*Ò9lbimld_#n½_"ÁG¶mº»Â*¶mÆ�·É·�cfim¹mÆ�lb·ÉÈ»abldc�¶
imÊ7j"i

[e∗i ]
ld¶
U(vi)

l¨Á�j"n*Ò¿_#n»abÆVl¨Á
(vi)

Ò»_#·Élbn7j"i�c�¶
(e∗i )

Ã � cfn*¸�cHo»Ô�cÌn*c�c�ÒÀi�_�¸�Ê*c�¸kÖ
_#n»abÆØ_#n*ct¶�c�×�º*cfn*¸�c¢lbn*¶mi�cKj#Ò;_"Á�j"abaYÔ�cKj"Ö�abÆØn$º»abaQ¶�c�×�º*cfn*¸�c�¶[lbn

[e∗i ]
Ã

�¡cÀ¸�_#n*¶�ldÒ»cf¹�eAcfn*cf¹kj"ablbß�j"imld_#n*¶½_"Á�imÊ*c;¶mÈ7j#¸�c�¶�lbn$im¹�_�Ò9º*¸�c�Ò Â$Æ g�¸�Ê»abº»·ÉÈ»¹�c�¸kÊ$i
Ü�g$ÝÌj#¶VimÊ*c¿á*¹�¶�i½Ö�n*_KÔCn�j"¹mÂ»lbim¹kj"¹mlbabÆFÒ9ld¶mi�_#¹mikj"Â»adcÞÐCj"n7j#¸�Ê ¶mÈ7j#¸�c�¶KÃL�¡c�È»º»iØadc�¶�¶
¹�c�¶mim¹mld¸fimld_#n�_#n;imÊ*c�Á�º»n*¸fimld_#n

f
eHlb¾Acfn;lbn;imÊ*c�Á _#abad_KÔClbn»e½È»¹�_#ÈG_H¶mlbimld_#npo*Â»º»i[Ô�c�j"ad¶�_

lbn9Á cf¹�adc�¶k¶�j"Â,_#º»i�imÊ*cØ¸�_#¹m¹�c�¶mÈG_#n*Ò9lbn»e¡ÐCj"n7j#¸kÊ ¶mÈ7j#¸�cHÃ2qXÊ*c½i�c�¸kÊ»n»ld×$º*c�¶ÉÁ´¹�_#· Ü�g�Ý
j"¹�c¢º*¶�c�ÒØi�_�È»¹�_K¾Ac¢imÊ*c�Á _#abad_KÔClbn»e½È»¹�_#ÈG_H¶�lbimld_#npÃ

	�W 
�
�
���P	�,P�
�N N9Ã����� ���
f : N → [1,∞)

&	. ;��A�#(@% � �>� ∞ o
f(1) = 1 < f(2)

o
(1.�,

limn→∞ n/f(n) = ∞ I
�	B
X

&	% ,���� . �A,C(@% ��<�� ;�D �1%!"��A� ��B
c00

"�.�,����G��<��
.��1��' ‖ · ‖ � <�&�;�< % (*��& %�� �!% ��<�� &�' � D & ;�&�� �#��D (-��&��1.

‖x‖ = ‖x‖∞ ∨ sup
m≥2, E1<···<Em

1

f(m)

m∑

j=1

‖Ej(x)‖ B �1� (1D�D
x ∈ c00,

��<���.
X

& %H�#��� ���1&��@�
I

�����$�AB
I
�pcfi

(en)
Ò»cfn*_#i�cÅimÊ*c[¶mikj"n*Ò*j"¹�Ò�Â7j#¶�ld¶2Á�_#¹

c00
Ã µ i�ld¶�¶mim¹kj"lbeHÊ$i�Á _#¹mÔ`j"¹�Ò½i�_

¶mÊ*_�Ô imÊ7j"iCimÊ*c�n*_#¹m· ‖ · ‖ j#¶XeHlb¾AcfnØlbnÀimÊ*c�¶mikj"i�cf·�cfn$i�_"ÁOimÊ*c�È»¹�_#ÈG_H¶�lbimld_#n;c{Ç�ld¶mi�¶�o
j#¶ÉÔ`cfaba�j#¶ÉimÊ7j"i

(en)
ld¶¼jn*_#¹m·¼j"ablbßKc�ÒYo:�{Ë3¶mº»Â*¶mÆ�·É·�cfim¹mld¸¿j"n*Ò��{Ë?º»n*¸�_#n*Ò9lbimld_#n7j"a

Â7j#¶mld¶`Á _#¹
X

Ã9Ù»º»¹mimÊ*cf¹m·�_#¹�cHo
(en)

ld¶H�{Ë3Ò»_#·Élbn7j"i�c�ÒÀÂ$ÆØj"abaY_"ÁOlbi�¶Xn*_#¹m·¼j"ablbßKc�ÒØÂ»ad_�¸�Ö
Â7j#¶�c�¶KÃ��¡c�ÔClbaba2È»¹�_K¾Ac�imÊ7j"i

X
ld¶�¹�c��7c{Ç9lb¾Ac�Â$Æ=¶mÊ*_KÔClbn»eÀimÊ7j"i

(en)
ld¶�Â,_#º»n*Ò»c�Ò9abÆ

¸�_#·ÉÈ»adcfi�chj"n*ÒÀ¶�Ê»¹mlbn»Ö�lbn»e*Ã
�¡c[á*¹�¶mi�È»¹�_�¾AcÅimÊ7j"i

(en)
ld¶�Â,_#º»n*Ò»c�Ò9abÆ¼¸�_#·ÉÈ»adcfi�cHÃ�Ä�¶

(en)
ld¶�º»n*¸�_#n*Ò9lbimld_#n7j"a?o

l¨Á
(en)

ld¶tn*_#itÂG_#º»n*Ò»c�Ò9abÆÞ¸�_#·ÉÈ»adcfi�cÉimÊ*cfnàlbitÊ7j#¶t¶�_#·�c�n*_#¹m·¼j"ablbßKc�ÒàÂ»ad_�¸kÖ�Â7j#¶�ld¶
ÔCÊ»ld¸�Êàld¶¢c�×$º»lb¾Hj"adcfn$i¢i�_VimÊ*cÉ¶mikj"n*Ò*j"¹�Ò

c0
Â7j#¶mld¶KÃ � _KÔ�cf¾Acf¹Ko

(en)
ld¶ �{Ë3Ò»_#·Élbn7j"i�c�Ò

Â$Æ j"aba¢lbi�¶Øn*_#¹m·¼j"ablbßKc�Ò Â»ad_�¸kÖ]Â7j#¶kc�¶KoX¶�_
(en)

ld¶Àj"ad¶�_æc�×�º»lb¾#j"adcfn�i;i�_ imÊ*c�¶�ikj"n9Ë
Ò*j"¹�Ò

c0
Â7j#¶mld¶KÃ � cfn*¸�c

supN∈N ‖
∑N

n=1 en‖ <∞
Ã$qXÊ»ld¶`¸�_#n$im¹kj#Ò9ld¸fi�¶`imÊ*cCÁ?j#¸fi�imÊ7j"i

‖∑N
n=1 en‖ ≥ N/f(N)→∞ Ã»qXÊ�º*¶

(en)
ld¶CÂ,_#º»n*Ò»c�Ò9abÆØ¸�_#·ÉÈ»adcfi�cHÃ

�¡c�n*_KÔäj#¶k¶mº»·�cÉimÊ7j"i
(en)

ld¶¢n*_#i�¶mÊ»¹mlbn»Ö�lbn»e*ÃpÄ�¶
(en)

ld¶¢º»n*¸�_#n*Ò9lbimld_#n7j"a?o�lbi
Ê7j#¶�j�n*_#¹m·¼j"ablbßKc�Ò¿Â»ad_�¸�ÖØÂ7j#¶mld¶

(xn)
ÔCÊ»ld¸�Ê=ld¶Åc�×�º»lb¾#j"adcfn�i�i�_ÉimÊ*ch¶mikj"n*Ò*j"¹�Ò;Â7j#¶�ld¶

Á _#¹
`1

Ã �¡c�ÔClbaba�º*¶�cÉÚ$j"·�c�¶ �,Â»ad_�¸kÖ�lbn»e;adcf·É·¼j¡Ü�Ú#Ý�i�_À¶mÊ*_KÔ imÊ7j"iÌimÊ»ld¶¢adcKj#Ò»¶¢i�_;j
¸�_#n$im¹kj#Ò9ld¸fimld_#npÃ µ n;_#n*ct_"Á�lbi�¶[·�_#¹�c¢Â7j#¶mld¸�Á _#¹m·�¶Ko»Ú$j"·�c�¶��»Â»ad_�¸�Ö�lbn»e¼adcf·É·¼j�¶mikj"i�c�¶
imÊ7j"i�l¨Á

(xn)
ld¶�c�×$º»lb¾Hj"adcfn$i�i�_timÊ*cC¶mikj"n*Ò*j"¹�ÒÉÂ7j#¶mld¶2Á _#¹

`1
j"n*Ò

ε > 0
imÊ*cfn

(xn)
Ê7j#¶

jÀn*_#¹m·¼j"ablbßKc�ÒâÂ»ad_�¸�ÖÞÂ7j#¶mld¶hÔCÊ»ld¸�Ê ld¶
(1 + ε)

Ë3c�×�º»lb¾#j"adcfn�ihi�_¿imÊ*c¼¶mikj"n*Ò*j"¹�ÒâÂ7j#¶mld¶
Á _#¹

`1.
�Qcfi

0 < ε < 1
2(f(2)−1)

Ã�Ð`Æ�È7j#¶�¶mlbn»eti�_�j�n*_#¹m·¼j"ablbßKc�Ò¼Â»ad_�¸�Ö�Â7j#¶mld¶�º*¶mlbn»e
Ú$j"·�c�¶��OÂ»ad_�¸�Ö�lbn»e¿adcf·É·¼j9oOÔ�c½·¼j�Æàj#¶�¶mº»·�c¼imÊ7j"i

(xn)
ld¶

(1 + ε)
Ë3c�×�º»lb¾#j"adcfn�ihi�_

imÊ*c�¶mikj"n*Ò*j"¹�ÒÂ7j#¶mld¶�Á _#¹
`1

oYj"n*Ò�imÊ$º*¶Ìj"n�Æ¿n*_#¹m·¼j"ablbßKc�ÒÞÂ»ad_�¸�Ö=Â7j#¶mld¶¢_"Á
(xn)

ÔClbaba



è�é � ¤ � �?~�~
�[���

j"ad¶�_ØÂ,c
(1 + ε)

Ë3c�×$º»lb¾Hj"adcfn$ihi�_ØimÊ*c�¶mikj"n*Ò*j"¹�ÒÞÂ7j#¶mld¶�Á _#¹
`1

Ã �pcfi
εn > 0

ÂGc�¶mº*¸kÊ
imÊ7j"i ∑∞

n=1 εn < ε
Ã

�¡cÌÒ»cfn*_#i�c¢Â$Æ ‖ · ‖m imÊ*c�n*_#¹m· _#n
X

ÔCÊ»ld¸kÊ¿¶kj"imld¶�á7c�¶

‖x‖m = sup
E1<···<Em

1

f(m)

m∑

j=1

‖Ej(x)‖ Á _#¹Åj"aba
x ∈ c00.

�¡cXÔClbaba»¸�_#n*¶mim¹mº*¸fi�Â�ÆÌlbn*Ò9º*¸fimld_#n¼_#n
n ∈ N j�n*_#¹m·¼j"ablbßKc�ÒÉÂ»ad_�¸kÖhÂ7j#¶�ld¶

(yi)
_"Á

(xi)¶mº*¸kÊ;imÊ7j"iCÁ _#¹Åj"aba
m ∈ N Ô�c¢Ê7jK¾Ac

\ ç*KAs l¨Á ‖yj‖m > εj
Á _#¹[¶�_#·�c

1 ≤ j < n,
imÊ*cfn ‖yn‖m <

1 + εn
f(m)

.

Ù*_#¹
n = 1

Ô`c¢adcfi
y1 = x1

o*j"n*ÒÀn*_#i�c¢imÊ7j"iÌ\ ç*KAs`ld¶[¾#j#¸fº*_#º*¶mabÆÀ¶kj"imld¶má7c�ÒYÃ
�¡c;n*_KÔ j#¶k¶mº»·�cØimÊ7j"i¼Ô`c¿j"¹�cÀeHlb¾Acfn

n ≥ 1
j"n*Ò já*n»lbi�cÀÂ»ad_�¸kÖã¶�c�×$º*cfn*¸�c

(yi)
n
i=1

_"Á
(xi)

ÔCÊ»ld¸�Ê�¶kj"imld¶�á7c�¶Ì\ ç*KAs{Ã��¡c�Ê7j�¾Ac

lim
m→∞

‖yi‖m ≤ lim
m→∞

# supp(yi)

f(m)
= 0

\´ÔCÊ*cf¹�c
supp(yi)

Ò»cfn*_#i�c�¶�imÊ*c[¶mº»È»È,_#¹mi�_"Á
yi

s{ÃAqXÊ$º*¶�oHimÊ*cf¹�cÅc{Ç9ld¶mi�¶
N > supp(yn)¶mº*¸kÊ¿imÊ7j"i ‖yi‖m < εi

Á _#¹�j"aba
1 ≤ i ≤ n

j"n*Ò=j"aba
m ≥ N

Ã*Í�¶mlbn»eVÚ$j"·�c�¶��*Â»ad_�¸�Ö�Ë
lbn»eØadcf·É·¼j9o,Ô�c�Â»ad_�¸�Ö

(xi)
∞
i=N

lbn$i�_
(zi)
∞
i=1

¶mº*¸�ÊimÊ7j"i
(zi)
∞
i=1

ld¶
(1 + εn+1/3)

Ë
c�×�º»lb¾#j"adcfn�i[i�_ÉimÊ*ct¶mikj"n*Ò*j"¹�Ò

`1
Â7j#¶mld¶KÃ��Qcfi

M ≥ 6N/εn+1
j"n*ÒÀÒ»c{á*n*c

yn+1 =
1

‖∑M
i=1 zi‖

M∑

i=1

zi.

�pcfi
m ∈ N Â,c�¶mº*¸�ÊimÊ7j"i ‖yj‖m > εj

Á�_#¹¢¶�_#·�c
1 ≤ j ≤ n

Ã6Ð`Æ=_#º»¹t¸kÊ*_#ld¸�cÉ_"Á
N ∈ N o»Ô�chÊ7j�¾Ac

m < N
Ã7qXÊ*cf¹�c�c{Ç�ld¶�i�Ò9ld¶�Ïm_#lbn$i�lbn$i�cf¹m¾Hj"ad¶

E1 < · · · < Em
lbn
Nj"n*ÒÀlbn�i�cfeAcf¹�¶

1 = k0 ≤ k1 ≤ · · · ≤ km
¶mº*¸�Ê¿imÊ7j"i

f(m)‖yn+1‖m =
1

‖∑M
i=1 zi‖

m∑

i=1

∥∥∥Ei
ki∑

j=ki−1

zj

∥∥∥

≤ 1 + εn+1/3

M

m∑

i=1

(
‖Eizki−1

‖+
∥∥∥

ki−1∑

j=ki−1+1

zj

∥∥∥+ ‖Eizki‖
)

≤ 1 + εn+1/3

M
(M + 2m) < (1 + εn+1/3)(1 + 2N/M)

≤ (1 + εn+1/3)(1 + εn+1/3) < 1 + εn+1.� cfn*¸�cHo»imÊ*c�lbn*Ò9º*¸fimld_#n¿Ê�Æ�È,_#imÊ*c�¶mld¶[ld¶Å¶kj"imld¶�á7c�ÒYÃ
�¡c�n*_KÔ ¶mÊ*_�Ô]imÊ7j"i`È»¹�_#È,cf¹mi3Æ�\ ç*KAs�adcKj#Ò»¶`i�_�jh¸�_#n$im¹kj#Ò9ld¸fimld_#nÀÔClbimÊ

(yi)
Â,cflbn»e

(1 + ε)
Ë3c�×$º»lb¾Hj"adcfn$i�i�_½imÊ*ch¶�ikj"n*Ò*j"¹�Ò

`1
Â7j#¶mld¶KÃ��pcfi

n ∈ N Ã7Ù*_#¹�¶�_#·�c
m ≥ 2

Ô�c
Ê7j�¾Ac ‖∑n

i=1 yi/n‖ = ‖∑n
i=1 yi/n‖m

Ã»Ð`Æ=\ ç*KAs�imÊ*cf¹�c¢c{Ç9ld¶mi�¶
1 ≤ j ≤ n+ 1

¶�º*¸�Ê
imÊ7j"i ‖yi‖m < εi

Á�_#¹�j"aba
1 ≤ i < j

j"n*Ò
f(m)‖yi‖m < 1 + εi

Á _#¹�j"aba
j < i ≤ n

Ã
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�¡c¢Ê7jK¾Ac
∥∥∥∥

n∑

i=1

yi
n

∥∥∥∥ =

∥∥∥∥
n∑

i=1

yi
n

∥∥∥∥
m

≤ 1

n

j−1∑

i=1

‖yi‖m +
1

n
‖yj‖m +

1

n

n∑

i=j+1

‖yi‖m

<
1

n

j−1∑

i=1

εi +
1

n
+

1

nf(m)

n∑

i=j+1

1 + εi <
ε

n
+

1

n
+

1

f(2)
+

ε

nf(2)

<
ε

n
+

1

n
+

1

1 + 2ε
+

ε

n(1 + 2ε)
.

qXÊ$º*¶
infn∈N ‖

∑n
i=1 yi/n‖< 1/(1+2ε)

Ã6qXÊ»ld¶¢¸�_#n�im¹kj#Ò9ld¸fi�¶¢imÊ*chÁ j#¸fi�imÊ7j"i
(yi)

ld¶
(1+ε)

Ë3c�×�º»lb¾#j"adcfn�i[i�_�imÊ*c¢¶mikj"n*Ò*j"¹�Ò
`1

Â7j#¶mld¶KÃ � cfn*¸�c
(ei)

ld¶C¶mÊ»¹mlbn»Ö�lbn»e*o*j"n*Ò
X

ld¶
¹�c��7c{Ç9lb¾AcHÃ

Í�¶mlbn»ehimÊ*c�¹�c��7c{Ç9lb¾Ac�¶mÈ7j#¸�c�¶`È»¹�c�¶�cfn$i�c�ÒVlbnØÓ�¹�_#ÈG_H¶�lbimld_#n N9Ã��9o�Ô�c�¸Kj"nVÈ»¹�_K¾Ac�imÊ*c
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