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ABSTRACT. We prove that every separable uniformly convex Banach space X embeds into a
Banach space Z which has the property that all bounded linear operators on Z are compact
perturbations of scalar multiples of the identity. More generally, the result holds for all separable
reflexive Banach spaces of Szlenk index wy.

1. INTRODUCTION

What is now known as the “scalar plus compact” problem asked if there existed an infinite
dimensional Banach space with the property that every bounded linear operator on the space is
equal to a scalar times the identity plus a compact operator. This was listed by Lindenstrauss
as Question 1 in his 1976 list of open problems in Banach space theory [15], though his problem
was well known before then. Part of the reason for the interest in the “scalar plus compact”
problem, is due to the fact that every compact operator has an invariant subspace [5]. Thus
a Banach space with the property that every bounded linear operator on the space is equal to
a scalar times the identity plus a compact operator, also has the property that every bounded
operator has an invariant subspace.

Recently, the first and third author solved the “scalar plus compact problem” by creating
an infinite dimensional Banach space with the property that every bounded linear operator
on the space is equal to a scalar times the identity plus a compact operator [2]. The space
was constructed by modifying a procedure of Bourgain and Delbaen [6] which produces a L
Banach space with dual isomorphic to ¢;. Recently as well, the second, fourth, and sixth named
authors [10] modified the Bourgain-Delbaen procedure in a different manner to prove that if
X is a Banach space with separable dual, then X embeds into a £,, Banach space with a
shrinking basis with dual isomorphic to ¢;. The main goal of this paper is to combine the two
modifications of the Bourgain-Delbaen procedure to prove the following theorem:.

Date: October 11, 2011.

2000 Mathematics Subject Classification. 46B20 .

The research of S.Argyros and D. Zisimopoulou was supported by IIEFBE 2009 NTUA Research Program.
The research of D. Freeman was supported by a grant of the Office of Naval Research. The research of R.
Haydon and E. Odell was supported by the Linear Analysis Workshop at Texas A&M University in 2009. The
research of D. Freeman, E. Odell and Th. Schlumprecht was supported by the National Science Foundation.
The research of D. Zisimopoulou was supported by the EU and national resources.

1



Theorem A. Let X be a separable uniformly convex Banach space. Then X embeds in a
Banach space Z, whose dual space is isomorphic to {1, and which has the property that all
T € L(Z), i.e. all bounded linear operators T on Z, are of the form T = \d+ K, where Id
denotes the identity, \ is a scalar and K is a compact operator on Z.

In particular, Theorem A shows that the subspace structure of a Banach space with the
“scalar plus compact” property can be quite general and can contain unconditional basic se-
quences. This is in stark contrast to [2], where the constructed space was hereditarily indecom-
posable.

The space Z, constructed in the proof of Theorem A, will have some additional interesting
properties. As in [2], we have that,

i) Z is somewhat reflexive, i.e., every infinite dimensional subspace of Z contains an infinite
dimensional reflexive subspace.

ii) £(Z) is amenable as a Banach algebra.

iii) £(Z) is separable.

iv) Every T' € L(Z) admits a non-trivial invariant subspace.

v) An operator T : X — X lifts to an operator T : Z — Z such that T|x = T if and only
if T' is equal to scalar times the identity operator on X plus a compact operator.

Many of these properties are significant in their own right, and merit further discussion. In
particular, as the invariant subspace problem for Hilbert spaces is one of the most important
open problems in operator theory, we note that Theorem A implies the related result that a
separable Hilbert space (or more generally L,[0,1] for 1 < p < co) embeds into a Banach space
with separable dual such that every bounded operator has an invariant subspace.

In the 50’s and 60’s, Grothendiek and Lindenstrauss worked on determining the lifting prop-
erties of compact operators. One result of Lindestrauss in particular [16] gives that because Z
is a isomorphic predual of ¢y, it has the injective property for compact operators. Thus, for
every compact operator K : X — X, there exists a compact operator K : Z — Z such that
K|x = K. Thus an operator T : X — X lifts to an operator T : Z — Z such that T|x = T if
and only if T is equal to scalar times the identity operator on X plus a compact operator.

In his 1972 memoir [14], B.E. Johnson set up the theory of cohomology of Banach algebras,
and introduced the notion of an amenable Banach algebra. A Banach algebra A is called
amenable if every bounded derivation D from A to a dual Banach A-bimodule X* is inner.
That is, if a bounded linear operator D : A — X* satisfies D(ab) = a - (Db) + (Da) - b, for
each a,b € A, then there exists x* € X* such that Da = a - * — 2* - a. The name amenable
was appropriately chosen for this property, as the group algebra of a locally compact group
is amenable as a Banach algebra if and only if the group is amenable[14]. Johnson posed
the question of whether the algebra £(X) can ever be amenable for an infinite-dimensional
Banach space X. Whether £(X) is amenable remains an important open problem for a number
of concrete Banach spaces, including ¢, for p # 1,2 [8]. It is shown in [13] that the algebra
of compact operators K (X) is amenable whenever X is a £,-space when 1 < p < oco. Thus

in Theorem A, we have that K(Z) is amenable. By Proposition 2.8.58(i) of [7], the algebra
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obtained by adjoining an identity to a non-unital amenable Banach algebra is again amenable.
Thus the algebra of all bounded operators on Z is amenable.

Theorem A also implies that every separable uniformly convex Banach space embeds into an
indecomposable Banach space with separable dual. It is thus worth noting that the first and
fifth named authors have recently proved that every separable reflexive Banach space embeds
into a separable reflexive indecomposable Banach space [3].

The proof of Theorem A relies heavily on the Bourgain-Delbaen construction [6], the frame-
work and the notation of which are reviewed in section 2. In Theorem 2.9 we give a general
criteria that will ultimately yield that the space Z, constructed in section 4 where Theorem A
is proved, satisfies the “scalar plus compact” property.

Theorem A will actually hold for any reflexive Banach space with Szlenk index wy. The
theorem relies on X being reflexive as we will show that for any operator T on Z, there exists
a scalar A such that T"— AId factors through X. Thus, T"— Ald is weakly compact as X is
reflexive, and is hence norm compact as Z* is isomorphic to ¢; which has the Schur property.
Our construction uses the mixed Tsirelson space given in [2], and we rely on block sequences
in X being dominated by the unit vector basis for the mixed Tsirelson space. Requiring that
X have Szlenk index wy guarantees this property. There is work in progress by the authors,
which will yield further results concerning spaces with very few operators. This is based on a
different and very involved approach using higher complexity saturation methods, among other
techniques|1].

2. THE GENERALIZED BOURGAIN-DELBAEN CONSTRUCTION

In this section we review the general framework and notation of the construction of Bourgain-
Delbaen spaces. We follow, with slight changes and some notational differences, the presentation
in [2] and start by introducing Bourgain-Delbaen sets.

Definition 2.1. (Bourgain-Delbaen-sets)

A sequence of finite disjoint sets (A, : n€N) is called a Sequence of Bourgain - Delbaen Sets
if it satisfies the following recursive conditions:

A1 is any finite set, and assuming that for some n € N the sets Ay, As,..., A, have been
defined, we let I, = (Jj_; A;. We denote the unit vector basis of £,(I',) by (e : y€TL',), and
consider the spaces ¢;(I';) and ¢,(I;, \ I'j), j < n, to be, in the natural way, embedded into
6 (T).

For n > 1, A,4+; will then be the union of two sets Aﬂl and Afj}rl, where Afloll and AS}A
satisfy the following conditions.

The set Aﬂl is finite and

(1) A {(n+1,8,0%) : Be[0,1],b*€ By,
The set AS}A is finite and

2) AY cln+1,a,k6 8,07 a,B€[0,1],ke{1,2,...n — 1},E€ Ay, b" € By -
3



If (A,) is a sequence of Bourgain-Delbaen sets we put I' = U;; A;. For neN, and y€ A,

we call n the rank of v and denote it by rk(~y). If v € A%o)’ we say that v is of type 0, and, in
the case that v e Ag), we say that v is of type 1. In both cases we call § the weight of v and
denote it by wt(v). In our application of the Bourgain-Delbaen construction to prove Theorem
A, we will always have a = 1 for v = (n, o, k,§, 3,b*) € Ag), and hence we will then suppress

the o and use the notation v = (n, k,&, 5,0%) € AP, In [10], there was a special case when
a # 1, and we discuss later how the construction in [10] can be recoded to avoid this.

Given a sequence of Bourgain-Delbaen sets A = (4A,, : n€N) we will always assume the sets
A%O), Ag), I',, and I" have been defined satisfying the conditions above. We consider the spaces
loo(Ujes ;) and EI(UJEA Aj), for A C N, to be naturally embedded into (s (I') and ¢(T),
respectively.

We denote by cgo(I") the real vector space of families z = (x(y) : y€I') C R for which the
support, supp(z) = {y €Tl : x(y) # 0}, is finite. The unit vector basis of cgy(I") is denoted by
(ey = y€T), or, if we think of ¢y to be as being subspace of a dual space, such as ¢;(I"), by
(ex:vel). If I' = N we write cog instead of coo(N).

Definition 2.2. (Bourgain-Delbaen families of functionals)

Assume that (A, : n€N) is a sequence of Bourgain-Delbaen sets. By induction on n we will
define for all y€A,,, elements ¢ €(1(I',_1) and d € (,(T',), with d} = e — cZ.

For v € A; we define ¢, = 0, and thus d7, = €.

Assume that for some n € N we have defined (¢} : v €1T,), with X € (1(T';_1), if j < n and
rk(vy) = j. It follows therefore that (d : y€T',) = (e — ¢ : y€T,) is a basis for £,(I',) and
thus for £ < n we have the projections:

(3) Pl () > 6T, Y aydy = > adl
’YGFn ’YEF-,L\Fk
For ve A, 11 we then define
L ify=(n+1,00)eAl), .
aef + B ,(0%) iy =n+1akE B0 €A

We call (¢ : y€T), the Bourgain-Delbaen family of functionals associated to (A, : n€N). We
will in this case consider the projections P(’;m} to be defined on all of cy(I"), which is possible

(4)

since (d? : v €T') forms a vector basis of cyo(I") and, (as we will observe later) under further
assumptions, a Schauder basis of ¢1(T").

Remarks. The reason for using * in the notation for P(*}C m] 1S that later we will observe that
the P, m) are the adjoints of some coordinate projections Py ,,,) on a space Y with a finite
dimensional decomposition (FDD) F = (F}) onto @ jek,m Fj-

The next proposition is based on results in [2] and [6]. It follows from a more general theorem
in [10].
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Proposition 2.3. [10, Proposition 2.4] Assume that (A, : n €N) is a sequence of Bourgain-
Delbaen sets and let (c% : y€T) be the corresponding family of associated functionals. For n€N
put Iy = span(d; : v € Ay). If for every v = (n+ 1,a,k,&,3,0°) € T' of type 1 it holds that
B <1 then (F3), is an FDD for (1(T) whose decomposition constant M is not larger than
2.

Remarks. Let I' be linearly ordered as (v; : j €N) in such a way that rk(v;) <rk(y;), if i < j.
Under the assumption < }l stated in Proposition 2.3, (di;j) is actually a Schauder basis of /4
[2]. But for our purpose the FDD is the more natural coordinate system.

Assume we are given a sequence of Bourgain-Delbaen sets (A, : n € N), which satisfy the
assumptions of Proposition 2.3, and let M be the decomposition constant of the FDD (F¥) in
¢1(I"). We now define the Bourgain-Delbaen space associated to (A, : n € N). For a finite or
cofinite set ACN we let P} be the projection onto the subspace @jeaF; of £1(T) given by

Py6(D) = 6(I), Y ad, Y ad;.
~yel’ YEA

If A = {m}, for some m € N, we write P, instead of P, ,. For m € N we denote by R,,
the restriction operator from ¢;(I") onto ¢;(I';,) (in terms of the basis (e?)) as well the usual
restriction operator from £o(I') onto lo(I'y,). Since Ry, 0 P 1 is a projection from ¢4(I') onto
0, (T,,), for meN; it follows that the map

I loo(Um) = loo(L), = P50 Ry (),

is an isomorphic embedding (P7,, is the adjoint of P}, and, thus, defined on ((I')). Since

R, is the natural embedding of ¢, (I';,,) into ¢ (I") it follows for all meN that
(5) Ry, 0 Jy(z) =z, for x € €oo(T,,), thus J,, is an extension operator,
(6) Jpo Ry o Jp(x) = Jn(z), whenever m < n and x € ('),

and by Proposition 2.3,

(7) [l < M.

Hence the spaces Y;,, = J(leo(I'm)), m €N, are finite-dimensional nested subspaces of (. (I")
which (via J,,) are M-isomorphic images of ¢ (I';;,). Therefore

® v-Un

meN

is a Lo m space. We call Y the Bourgain-Delbaen space associated to (A,,).
Define for meN

P[l,m] Y — Y, r Jy, o0 Rm($)
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We claim that Py, coincides with the restriction of the adjoint P[1 m] of Pﬁ m) 1O the space Y.

Indeed, if neN, with n > m, and x = J,(Z) €Y, and b* € ¢,(I") we have that

<P[§Tm}($)>b*> (z, P[l m](b*)>
= (R (), Ry o B,y (b7)) (since P ,,,(07) € span(el 1y € I'y,))
<P[1m o Ry, 0 Ryp(z),b%) = <P[17m}( z),b").

Thus our claim follows since | J,, Y}, is dense in Y.

We therefore deduce that Y has an FDD (F,), with F,, = (Pim) — Pim—1))(Y) and Y, =
DLy ~u loo(Ty) for m € N. Moreover, denoting by P4 the coordinate projections from
Y onto @jcaF}, for all finite or cofinite sets A C N, it follows that P4 is the adjoint of P}
restricted to Y, and P} is the adjoint of P, restricted to the subspace of Y* generated by the
E)’s.

Denote by || - ||. the dual norm of Y* restricted to the subspace ©32, F; = (1. We claim that
for all b* € ¢,(T)

(9) 1711 < 116" ley < M7

The first inequality follows from the fact that [[eX[[. < [|eZ[ls, = 1, for v € T', and the triangle
inequality To show the second inequality we let b* € ¢1(I',,) for some n € N and choose
x € Sy (r,) so that (b*,z) = ||b*||s,. Then it follows from (7) and (5)

1 1
161« = (0, 37 n(2) ) = = bller-
M M

We now recall some notation introduced in [2]. Assume that we are given a Bourgain-Delaben
sequence (A,), the corresponding Bourgain-Delbaen family (¢} : v € T'), and the resulting
Bourgain-Delbaen space Y, which admits a decomposition constant M < oco. As above we
denote its FDD by (F,,). For the remainder of the section, we restrict ourselves to considering
sets ' such that « = 1 for all v = (n,a, k,§, 3,b*) € AP We suppress the «, and use the
notation vy = (n, k, &, 5,b*). For n€N and v € A,,, we write

R if v = (n, 8,b") € A,
e;=d,+c =d * * N « (1)
e§+/BP(k7oo)(b) lf'}/—(TL,k,g,ﬁ,b)EAn
In the second case, we can write ef = di + ¢, and, then we can insert for ¢f its definition. We

can proceed this way and eventually arrive (after finitely many steps) to a functional of type
0. By an easy induction argument we therefore deduce the following

Proposition 2.4. For alln €N and v € A, there are a € N, 51, o, ... B, € [0,1], numbers
0=pyo <pr <po—1<p <p3—1<p3,... < Pa1 < pPa—1<ps =n1in Ny, vectors
b; € By, () Nspan(ey :n € Ty, 1 \Ty,_), and (§;) C Ty, with §5 € Ay, forj=1,2...a, and
o =1, so that

(10) o _Zd§ +/BJP(pJ 1,00) b* de +63 (Pj-1,p5) (b*)
7=1
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We call the representation in (10) the evaluation analysis of v and define for v € T, age(y) = a
to be the age of v. We define the cuts of v to be cuts(y) = {p1,p2,---pa}. The sequence of
triples, (p;, b7, &j)1<j<a is called the analysis of .

Remark. From now on, we assume that there is a striclty increasing sequence of natural
numbers (mj)j?’il such that for each v € I', we have mj_1 =01 =0y =...=pf, for some j € N.
Furthermore, we assume that b}f € Dic(p;_1,p) I and hence P(’;j_hpj)(bj) = b;‘- forall 1 <j <a.
Thus the evaluation analysis of v simplifies to the following equation:

(11) er =Y di+m;"y b
=1 =1

Definition 2.5. If z € Y, we define the support of x to be supp(z) = {n € N : P,(z) # 0}.
We say that a sequence (z,,) C X is a block sequence with respect to (F;) if maxsupp(z;) <
min supp(x2) < maxsupp(zs) < minsupp(zs) < ... If in addition, max supp(z,)+1 < max supp(z,41)
for all n then we say that (x,) C X is a skipped block sequence.

If z € @' ,F;, then there exists a unique y € {(I',) such that z = J,(y). We define the
range of x to be the smallest interval rg(z) = [k, m] such that y(y) =0 for all v & T',, \ T'x_1.

Definition 2.6. Let (z,,) be a block sequence in Y, (m;)52, be a strictly increasing sequence
of natural numbers, and C' >0. We say (x,) is a C-Rapidly Increasing Sequence, or C-RIS, if

for keN
(12) |zl < C and |e} (z1)| < Cwt(y) if k> 2 and v € T with wt(y) > m_ !

maxrg(Ti—1)°

We say that (z,,) is an RIS, if (z,) is a C-RIS for some C > 0.

It is easy to see that Rapidly Increasing Sequences satisfy the following permanence proper-
ties.

Proposition 2.7. Let (m;)52, be a strictly increasing sequence of natural numbers, and C'>0.

a) Fvery subsequence of a C-RIS is a C-RIS.
b) If (z,) and (y,) are C-RIS’s and a, B > 0, then there is a subsequence (k,) of N so that
(azy, + BYk, Jnen, is a Cla + B)-RIS.

Proposition 2.8. [2, Proposition 5.11] Let T : Y — W be a bounded linear operator, W being
a Banach space. Then ||T(zg)|| — 0 whenever (zx) is a bounded block sequence if and only if
| T (zx)|| — O whenever (xy) is an RIS.

We finish this section by stating a criterion which implies that all operators T : Y — Y are
compact perturbations of a multiplication operator. Most of the proof is based on the proof of
a similar statement in [2].

Theorem 2.9. Let (A,) be a sequence of Bourgain-Delbaen sets, with finite decomposition

constant M. Assume furthermore that the FDD (F,,) of Y, which we defined above, is shrinking.
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Let X be a reflexive subspace of Y and assume that T :Y — 'Y 1is a bounded linear operator
satisfying for every C' > 0 and C-RIS (x,) the condition that:

(13) lim inf dist(7'(x,,), [z,] + X) = 0.
n—oo
Then there is a A € R and a compact operator K on'Y so thatT = \d+ K.

Proof. Assume that (z,) is a C-RIS which is seminormalized in the quotient space Y/X. By
our assumption we can choose a subsequence () of (z,) and a bounded sequence (\,) C R
so that lim,_, ||T(2],) — Ay, |ly/x = 0. After passing again to a subsequence we can assume
that A = lim,, o A, exists and, thus, that lim,_, ||T(z],) — Az, |ly/x = 0.

Secondly, we claim that there is a universal A € R so that for all C' > 0 every C-RIS (z,),
which is seminormalized in Y/ X, has a subsequence (z],) so that lim, .« || 7(z},) — Az}, ||y,x = 0.
Indeed, assume that (z,) and (y,) are such sequences, and assume that A and p are in R so
that for some subsequences (z},) of (x,) and (y,,) of (y»), lim,_e || T(2},) — Az}, ||y/x = 0 and
limy, o0 || T'(y;,) — 1y, |ly/x = 0. For each n € N, choose f; € Sy x)- such that fr(Q(z],)) =
|}, |lv/x, where @ : Y — Y/ X is the quotient map. The sequence (y,,) is weakly null, thus after
passing to a subsequence if necessary, we may assume that |f5(Q(y.,))| < 27" for all n € N.
Hence,

(14)  tminf ), + 39, lvyx = Q" (o + B)| = ol inf [l vy for every ., € B

Using Proposition 2.7 we can, after passing to subsequences, if necessary, assume that (z/, +1v/,)
is a (2C)-RIS. After passing to subsequences again, we assume that there is a p € R so that
lim, oo 1T, + ) — pla, + 92)lly/x = 0.

This implies that lim, .« || Az}, + py;, — p(z), +v,,)|ly/x = 0. Hence 0 = lim,,, || (A — p)z], +
(= punlly/x = (A = p)infren |2, ]]. Thus, A = p, as («,) is seminormalized in Y/X. Thus
lim, o0 ||y, — pyslly/x = 0, and hence = p as (y,,) is seminormalized in Y/X.

We claim now that S = T — A\Id is a weakly compact operator, which, finishes our proof since
by Schauder’s theorem S is (weakly) compact if and only S* is (weakly) compact and since by
Schur’s theorem all weakly compact operators on ¢; are norm compact.

First note, using Propositions 2.8, it follows that the operator S :Y — Y/X, z+— Qo S(x),
where @ : Y — Y/X is the quotient mapping, is norm compact. Hence for a given ¢ > 0
there is an N = N. so that dist(S(z),2|[S[|Bx) < €, whenever x € ©32y 1 F; N By. Thus
S(By) C W+ eBy, where W, = 2MS(B@§V=1F]-) +4M||S||Bx. We thus showed that for every

e > 0 there is a relatively weakly compact set W, C Y so that S(By) C W.+eBy. We therefore
deduce our claim from a well known characterization of weakly compactness (c.f. [9]). O

3. MIXED TSIRELSON SPACES

Our method for constructing the space Z in Theorem A combines the technique of embedding
a Banach space into a Bourgain-Delbaen space given in [10] with the technique of producing a
Bourgain-Delbaen space with very few operators given in [2]. All existing methods of creating

hereditarily indecomposable spaces or spaces with very few operators, involve the use of mixed
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Tsirlson spaces, the first example of such being given in [20]. We will use the same mixed
Tsirelson space for constructing Z as was used in [2]. We recall the notation and terminology
from [4]. Let (¢;);en be a sequence of positive integers and let (6;),en be a sequence of real
numbers with 0 < 6; < 1. We define W([(Ay,,0;) en] to be the smallest set W of cyo with the
following properties:

(1) £e; € W for all k£ € N, where such functionals are said to be of type 0;

(2) whenever f7, ..., f¥ € W are successive vectors and n < ¢;,

=40, Z fi €W, where f* is said to be of type 1 with weight 6;.
i=1

It is possible for a given f* to have more than one weight, but this shall not pose a problem.
The reader who is familiar with [4] should note that our W is there denoted by W{.

The mized Tsirelson space T[(Ay,,0;);en] is defined to be the completion of coo with respect
to the norm

[l = sup{ f*(z) | /* € WAy, 0;)en]}

The norm || - || on T'[(Ay,, 0;);en] satisfies the following recursive relationship.

£
|zl = llzllo vV sup  6; > llaxg | for all x € T[(Ay,,6;)jen]

]GN,E1<...<EZJ. i—1

As in [2] we will work with two sequences (m;) and (n;) in N satisfying the following prop-
erties.

(15) \/n1/2 >mq > 16, mii1 Z m?, UZES] Z (16nj)l°g2(mj+1) 2 m?+1(4nj)1°g2mj+1.

A simple way to achieve this is to have (mj,n;);eny be a subsequence of (2%, 22]2+1)j>4. The
sequences (m;) and (n;) will be used to construct the space Z in a way somewhat analogous
to the construction of T'[(As,, m;l) jen]. In the sequel, we will need upper norm estimates for
certain vectors in Z, and this will be achieved through the following upper norm estimates for
certain vectors in T[(Asn,,m; ') jen).

Proposition 3.1. [2, Proposition 2.5] If jo € N and f* € W[(Agnj,mj’l)jeN] is an element of
weight m;l, then
&l omim=l ifh < j
* (=1 < h " 0
(5, ZGZ)’ = { m; ! if h > jo
In particular, the norm of n; S0 e in W {(Asn, . m;")jen] is ezactly m,'. If we make the
additional assumption that f* € W([(Asn,,m; ")z, then
o -1 -2 . .
_ 2m, m.~ if h <}
* - 1 < h Jo 0
|f (n]() Zef” = { m—l th >j0
=1 h

In particular, the norm of n}! S0 e in W[(Asp,, m; ") jz5) ds at most m3”.
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4. CONSTRUCTION OF THE SPACE Z

Our goal in this section is to prove the following theorem.

Theorem 4.1. Let X be a separable reflexive Banach space with Szlenk index wg. Then X
embeds in a Banach space Z, whose dual space is isomorphic to {1, and which has the property
that all operators T on Z are of the form T = Ald+ K, where Id denotes the identity, \ is a
scalar and K is a compact operator on Z.

Every separable uniformly convex infinite dimensional Banach space is both reflexive and has
Szlenk index wy. That every uniformly convex Banach space is reflexive is well known. That
every uniformly convex Banach space has Szlenk index wy actually follows immediately from
the definition of the Szlenk index [21]. The Szlenk index of a Banach space X is essentially the
suppremum over £ > 0 of how long it takes to remove all the points from Bx- by successively
removing all relatively w* open subsets of By« with diameter at most . If X is uniformly
convex, then X can be renormed so that By« is also uniformly convex. Removing all relatively
w* open subsets of By of diameter at most ¢ will then leave a subset of (1 — d(¢))Bx~, where
d(e) is the modulus of convexity of By-. Repeating the procedure n times will leave a subset
of (1 —§(e))"Bx+, which will eventually have diameter less than €. Thus all of By« will be
removed in a finite number of steps, and then taking the suppremum over € > 0 gives that X
has Szlenk index wy. Thus Theorem A is an immediate corollary of Theorem 4.1.

We will recall one of the embedding results established in [10], and discuss how the con-
struction can be slightly modified to be better incorporated into the construction of [2]. The
construction in [10] is quite technical and combines some of the upper estimate results from
[11] with the general Bourgain-Delbaen construction. For the sake of simplicity, we will avoid
getting too deep into the details. By [19], we may assume that X is reflexive with an FDD (E;)
which satisfies block upper ¢, estimates for some 1 < p < co. The following theorem is one of
the major results in [10] together with some of the useful properties given by the construction.

Theorem 4.2. [10] Let X be a Banach space with separable dual and a shrinking FDD (E;).
Then X embeds into a Lo space Y with Y* isomorphic to {1. Furthermore, Y may be con-
structed to have the following properties:

a) Y has a shrinking FDD denoted by (F;) with decomposition constant at most 2 and pro-
Jjection operators denoted by Py, for each 1 <k < n.

b) There exists a subsequence (k;) of N such that E; C Fy, for every i € N, and hence
Ppnr € X forallz € X and k < n.

The space Y is constructed using Bourgain-Delbaen families of functionals as discussed in
section 2, and we keep the same notation. Before discussing how the construction in [10] may
be adapted, we note the following.

Remark. In any Bourgain-Delbaen space, whenever v € I' is of the form v = (n, 5, b*)

or y =
(n,k, &, B,b*) such that 0 < 8 < ¢ for some constant ¢, we may recode v to be v = (n, ¢, (8/c)b*)
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or v = (n,k, & ¢, (B/c)b*). This keeps the equation for ¢? unchanged. Thus recoding in this
manner will produce the same Bourgain-Delbaen space. This will make notation easier for us,
and allow us to be more consistent with the construction in [2].

We now claim that the construction in [10] can be adapted to satisfy the following proposition.

Proposition 4.3. Let X be a Banach space with separable dual and a shrinking FDD (E;).
Then X embeds into a Ly, spaceY with Y* isomorphic to £1. Furthermore, Y can be constructed
to satisfy Theorem 4.2 as well as the following:

c) There is a constant 0 < ¢ < 11—6 such that the weight of v is ¢ for every~v € I' and % e N.

d) For each v € Ag), there exists k <n—1,£§ € Ay, n € 'y \ g, and B € [0, ] such
that
e, = e+ Pe, +d
e) There is a constant £y € N such that the age of v is at most {y for every v € T.

Proof. We will not recall the full construction of [10], but will just give a brief discussion about
how it can be simply modified. We let 0 < ¢ < % be any constant satisfying % € N. Lemma
4.1 in [10] is used to obtain a countable set D C By~ which (1 — €)-norms X (among other
properties). We replace each f* € D\ UE} with (¢/2)f*. The construction of [10] then goes
through, except that we obtain a (c¢/2 — ce/2) '-embedding of X into Y instead of a (1 —¢)~!-
embedding. Furthermore, this will result in the weight of + being at most ¢ for every v € I'.
Thus property c) is satisfied by the remark after Theorem 4.2.

After our modification, we will have that for each v € AS}A, there exists n, & € I, such that
¢ = ayeg + Bye, for some constants ., 8, > 0 with g, < c¢/2 and either a, =1 or o, < ¢/2.
In the case that o, < ¢/2 we set b* = (o, /c)ef +(B,/c)e; € By r,), and hence ¢} = ¢b*. In this
case, we may then consider v to have type 0, and hence we have that o = 1 for every v € I" of
type 1. Thus property d) is satisfied.

In the construction of [10], the age of an element v € T" will be equal to the length of the
optimal c-decomposition of a particular functional f, € Bx-. By optimal c-decomposition,
we mean a block sequence (f;)%, in X* such that S5 fi = f,, ||fi + fir1]l > ¢, and for each
1 <i <k, either || f;|| < cor f; € E; for some j € N. The condition that X satisfies block upper
¢, estimates implies that X* satisfies block lower ¢, estimates. Hence, there exists a constant
C > 0 such that if (f;)%, € X* is a c-decomposition then 1 > || f| > | ZZLZ/IZJ Joic1 + fail| >
Cec(|k/2])Y9. Thus there is a constant £, € N such that the length of any c-decomposition of
an element of X* is at most ¢y, and hence the age of v is at most ¢y for every v € I'. Thus
property (e) is satisfied. O

In our next step we will use the construction in [2], and increase the sets A, to sets A, =
A, U®O, in such a way, that X will still embed into a Bourgain-Delbaen space Z corresponding

to the Bourgain-Delbaen sets (A,,), and will have the additional property that all operators on

Z will be compact perturbations of a scalar multiple of the identity.
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Recall that we have two sequences (m;) and (n;) in N satisfying the properties of (15). We
now also require that 1/c = m; and n, > 24,.

By induction, we define for every n € N, sets 0 and ©. In the notation of Definition
2.1 we will always have o = 1, and we will therefore suppress this dependency. We will write
(n,m;*,b*) for elements in oY and (n, k, &, m;*,b*) for elements in o,

We let @g") = @ﬁ” = (), and assuming we defined @5-0) and @gl), for j = 1,2...,n, we let
A) =aPuel A = Al uel o, =6 uel A, =AY UAY, A; = L, ©; and
Iy = UL, Ay, for j = 1,...n. We also assume that, so far (A;)7_, satisfies the conditions of
Bourgain-Delbaen sets in Definition 2.1. The terms rank, type, weight, analysis and age of
are therefore defined for all v € T,,. Also the functionals €l (T',), as well as the projections
?Fp,n] (on £,(T,,)) for 1<p<n, and the FDD (F;)™, is defined.

Recall that in our original Bourgain-Delbaen space Y, we have X C Y such that the FDD
(E;) for X fits nicely with the FDD (F;) for Y. That is, for i € N with k; <n, we have that
E; C Fj,. This provides the following (natural) embeddings

@i,kignEi — @jgnF} =M goo(rn)

We will identify X C £oo(T') with X @0 C £oo(T) @ € (A) = Lo (T). Specifically, if b* € £1(T,),
we denote by b*|x the functional defined by the restriction of b* onto the space @; <, E; &0 C
loo (D) ® loo(Ay) = ﬁoo(fn).

Let £ > 0 and ¢, N\, 0 such that Y e, < e. For 0 < p < n, we choose finite sets Ezﬁpm] which
form an e, net in the ¢;(I",)) norm for the set

{b* € (u(Ty) < [I67[ley < 1,0%]x = 0,b"]5, = 0}.

We assume, without loss of generality, that E?pm] C ng’m] if ¢ <p<n<m. Wewill also

require that if v € T',, \ T, and e3lz, =0 then e € E?pm]. Note that the conditions [[eZ[l,, <1
and e|x = 0 are automatically satisfied for v € I\ T. For f* € coo(I') we define the range of

f* to be the smallest interval range(f*) = [p,n] such that f*|z | =0and f*|p5, = 0.

Our sets @7(21 and @S}rl will be divided into elements of even weight, m%] for some 1 <
j < [™1], and elements of odd weight, m;__l for some 1 < j < |%2|. We will put extra
constraints on elements of odd weight by using a coding function o : I' — N as first introduced
in [18]. This will allow us to use the elements of odd weight in a similar manner to how special
functionals are used in [12] and other HI constructions. For our purposes, all we need is an
injective function o : I' — N satisfying o(v) > rank(y) for all v € I'. This function ¢ will be
incorporated in to our recursive construction of I'.
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The sets @,(10) and @53) are now defined as follows:

U UL”T“J +1p L )b e B
p=0 Uj=1 n » P, ma; : (p,n]
oty 1222) L) n € A, minrange(e;) > p,
U Up:O Uj:l <Tl + 1,])7 maj 1’ eﬁ) : Wt(n) =1 , with my;_s > n%j,1

mai—2

(16) @7(10421 =

and
(17)
Ui UE {(n+ 106 25 57) € € 0, wt(e) = - age(€) < nay,b* € By}

(1) £ €0, wt&) = m;l,age(é) < ngj_1, }

nt+l — UUn—l UI_;DTHJ ( +1 § 1 *) .
p=2 Uj=1 T LS %) e A, min range(e;) > p, wt(n) =

1
M40 (£)

The sets A, = A, UO,, form Bourgain-Delbaen sets as in Definition 2.1. By Proposition 2.3,
we have that (F*) is an FDD for ¢;(I") with decomposition constant not larger than 2. We let
Z be the Bourgain-Delbaen space associated to (A, : n € N), which again by Proposition 2.3
is a L2 space.

In our construction of Erp,n] we required that e € Erp,n] if y € T\ T and range(e}) C (p_,n].
In some circumstances, this allows us to conveniently combine all four possible cases for v € I'\T
into one general case. For instance, if v € T'\ I has age a and weight m;l, then the evaluation

analysis of 7 is given by
a a
ko * —1 *
e, = g de, +m; 5 b,
i=1 =1

where bf € By, ,,] and & € ©,, for some sequence of non-negative integers (p;)%, C No. It
is important to point out that we do not include the projection operators P{; as we have
guaranteed that minrange(b;) > p;—1 and hence P, b7 = b;.

Our first goal is to show that X is naturally isomorphic to a subspace of Z. We are given
that X C Y C l(I") and that Z C loo(TUA) = (o(T) & lo(A). We identify X with
X B0 Cloo()® Lo (A).

Lemma 4.4. Ify € T\ T then e}|x = ¢i|x = di|x = 0.

i—1,D4)

Proof. We have that e} = d7 +c, and thus it will be sufficient for us to just prove that c’[x = 0.
We will prove this by induction on the rank of ~.

There are two possible cases for v € T'\ T. In the first case v = (n + 1, p, mj_l, b*) € 09 for

n+1
some b* € By, . Thus ¢f|x = mj’lb*|x =0 as b*[x =0 for all b* € B, ,.

In the second case, v = (n + 1,p,£,m;1, b*) € @&)1 for some b* € E?p,n] and £ € ©,. We
assume that cy|x zg*for all p € T, \ T',. Thus clx = eflx +m§j1b*\X =0as ef[x = 0 and
b*|x =0 for all b* € B O

(pn]*

The following theorem, whose proof we omit, now follows from Lemma 4.4.
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Theorem 4.5. The space X ®0 C Lo () Dlog(A) is a subspace of Z C loo(T) B Lloo(A) = o (T).

As in [2], we have the following proposition.

Proposition 4.6. Let v,7 € @S}rl each have the same odd weight — L and have respective
25—1
analyses (p;, e:‘w&)lgiga and (p;,ef]{,gl()lgiga/. If a > d' then there exists 1 < ¢ < a such that

& =& for alli <l and wt(n;) # wt(n}) for all j and all € < i < d

Proof. We choose 1 < ¢ < a’ to be maximal such that & = ¢, for all i < (. If £ = @’ then the
proposition holds. If ¢ < a’ it must be that § # &, and hence wt(ne) = Muy(e,) # Mao(ey) =
wt(ny). In this setup, ages are simply given by age(§;) = i and age(§;) = j for all 1 < j < a
and 1 <4 < da/. Thus whenever i # j we have that wt(n;) = Mao(e;) # Maoey = wit(n;). If
j > { then the analysis of &; is (p;, e}, &i)i1<icj—1 and the analysis of &} is (pz,e ,,§ Ji<i<j—1-
The elements §; and & clearly have different analyses as &, # &, and thus §; # f; We then
have that wi(n;) = mas(e,) # Mag(e;) = wi(n;). We have covered all the cases, and thus the
proposition is proven. O

If we are given some vy € I' then we can find the analysis of v through simple iteratation.
Conversely, it will be important for us to be able to choose an element v € I' which has some
specified analysis. The following lemmas state essentially that if we satisfy some important
conditions, then we are able to choose such a 7.

Lemma 4.7. Let a,j be positive integers such that a < ng;. If po < po+1<p <p1+1<
P2 < -+ < po are natural numbers with 25 < p; and b} is a functzonal m B(pr o1 Jor all
1 < r < a, then there are elements & € O, each with weight m—Qj such that the analysis of
7= fa is (pr’ b:7£7“)?:1'

Proof. 1t is specified that 25 < p;, and thus (py,po, —— s 1) € @Z(,?). We now assume that

1 < k < a and that & has been found with analysis (pr, * &)k and weight % We have

that age(§y) = k < a < ngj, and so &y = (pk+1,pk,€k,% ri1) € @&)ﬂ Thus €, =

d§k+1 +eg, + 1 bk+1, and hence the analysis of {1 is (p,, b’ §T)k“ The proof is then complete
by mductlon O

A similar proof yields the following lemma.

Lemma 4.8. Let a, jo be positive integers such that a < ngjo—1. Let pg < po+1<p; <p1+1<
Py < -0 < pg be natuml numbers with 2jo—1 < py. Let (nr)r 1 C A\ with mnge( ) (Pr—1,Pr]

such that wt(n) = - for some ji € N with myj o > ny;, ., and wt(m) = for all

mMy4jq
— such that the analyszs

m4(

2 <r<a. Then there emst elements & € O, each with weight _
J0

Of’Y = ga is (pT7 6:77"7 57‘)?:1'

Lemma 4.9. Ifp < q and v € O, F; such that ||z|z/x = 1 then there exists b* € B( with

b*( ) > § — &q-

Pyq]
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Proof As ||lz||z/x = 1, there exists 2* € Sz« such that 2*(x) = 1 and 2*|x = 0. We then set
by = P[p+1 g%" We have that [|b5|e r,) < 2[5l < 4|]Pp+1q]\|\|x | < 1. If xo € X, then our
particular embedding of X into Z results in P, 420 € X. Thus bj(zo) = 22*(Ppi192) = 0, as
2*|x = 0. Combining these properties gives that b € {b* € &}, | F}" ||b*||g1 < 1bx = 0}
and hence there exists b* € B(p g such that [b* — bg|| < ;. Thus we have that b*(z) >

bo(z) —€q 2 § — &g U

Lemma 4.10. Let (z,)!_, be a skipped block sequence in Z with a < ny; and 2j < minran(zs).
Then there ewists v € A of weight —— such that 330, xi(y) > §.°2 S0 (|2l z/x-
J

— 8my;

Proof. Choose py < p1 < pa < -+ < pg such that ran(z,) C (p,_1,p,) for all 1 < r < a. By
Lemma 4.9 we may choose b} € Ezﬁpyq’m) such that b’ (z,) > 1783%””1‘”2/)(. By Lemma 4.7
there exists &, € ©,, for each 1 < r < a with weight m%] such that the analysis of v = &, is
(prs b7, & )y—1- We first note that df, (x,) = 0 for all i,r because &; € ©,, and p; € ran(z,) for
all i,7. We further note that b}(x,) = 0 for all i # r because ran(z,),ran(b’) C (pr—1,pr). We
now obtain the lower estimate for Y " | x;(y) = eZ(>_;_, ;) by using the evaluation analysis of
7.

e;(z;a:r ng Zxr +EZb* Zxr = m%jzb:(mr) > ml > 1_885PT1||Q;T||Z/X

r=1 r=1 2]7’:1

O

To simplify some proofs we will now add an additional condition to the definition of C'-RIS.

Definition 4.11. Let (z,) be a block basis in Z and C' > 0. We say (z,) is a C-Rapidly
Increasing Sequence, or C-RIS, if for k€N

) flzel <€

(2) |zr(7)] < Cweight(y) if k > 2 and v € T with weight(y) > m_!

maxrg(Tr—1)"
(3) |ze(y)| < Cmitif v € T with weight(y) = m;!

Adding condition (3) is not a significant change for us since if (x)%2, is a C-RIS for Definition
2.6, then (xy)72, is a C-RIS for Definition 4.11.
It will be essential to obtain certain upper bounds on values of the form |eZ >, _; Ay2y,| where

(z1) is a C-RIS. Estimating these bounds for v € T'\ T will follow proofs similar to those in [2].
Lemma 4.12. Let (x3) be a C-RIS in Z. If y € T\ T and wt(y) = m; " then,

€2 (x)] < Cm; ! if i <maxran(zg_y1) or if i > maxran(xy)
15



Proof. By the definition of C-RIS, the case i < maxran(xy_,) is immediate. The evaluation
analysis for v is given by

* - % 1 *
€y = Zdér + Ebr’
r=1 ¢

for some (&,)%_; C T\I"and (b})?_; C By, (r). The element &, has weight m; ', foreach 1 < r < a.
This is important as the set ©,, contains elements of weight m,; Yonly if p > i. Thus if we consider
p1 so that & € ©, then p; > ¢ > maxran(zy). Hence, minrange(d; ) > p1 > maxrange(zy,)
for all 1 <r < a and minrange(b:) > p; > maxran(zy) for all 1 < r < a. Thus we have that
di (vx) = 0 for all 1 <r <a, and b} (zy) = 0 for all 1 < < a. Applying this to the evaluation
analysis for e gives the following desired result,

\ ~ 1, 1, 1. C
@)l = 1D d, (wn) + — i)l = |—bi(wn)| < —[Billllan]l < —
T‘Zl (3 1 1 (3

0

Lemma 4.13. Let (x)ker be a C-RIS in Z for some interval I C N, let A\, be real numbers,
and let vy be an element of . There exists a functional g* € W[(A,,,m;")] such that

(1) supp(g*) C 1
(2) |€:(Zkel M) | < Cg (D per 1 Akler).

Proof. We proceed by induction on the rank of v € I'. If rank(y) = 1 then

e:(z MeTk) = Aol (Tr,)  Where ko = min([).

kel

We may thus simply take g* = ej, € W|[(A,,,m;")].

We now assume that v € I' has rank greater than 1 and age a. We assume that the lemma
holds for all elements of I" with rank less than that of v. We consider the evaluation analysis
of e, which is given by

a a
&= di+ D Bie
=1 =1

for some sequences (&)%, (n;,)%, C I" and (B;) C [0,m;']. Recall that £, was chosen so that
age(n) < {y for all n € I'. Let (p;)%, C N be the sequence such that {; € A, forall 1 <i<a
and po = 0. Let Iy = {k € I : p, € range(xy) for some 1 < r < a}. As (zx) is a block sequence,
for each 1 < r < a there is at most one k € I such that p, € range(zy). Thus, |Ij| < a < .
We then set I, = {k € I : range(zx) C (py—1,p-)}. Note that each I, is an interval, and if
k & Uj_ol,, then e’ (x;) = 0. We now have the following equality,

62(2 )\kIL’k) = G:(Z )\kl’k> + Z ﬂrezr(z Akxk)

kely r= kel,
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For k € Iy, we apply condition (3) in the definition of C-RIS to get the estimate [eZ (z1)| <
Cm;*. Thus we now have that,

(18) 2O Aea)| < Cmi Y el + D 1Bees, (O Asa)l-

kelp r= kel

For each 1 < r < a, we apply the induction hypothesis to n, € T to obtain g* € W[(A,,, m;")]
with supp(gf) C I, such that

(19) ler. (O M) < Car(> [ Aklew).
ke, ke,
We now define ¢g* by setting ¢* = mfl(zkelo e;+ > 0_, g7). This is a sum, weighted by m; ' of

at most 2¢y < n; functionals in W[(A,,, m;")] which are each supported on successive intervals.
Thus g* € W|[(A,,,m;")]. We now use (18) and (19) to obtain the following.

e Mex)] < Cm Y [N+ [Beer (O Awri)| by (18)
r=1

kel kel

<Cmi' >IN+ 18:1Ce O [Mkler) by (19)
r=1

kel kel,

<Cm" Y Il + D> mitCgr (O Ikler)  as (8] < my!
r=1

kel = kel,
=Cmi' O e+ 9O eler + ) [Meler)  as supp(gr) € I
kelo r=1 kely r=1 kel
=Cg* () [Mlex)
kel

O

Proposition 4.14 (Basic Inequality). Let (xx)rer be a C-RIS in Z for some interval I C N,
let \p be real numbers, and let v be an element of I'. There exists kg € I and a functional
9" € W[(Asp,,m;")jen] such that:

(1) either g* = 0 or weight(g*) = weight(y) and supp(g*) C{k € l:k> ko}

(2) lex(Doper Mr)| < 20| Ago| +2C 9" (D ses [Axler)
Moreover, if jo is such that |€f(}_,c; Arzr)| < Cmaxyey [ Ai| for all subintervals J of I and all
€ €T of weight mj_ol, then we may choose g* to be in W[(As,;, mj_l)#jo].

Proof. We assume that v € I' and will show that the moreover part holds. For v € I', the rest

of the proposition is an obvious corollary of Lemma 4.13. We first consider j, # 1. By Lemma

4.13, there exists ¢* € W[(A,,,m;")] satisfying (1) and (2). Thus ¢g* € W[(A,,,m")] C

W [(Asn, . m;")j25], which proves the moreover part. We now consider j, = 1, and assume
17



that |ef(>-,c; Mae)| < Cmaxges || for all subintervals .J of I and all & € T of weight m; "
However, v has weight m; "', and thus we may take g* = 0 € W([(Asn,, m;");j,]. Thus the
proposition is true for all v € I'.

We now consider the case v € I' \ T, and will proceed by induction on the rank of 4. There
are no v € ['\ T of rank 1, and thus we first consider the case that rank(y) = 2. We then have
that

€2 () M) = M€l (Tr) + Ay € (),
kel
where ko and k; are the first two elements of I. Thus setting g* = e; gives the desired
inequality.

We now assume that v € I' \ I" has rank greater than 2, age a, and weight m,:l. We suppose
that there is some ¢ € I such that maxrange(x,_1) < h < maxrange(x,). The simpler cases
of h < maxrange(x) or maxrang(zy) < h for all k € I can be proved in the same way, and
so will not be considered. We will split the following summation into three parts, and estimate
each part separately.

(20) Z)\kmk Z )\ke l‘k)+>\g6 ZEg —|—6 Z )\kl‘k

kel kel k<t kel ,k>¢

For the first part, we have by our choice of ¢ that h > maxrange(xy) for all k& < ¢. Thus for
k < ¢, Lemma 4.12 gives us |e? (z;)| < Cm,,". Furthermore, the inequality max range(z,) < h

implies that §{k € I : k < £} < h, and thus trivially ${k € I : k < {}m, ' < 1. We now have
the following upper bound.

* —1 . -1
> e <CY mpt Nl < CH{k €Tk < hmy, max |Ax| < C'max |\
kel k<t k<t
For the second term we have the trivial bound
[Acel (z)| < ClAd.
Thus combining the first two terms gives the inequality
(21) Y namp)|<C Jnax ] + CA| < 20 A,

kel k<t

for some particular kg < /.
We now set I' = {k € I : k > (}, and focus on estimating the last term: |eZ(>_, ., Auzr)|.
The evaluation analysis of € is given by

a a
e =D di +myt Y b
r=1 r=1

for some (£,)%_, € T\ T and (b))%, C By - Let (p;)y—; C N be the sequence such that

& € 9, for each 1 < r < a. This implies that b € B(p pr) for all 1 < r < a, where we
18



set po = 0. Let [[j = {k € I' : p. € range(xy) for some 1 < r < a}. As (z) is a block
sequence, for each 1 < r < a there is at most one k € I’ such that p, € range(xy). We then set
Il ={k € I' : range(zy) C (pr—1,p,)}. Note that, if k € I"\ Uj_, I, then e(z)) = 0. We now
have the following equality,

(22) 6:(2 >\k$k> = Z )\kez(xk) + m,:l Z bi(z )\kl'k)

kel kel r=1 kel

—1

As b € By, N@y,_ 1 I}, we have by = 37 aye; for some oy with 3 [ay,| < 1. Thus we

may choose 7, € T, _; such that

(23) ;0> M) < e, (O Aw)|.

kel kel

r—1

Note that ey(z) = 0 for all n € [,,_, and k € I, and thus we may assume that p, ; <
rank(n,) < p,. For each r, we apply the induction hypothesis to n, € I and the C-RIS (k) ker
obtaining k, € I/ and a functional g} € W[(Agnj,mj_l)jeN] supported on {k € I : k > k,}
satisfying

(24) e (O~ Asak)] < 2C Ak, | +2Cg; () [Aklex)
kel kel

We now define g* by setting

(25) g =my' Qe+ (er + 7))

kel r=

This is a sum, weighted by m; ' of at most 3n;, functionals in W(Asn,, m; ") en] which are each

J
supported on successive intervals. Thus g* € W([(As,,,m;"')jen]. We now obtain the following
estimates.

5D M) < 20 Aol + Y7 I+ Y 07(Y - Maa)] - by (20),(21) and (22)

kel r=1 kel

<20 k| + O > Il my > len (O M)l by (23)
r=1

kel kel;.

< 2C | +20m; Q3 Il + D |+ 7D eler)) by (24)

kel r=1 kel
= 20|\ +2Cg" () [Meler) by (25).
kel’

If jy satisfies the moreover condition in the statement of the proposition we proceed by the same

induction. The base case is the same. When we prove the inductive step for v with weight m; '
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we need to consider separately the cases h # jo and h = j,. For the case h # jo, the proof
remains unchanged as we are able to assume by induction that g € W[(.Agnj,mj_ )iio)- Thus

when we define ¢* as in (25) we have that g* € W/[(Asn,, m;")j25)-
For the remaining case i = jp, the moreover assumption gives automatically that [eZ (D ,c; Avzr)| <
C' maxges |Ak|. Thus we are able to take g* = 0. O

The basic inequality relates the functionals €2 with v € T to functionals in the mixed Tsirelson

space W[(Agnj,mj’l)jeN]. Recall that Proposition 3.1 gives us good estimates for what hap-
pens when we apply functionals in mixed Tsirelson spaces to averages. We combine the basic
inequality with Proposition 3.1 to obtain the following lemma which will be used extensively
in proving our main result.

Lemma 4.15. Let & = (x1,),”%, be a skipped block C-RIS in Z with jo > 1. Then the vector
2(jo, T) 1=z 1= L ka xy has the following four properties.
J0

(1) di(z) < 3im30 <& forall¢ €l
Mj0

(2) llz]] <3C
(3) For all v € T\ T with weight mih such that h # j, we have

-1 . .
()] < {5C’mh if h < Jo,

e ) )
< 3Cm;", if h > jo.

(4) lex(2)| < Cmy,' forally €T

Proof. Let &€ € T. We have that () is a block sequence and hence d¢ (D xr) = di(zy) for
some 1 < m < nj,. The inequality in (1) is given by |d*(m]0 W a)| = |ditea,)| <
J0 J0
15 fael] < 5 < 52, sinee dg]| <3
To obtain the 1nequahty in (2), let v € T then apply the basic inequality to eX(z) to obtain
njo
le3(2)| < 2myyn ' C + 2Cm;,g* (n),) Z ex) for some g* € W[(Asn,, m;")jen]
i=1
< Qmjonjfolc’ +2C by Proposition 3.1

Thus we have that ||z|| = sup, . [e}(2)] < 3C.

To obtain the inequality in (3), consider v € T with weight m, ' such that h # jo. Applying
the basic inequality to e (z) gives g* € W[(Agnj,mj_l)jeN] with g* = 0 or weight(g*) = m; "
such that

njo
|e§(z)\ < 2mj0n]7016’ + QijOg*(nj’O1 Z er)
i=1
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We now apply Proposition 3.1 to g* to obtain

L) 1 -1 .
_ 2m; m; - if h < jo;
* 1 < h Jo 0
g (njo Zlek) = m;l ith > jO-

Combining the above two inequalities gives

-1 -1 . .
e*(2)] < ZC’ijnj_Ol +4Cm,, B ?f h < Jos
i 2Cmjon; - +2Cmjemy -~ it h > jo.

Thus (3) follows as 2mj,n;' < m;! by (15) and 2Cm ,m;, " < Cm;! when h > jo.
For our final inequality (4) we apply Lemma 4.13 to v € T' to obtain g* € W[(A,,, m;")]
such that
njo
le3(2)] < Cmyog™(nj, Y en).
i=1

We now apply Proposition 3.1 to g*, using that ¢g* € W[(Ay,,m; )] C W([(Asn,, m; ")), to

obtain
g*(nj_o1 Zek) < 27711_1771]-_02 as 1 < Jjo.
i=1

Combining the above two inequalities gives (4) as 2m; ' < 1. d

Proposition 4.16. The FDD (F;) of Z is shrinking and hence Z* is isomorphic to (.

Proof. The Banach space Z is a separable L., Banach space, and thus Z* is isomorphic to ¢;

if and only if ¢; does not embed into Z [17]. Thus if (F;) is shrinking then Z* is isomorphic to

1. We now prove that (F}) is shrinking. Assume to the contrary that there exists a normalized

block basis (by) which is not weakly null. Hence there exists f € Z* such that |f(b;)| / 0. By

Proposition 2.8 there also exists some skipped block C-RIS (zy) such that |f(xy)| 4 0. After

passing to a subsequence we may assume that |f(zy)| > 0 for all £ € N and some 6 > 0. In
naj

particular we have that |f(ny;' > 5% ;)| > 6 for all j € N. However, by Lemma 4.15 (2) we

have that ||n2_]1 W < SC'mQ_jl. This is a contradiction if j € N is chosen to be sufficiently
large. 0

We are now prepared to prove our main result.

Proof of Theorem 4.1. By Theorem 2.9 we just need to prove that if T" is an operator on Z
and (z,) is a RIS in Z then lim,_, dist(T(z,), [z,] + X) = 0. We assume to the contrary
that there is some C' > 1 and a C-RIS (z,) with [|[T(2,)|z/x 4z, = 8+ 8. As (z,) is a
block sequence of a shrinking FDD, we may pass to a subsequence of (x,) and a compact
perturbation of 7" so that there exists integers 0 = py < p1 < p1+1 <py < ps+1<ps--- with

ran(x,)Uran(T(x,)) C (pn—1+ 1, pn) for all n € N. Following the proof of Lemma 4.9 we may
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choose for each n € N a functional b} € Ezﬁpwﬁl,pn) such that |b%(z,)| < €, and b} (T (z,)) > 1.
We recall from Lemma 4.15 that we denote
nj
2(7, (z;)) = U} Zxk for each j € N.
T k=1
We now fix some iy € N. The proof will proceed by constructing a block sequence (uz) Y
(z;) with each u; being of the form z(j,z") for some j € N and some subsequence z* of (x,).
First we choose j; such that mg; o > n%io_l and k; € N so that 477 —2 < pg,. We then set u; =
2(451 — 2, (%;)i>k, ). By Lemma 4.7 we may choose v; € T with weight myj;, o and rank(y,) >
max{supp(uy) Usupp(T'(u1))} such that the analysis of vy is (pr, b}, & )ky <r<hy+nay, -1 for some
§r € ©,,. A simple calculation shows that e (T'(u1)) > 1 and |e}, (u1)| < €1. We now construct
up € Z and v, € T \ T for each 2 < r < ng;,_; according to the following procedure. Given
2 < r < ngy,_1, we set j. = o(y-—1) and choose k. € N such that 4j. < py,. We then
set u, = z(4j,, (v:)72), ). Again by Lemma 4.7 we may choose 7, € T of weight —— with
rank(y,) > max{supp(u,) U supp(T(u,))} such that e (T'(u,)) > 1 and [ (u,)| < 5r This
completes the construction of (u,).-0"". We now set u = z(2ip — 1, (u,)). Note that we have
chosen (,),20"" and (j,)20 7" to satlsfy the conditions of Lemma 4.8, and thus there exists v €

T with analysns (pr, + 1, e% T) for some &, € O, 11 with weight — . A simple calculation

shows that eX(T'(v)) > 1 and e’ (u) < e. We will prove that actually ||u|| < 20Cmy;; ;. Thus
by choosing iy to be sufﬁciently large we reach a contradiction with ||7']| being bounded.

The norm of u is given by [Jul| = max_ g |u(y)|. By part (4) of Lemma 4.15, we have that
lu(7)] < Cmy,._, for all v € T. We will prove that |u(y)| < 20Cmy;}_, for all v € I'\ T using
the moreover part of Proposition 4.14. We first note that parts (2), (3), and (4) of Lemma 4.15
imply that the sequence (u,) is a 5C-RIS. Assuming we are able to satisfy the moreover part
of Proposition 4.14, we would have that

N2ig5—1

m210 1
g Uy

210 1 r—1

N2jn—1 N2ip—1

n2i5—1
<100220L 4 1904 (m— > ) for some g* € W{(Aun,m; ") 22i0-1)
r=1

i 10C
Ma2ig—1 + by Proposition 3.1
N2ig—1  M2ip—1

10C 10C
< + :

M2io—1  M24p-1

<10C

Thus all that remains to be verified is the moreover part of Proposition 4.14. Given a subinterval

J of [1, ngi,—1] and an element 7/ € T\ of weight m;,. _; we need to prove that &2 (D e ur)| <

4C. Without loss of generality we may assume that the age of 4 is the maximal value ng;, ;.

We denote the analysis of 7' by (q;. €3/, €7 )r<n,,, , and the analysis of v by (g, €3, € )r<nai, 1-
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We thus have the following evaluation analysis for 7/,

By the definition of ©,, it must be that wt(+.), wt(v,) < ny_; for all 1 < r < ng;y—y. This
important fact will be used repeatedly in the remainder of the proof. Because (u;) is a block
sequence, there exists 1 < j < ng;, 1 such that di (3_,c;ui) = df (u;). By applying this fact
with part (1) of Lemma 4.15 we obtain the following inequality.

(26) |z, (O wi)| = |dg (u))| < Cwit(v;) < Cngz y forall 1 <1 < gy
ieJ
By Proposition 4.6 there exists 1 < £ < ny;, ;1 such that £ = &, for all 7 < £ and wt(v;) # wt(v,)

for all j and all ¢ < r < ng;,—;. In particular 7). = v, and ¢. = ¢, for all r < ¢. Thus we have
that

(27) ez, (O w)l = les, O w)| = e (w)| <&, forallr <t
ieJ ieJ

Part (2) of Lemma 4.15 implies the following.

(28) €3, (u)| < llu;ll <3C if wi(vg) = wi(v;).

We use part (3) of Lemma 4.15 with the fact that wt(7]), wt(y,) < ny_y for all 1 <7 < nggy—y
to achieve

(29) e, (uy)] < 5Cny2_, i wi(aL) # wi(y;).

We will apply Inequality (29) for the case r > ¢ and for the case r = £ with wt(v;) # wt(7;).
The sequence (€3, )1<r<n,, , is a block sequence of (£7") and (u;)i<i<n,, , is a block sequence
of (F};). This implies the following simple combinatorial result.

(30) 8{(r,5)les, (ug) # 0} < 2ngi,-1.
Combining all the inequalities (26),(27),(28),(29), and (30) gives our desired estimate.
n2ip—1 N2 —1
SOMIES S WIARTEED D) oi
icJ i€J r=1 i€J
nQZO 1
( IETEN IERERD )1 ot
r<t r>0 ieJ
< C’n%_1 + m%_lg + m;ii_IBC’ + m;ié_12n2i0,140n2’£_1
< (C <bC.
Thus the moreover part of Proposition 4.14 has been verified, and the proof is complete. 0
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