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Abstract

We prove that L, (R) contains a Schauder basis of non-negative functions. Similarly,
forall 1 < p < oo, L,(R) contains a Schauder basic sequence of non-negative
functions such that L ,(IR) embeds into the closed span of the sequence. We prove as
well that if X is a separable Banach space with the bounded approximation property,
then any set in X with dense span contains a quasi-basis (Schauder frame) for X.

Mathematics Subject Classification 46B03 - 46B15 - 46E30 - 42C15

1 Introduction

Both the Fourier basis and the Haar basis for L, ([0, 1]) consist of the constant 1
function together with a sequence of mean zero functions. Likewise, the Calderon
condition gives that every wavelet basis for L,(R) consists entirely of mean zero
functions. We are interested in the problem of determining for what 1 < p < oo does
L ,(R) have a Schauder basis ( f j);?ozl consisting entirely of non-negative functions. A
sequence (f j);?ozl in L, (R) is called a Schauder basis for L ,(R) if for all f € L,(R)

there exists unique scalars (a j)j?o: | such that
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=2 aif; (1)
j=1

A Schauder basis is called unconditional if the series in (1) converges in every
order. Unconditionality is a desirable property, but it has been shown to be too strong
to impose on coordinate systems of non-negative functions. Indeed, forall 1 < p < oo,
L ,(R) does not have an unconditional Schauder basis or even unconditional quasi-
basis (Schauder frame) consisting of non-negative functions [21]. In particular, both
the positive and negative parts of an unconditional Schauder basis must have infinite
weight (see [16] for precise quantitative statements).

Though L ,(R) does not have an unconditional Schauder basis of non-negative
functions, it does contain subspaces which do. It is clear that any normalized sequence
of non-negative functions with disjoint support will be a Schauder basis for its closed
span and will be 1-equivalent to the unit vector basis of £,,. This trivial method is essen-
tially the only way to build an unconditional Schauder basic sequence of non-negative
functions in L, (R), as every normalized unconditional Schauder basic sequence of
non-negative functions in L, (R) is equivalent to the unit vector basis for £,, [9]. Like-
wise, if (f; i g*)°° | is an uncondltlonal quasi-basis for a closed subspace X of L,(R)
and (f;)%2, is a sequence of non-negative functions then X embeds into £, [9].

The results for coordinate systems formed by non-negative functions are very dif-
ferent when one allows for conditionality. Indeed, for all 1 < p < oo, L,(R) has a
Markushevich basis consisting of non-negative functions [21], and the characteristic
functions of dyadic intervals form a quasi-basis for L ,(R) consisting of non-negative
functions [21]. For the case of conditional Schauder bases, Johnson and Schechtman
constructed a Schauder basis for L (R) consisting of non-negative functions [9]. Their
construction relies heavily on the structure of L1, and the problem on the existence
of conditional Schauder bases for L ,(R) remained open for all 1 < p < oo. Our
main result is to provide a construction for a Schauder basis of L;(R) consisting of
non-negative functions. For the remaining cases 1 < p < oo with p # 2, we are
not able to build a Schauder basis for the whole space. However, we prove that for all
1 < p < oo there exists a Schauder basic sequence ( f )52 of non-negative functions
in L, (R) such that L ,(R) embeds into the closed span of (N =1

There are interesting comparisons between results on coordinate systems of non-
negative functions for L, (R) and results on coordinate systems of translations of a
single function. As is the case for non-negative functions, there does not exist an
unconditional Schauder basis for L, (R) consisting of translations of a single function
([19]for p = 2,[18]for1 < p < 4,and[5]for4 < p).On the other hand, for the range
2 < p < oo there does exist a sequence ( f 7)52, of translations of a single function in

L ,(R) and a sequence of functionals (g ) 2,inL »(R)* such that (f;, g;‘) =1 is an
unconditional Schauder frame for L (R) [5] The corresponding result for the range
1 < p < 2is unknown, but for 1 < p < 2 the sequence of functionals (g*)<>o | in

L, (R)* cannot be chosen to be semi-normalized [3]. We take a unifying approach and
prove that for all 1 < p < oo, there exists a Schauder frame (f;, g;'?)ii , of L,(R)
such that (f j)j?'; | is a sequence of translations of a single non-negative function. We
obtain this result by first proving that if X is any separable Banach space with the
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bounded approximation property and D C X has dense span in X then there exists a
Schauder frame for X whose vectors are elements of D.

2 A positive Schauder basis for L, (R)

Given a separable infinite dimensional Banach space X, a sequence of vectors (x j)‘,?il
in X is called a Schauder basis of X if for all x € X there exists a unique sequence of
scalars (a j);?"zl such that

o0
x:Zajxj. )
j=1

A Schauder basis (x )?‘;1 is called unconditional if the series in (2) converges in every
order. If (x j);?ozl is a Schauder basis then there exists a unique sequence of bounded
linear functionals (x}‘.‘);?oz | called the biorthogonal functionals of (x j)?‘;l such that
x;? (xj) = 1forall j € Nand x;’f(x,-) = 0 for all j # i. A sequence of vectors is
called basic if it is a Schauder basis for its closed span. A basic sequence (x;) is called
C-basic for some constant C > 0 if for all m < n we have that

m n
Z ajxj| <C Z ajxj|| for all sequences of scalars (a;)_;. 3)
j=1 j=1

It follows from the uniform boundedness principle that every basic sequence is C-
basic for some constant C. The least value C such that a sequence (x;) is C-basic is
called the basis constant of (x;).

We will be interested in bases of L, (R) where each of the basis vectors x; is a non-
negative function. A basis of L , (R) (or more generally any Banach space) allows one to
consider L, (R) as a sequence space via the identification L ,(R) > x < (x;.‘ (x));?‘;l.
In applications, sequences are often easier to work with than functions, and the benefit
of the basis vectors being non-negative is that whenever a sequence of non-negative
numbers represents a function, then that function must be non-negative as well. For
this reason, the study of non-negative coordinate systems in function spaces has seen
recent attention. In particular, non-negative bases have been shown to be useful in non-
negative matrix factorizations in neuro imaging [7] and in modeling mental functions
[6].

Question 9.1 in [21] asked if given 1 < p < o0, does there exist a Schauder basis
for L ,(R) consisting of non-negative functions? This was recently solved for L1 (R)
[9], but all other cases remained open. Our goal in this section is to give a procedure
for creating a Schauder basis for L, (R) formed of non-negative functions. We will be
using the terms positive and non-negative interchangeably as the set of non-negative
functions in L, (R) is the positive cone of L ,(R) when viewed as a Banach lattice in
the pointwise a.e. ordering.

There does not exist an unconditional positive Schauder basis for L ,(R) for any
1 < p < oo [21] (see also [9, Theorem 2]). Thus, any positive Schauder basis we
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create must necessarily be conditional, and the property of conditionality will factor
heavily into our construction. The following lemma is our main tool, and it is based
on a classical construction for a conditional Schauder basis for £, (see for example
pages 235-237 in [1]).

Lemma1 Lete > Oand 1 > ¢ > 0. There exists N € N and a sequence (x]) ~,in
the positive cone of €2(Zon ® Zon) such that

1. (x]) = is (1 + &)-basic.

2. The orthogonal projection of (0)%1;/ )ZN

169(#’«/%’ J, T | onto the span of
(xj )2N has norm at most €.
3. The distance from (O) e (f \ﬁ f f

most €.

)2N1 to the span of(x]) Nl is at

Proof Fix0 < ¢ < 1.Let N € Nand (aj)?’=1 C (0, o0) be such that Z;v:l jajz < g2

and Z _1aj > ¢ ~2¢72. We prove that such a sequence exists later in Lemma 2.
Let T be the right shift operator in each coordinate of €>(Zyy @ Zoy). That is, for
(at,...,aon) ® (Bi, ..., Pan) € £2(Zon © Zon) we have that

Ti(ay, a2, ..., 0n) @ (B1, B2, ..., Ban)
= (aon, o1, 02, ..., 02n—1) D (Bon, B1. B2, ... Pan—-1)-

Form € N,welet T,,, = (T7)™. We let (ej)z.N1 be the unit vector basis of £2(Zoy D 0)
and (f])ZN1 be the unit vector basis of £>(0 @ Zyn). We let x; € €r(Zony ® Zon)

be the vector x| = e; + ijl ajerj + ijl eajfrj and x, = ey + ecfj. For all
1 <n < N,welet x3,41 = Tonx1 and x2,42 = Tryx2. For I < j < N we have that,

N N

X2j—1 = €2j—1+Zak—j+1€2k+Z ear—_jy1foa and xp; =ezjtecfrj1, (4)
k=1 k=1

where k — j + 1 is considered in the set {1, ..., NJmodN. It will also be helpful to
express the sequence (x jﬁl;l | as

x1 =(1, ay, 0,a, 0,a3,...,any-1,0, ay YD (0, ea;, 0, eap, 0, ...),
x =(0, 1, 0,0,0,0, ... 0, 0 O )Yd(ec, 0, 0, 0, O, ..),
x3 =(0, an, 1, a1, 0,a,...,an—2,0,an_1)D (0, eayn, 0, eai, 0, ...),
x4 =(0, 0, 0,1, 0,0, 00 0 0 (0, 0, e€c, 0, 0, ..),
x5 =(0,any-1,0,an,1,ay,...,an-3,0,an—2) D (0, eay—1, 0, ean, 0, ...),
x¢ =(0, 0, 0,0,0,1, .. 0, 0 O )»®(0, 0, 0, 0, ec,...),
xon—3=(0, a3, 0, a4, 0,as, .. a;, 0, ap Y®(O0, ea3z, 0, eaq, O, ...),
xoN—2=(0, 0, 0,0,0,0, .. 1, 0, 0 (o0, 0, 0, 0, O,..),
xon—1=(0, az, 0,a3, 0,a4, ... ay, 1, ar )® (0, eap, 0, a3, 0, ...),
xoy =(0, 0, 0,0,0,0, ... 0, 00 1 (o0, 0, 0, 0, 0,..).
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N N N N =
Letx =35 \/Lﬁij—H‘Zj:l Ty andy =3 i i) ﬁﬁj
We will prove that this sequence (x j)ﬁﬁ | satisfies:
(@) (x;)3Y, is (144e)-basic.
(b) The orthogonal projection of x onto the span of (x j)z

J
(c) The distance from y to the span of (x j)g | is at most &.

N has norm at most 3ce.

We first prove (b). We let Px be the orthogonal projection of x onto the span
of (x ﬂ?l |- As x is uniformly distributed in both the odd coordinates and the even

coordinates, Px will have the form Z?/:l axyj_ —}—Zj.v:l bxy; for some a,b € R.

One can check that if a = 0 then || Px| = (x, Px)'/2 = gc(14+£2¢*) 712 < 3ec. We
now assume that a # 0. Thus, we have the following equality for 8 = b/a.

<x, Z;\;l axzj—1 +Z§V=1 bx2j> (x’ Z?:l X2j-1 +Z§V=1 5x21>

=max .
N N N N
HZ,-=1 axzj—1+3 j_1 bxa; H pek HZ,»=1 x2j-142 =1 Bx2j H

| Px]l =

By taking the derivative with respect to 8, the maximum will be obtained when
d N N N N d & N
ap <x, ZX2]'—1+Z ,BX2j> ZX2]'—1+Z Bxaj| = ap ZX2]‘—1+Z Bxaj
j=1 j=1 j=1 j=1 j=1 j=1
N N
<x,2x2j_1+z,3xzj>. (5)
j=1

j=1
Let A = Z;-V:] aj. Then we get the following simplified expansion.

N N N N N N N N
ZXZj—1+Z Bxaj = ZQ;‘—H‘Z <ﬂ+z ai) ezﬂ-z 5Cﬂf2_i—l+z (8 ﬂi) f2j
=1 =1 =1 =1 i=1 =1 j i—1

i1

N N N N
= Ze2j71 +Z(ﬂ+A)ezj+Z ecBfrj-1 +Z eAf;.
=1

j=1 j=1 j=1
This gives,
N N

ZXZ_/—I'f‘Zﬁij

j=1 Jj=1

= (N+N(B+A2+Ne22p2+Ne2A%) 2 (6)

N N
i N w14y x| = (N+NB+A+NE B+ Ne2A?) 2 (N(B+A) + N2 P).
j=1 j=l
(7N
N N
<X,Z)C2j_1+ ,8x2j>:N1/2£c,8+N1/2£cA, (®)
=1 =1
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d N N
dﬂ<x,2x2j1+Z,sz_,->:N1/2sc. C)
j=1 j=1

Substituting the above equalities into Equation (5) gives that

1/2
N2gc (N—i—N(,3+A)2+N82c2,32+N82A2)
_ (N'2gcB+N"2ecA)(N(B+A)+Ne?c?B)
(N+N(B+A)2+Ne2c2p2+Ns2A2)'/?

Multiplying both sides by the denominator and dividing by N3/?sc gives the following.

1+ (B+A) >+ B2 +62A% = (B+A)(B+A+£2c2B)
1+ (B+A) >+ B2 +62A% = (B+A) > +e? B2 +e2* BA
1+62A% = £2c?BA

.. . 2 .
Thus, the crltlca.l point is at 3 = ?giz‘: Hence, Z j=1X2j— 1+Z =1 1;552/: x2; will
be a scalar multiple of the projection Px. We now use (6) to obtain a lower bound for
the following.

N £2A2

szczA

= Z)Qj,l +Z C_zAxgj
j=1 j=1

= (N+N(C2A+ A +Ne?P(c T2 A +Ne* A2 by (6)

146242
Te2c24

X2j X2j

> N'2c724 by the second term in the sum.

We now use (8) to obtain an upper bound for the following.
1+&2A2 262 A2
szl 1+Z T2 H S\ sz! 1+Z S22A
= <x, szj_l +Z 26‘2Ax2j>
j=1 j=1

= NY2ec(2c72A)+N"?ecA by (8)
<3¢ 'N2¢A.
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We obtain an upper bound on || Px|| by

N 146242
(x, Z =1%X2j— I+Z] 1 gzizA x2;)
1+ 2A2
I o + N, B
3¢7IN2gA
i Sl
¢ IN1/2A
= 3ce.

| Pxll =

This proves (b). We will now prove (c).

We have that
N N
1 —1
ZeANW 2j-1Ft 5173 N2 7Y = ZSANl/zezf*‘
j=1 j=1
= 1Al

<e asA:Zaj>£_2

This proves that the distance from y to the span of (x j)iﬁ | is at most & and hence
we have proven (c).
We now prove (a). Let 0 < M < N and (bj)§]l1 € €>(Zyn). We will first prove

that | Y52 bl < (L+4e) | 3, by
The series Z?Zl bjxj is expressed in terms of the basis (q)?ﬁl U(fj)?ill b

2N N N N-1 N
D bixj=) byjrerj 1+ (sz-i-z b2i+laj—i> e2j+Y ebyjcfrji
j=1 j=1 j=1 i=0 j=1
N / N-I
+) (s > bzma,-_,-) fj. (10)
j=1\ i=0

The series ZZMH bjx; is expressed in terms of the basis (ej)ZN1 U (fj)

2M+1 M+1 M
Z bjx; = Z sz—lezj—1+y1,1+Y1,2+Zeb2j6f2j—1+y2,1+y2,2- (11)
j j=1 j=1
Where,
M M N M
=y, (sz—i-z b2i+laj—i> erj and yio= ) (Z b2i+1aj—i> 2y
=1 i=0 j=M+1 \i=0
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M N M
y2‘1=2< Zb2l+la] z>f2, and y25 = Z <€Zb2i+1aji>f2j-

i=0 j=M+1\ i=0

Note that
2N 2 N 2 N
D obixi| = | bajreaja| =) b3 . (12)
j=1 j=1 j=1

We first show that [[y1 2]l < ell 35%, byx;ll.

N M 2
Iyal>=| Y <szi+1aj_i)ez
j=M+1 \i=0
N | M 2
= > DD butiaj
j=M+11i=0
N M M
< Z <Zb§i+l> (Za?_i) by Cauchy-Schwartz
j=M+1 \i=0 i=0
2N 2 N M
<o) Y Y o
j=1 j=M+1i=0
2N 2 N 2N 2
< |2 bixi| D daj <) bix;
j=1 j=1 j=1
Thus we have that,
Iyl <e | Y bjxj| . (13)

The same argument as above gives the following inequality.

M
Z( Z boit1a;— ,) el < Zb X (14)
j=1 \i=M+1

We can now estimate || yy.1].

M M
Iyl = (sz—i-z b2i+1aj—i> e

j=1 i=0

M M M N—1
< Z<b2j+zb2i+laj—i> el — Z( Z b2i+1aj—i> e
Jj=1

j=1 i=0 i=M+1
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+e || Y bjx;| by (14)

M N-1 2N
5 <b2,+ 5 b> x| e |3 hr;
=

=
j=1 i=0
M N 2N

= Z(sz—i-zszzilai) erj| +e | Y bjx;
j=1 i=1 j=1

Thus, we have that

M 2N
Iyl < Z(b2,+zb2] 2i- la,>e2] +e| D bjxj - (15)

j=1 i=1 j=1

The same technique for estimating y; 1 and yj » gives that

M 2N
Iy21ll < Z( > bajai- la,) fj||+e Zb xj| and lyaall <& Y bjx;|.
j=1\ i=1 j=1

(16)

We consider (11) with the inequalities (13), (15), and (16) to get

2M+1 M+1

Z bjx; sz/ 1€2j— 1+Z (sz—f-sz, 2i_ 1a,> e
j=1

+Z£b2,cf2/ 1+

j=1

Zb2J 1e2j-1 Z<b2,+zsz 2i— lal>62J

j=1 i=1

N 2N
( szj—zi—lai> frj|+4e | > bix;

i=1 j=1

=z HME i

N 2N
+Zsb2jcf2j_1+z (Szsz—zi—lai> S| +4e ijxj
j=1 j=1 i=1 Jj=1
2N 2N
ijxj +4e ijxj
j=l1 j=1
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This proves for all 0 < M < N that || 25X byxjll < (1+4e)ll 72, b1
The same argument proves that also || ZF bixjll < (14+4e)|| Z?i’l bjx;ll. Thus,
the sequence (x ]-)51;' | has basic constant (1+4¢) and we have proven (a). O

Before presenting our main theorem, we discuss the central idea behind our con-
struction and its relation to the construction of Johnson and Schechtman [9]. The
conditional Schauder basis for L (R) constructed by Johnson and Schechtman can be
formed inductively where at each step they break up a Haar vector f into a positive
part f* and a negative part f~ then append a vector 2 - 1(, »+1) to both parts where
(n, n+ 1) is disjoint from the support of all vectors created so far in the induction pro-
cess. The vectors f++2- 1, 41y and f~ +2-1(, 1) are then both positive vectors.
One can then recover the vector f by f = (fT+2- Lnt1)) —(f 421, n+1)). Fur-
thermore, the zero vector is the closest vector to f*+ £~ inthe span of f+2-1(,.n+1)
and f~ +2- 1¢;,4+1). This idea can be used to build a Schauder basis for L (RR), but
it fails for L ,(R) forall 1 < p < oo.

Our procedure for constructing a positive Schauder basis for L>(R) is also con-
structed inductively. However, at each step instead of breaking up a vector into 2 pieces,
we break it up into many pieces. That is, given ¢ > 0 and f € L,(R) we choose a
suitably large N € N, and then we break up the positive part of f into N pieces
(f, +),1:’ | with the same distribution and the negative part of f into N pieces (f,, ),_;
with the same distribution. Here we mean that two functions g, & : R — R have the
same distribution if for all J € R we have that A(g~'(J)) = A(h~'(J)) where A is
Lebesgue measure. Given ( f,, +)N yand (f, )n 1» we use Lemma 1 to create a positive
highly conditional basic sequence (xn)zN | with disjoint support from f and append
(x25— 1) _onto (f,,” )N , and append (xzn) _, onto ( fn+)n 1- The vectors fn + x5
and f,” + xp,—1 are then both positive vectors for all n € N. The conditionality of
(xn) 2N allows for f to be within & of (Y| fif + x2,) — (XN, £~ + x24-1) and
for the orthogonal projection of f* 4 f~ onto spanlSnSN{f,j‘ + X2, f + Xon—1}
to have norm smaller than ¢.

Theorem 1 Forall ¢ > 0, there exists a positive Schauder basis for L (R) with basis
constant at most 1 + ¢.

Proof Let0 < & < 1/2ande; \(Osuchthat ) ¢; <eand [[(1+¢;) < 1+e¢.
Let (h;)52, be a Schauder basis for L>(R) which is an enumeration of the union of
the Haar bases for L([n, n + 1]) for all n € Z. We assume that i1 = 1jo,1]. We will
inductively construct a sequence of nonnegative vectors (z J) -, and an increasing
sequence of integers (N )°° | such that for alln € N,
(a) z, is piecewise constant, i.e., z, is a finite linear combination of characteristic
functions of intervals in R.

Np . :
(b) (Zj)jzl 18 ]_[jfn(l + &) basic.
(c) dist(hy, spanj<n,(z;)) < &n.

We first claim that (z j) - ; Will be a Schauder basis for L, (R) with basis constant
at most 1 4 ¢. Indeed, by (b) the sequence (z;)%2 =1 isT[(1+ €j) < (1 + ¢) basic. By
(c) the span of (z j)‘l?il contains a perturbation of an orthonormal basis and hence has
dense span. Thus all that remains is to construct (z j) by induction.
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For the base case we take z; = hy = 1jo,1] and N1 = 1. Thus all three conditions
are trivially satisfied. Now let k € N and assume that (zj)?/i | are given to satisfy
the induction hypothesis. Without loss of generality we may assume that /41 is not
contained in the span of (z j);\’i {- This is because if hiy1 € span;<n,(z;) we could
just take Nyy1 = Ni + 1 and z,,, to be the indicator function of an interval with
support disjoint from the support of z; forall 1 < j < N. This would trivially satisfy
(a), (b), and (c). Thus, we may assume that P(span,<1vk(z, )Lhk.l,_] #0.Ify € Ly(R)
we write y = y© — y~ where yT and y~ are non-negative and disjoint. Let y be a

multiple of P(span;<Nk(z,-))lhk+1 such that ||y~|| = 1 and ¢ := ||y*|| < 1. Note that

y is piecewise constant as /41 and (z j)i-vi | are all piecewise constant. If ¢ = 0 set

Zk+1 =y~ and Niy1 = Ni + 1, else we proceed as follows:
Let ¢’ > 0. By Lemma 1 there exists N € N and (xj)zN
0>(Zon @® Zoy) such that

1. (x])ZN1 is (1 + &')-basic.
2. The orthogonal projection of (0, ..., 0) & (j—ﬁ, \/LN’ e \/l_ﬁ’ \/Lﬁ) onto the span of

| in the positive cone of

(xj)szv1 has norm at most &’.

3. The distance from (0, ..., 0) ® (f f f f) to the span of (x])ZN1 is at
most &,

Let X} be the span of y and (z j)?’i |- Note that X} is a space of simple functions with
finitely many discontinuities. We claim that there exists a sequence of finite unions of
intervals (G j)§£ | in R such that

(1) The sequence (G )2N | is pairwise disjoint.
(i1) U;V 1G2;j—1 is the support of y* and Uj 1G2j is the support of y~.
(iii) For all x € Xy, the sequence of functions (x|g,; i I) _; all have the same distri-
bution.
(iv) For all x € X, the sequence of functions (x|g, ]) _, all have the same distribu-
tion.

To prove this, we let (E; ) | be a partition of the support of y* into intervals such
thatforall 1 < j < M both y and z; are constanton E; forall 1 <i < N;. We know
by (a) that such a partition exists. Likewise, let (F j)f]:“ | be a partition of the support
of y™ into intervals such that for all 1 < j < Mg both y and z; are constant on F; for
all1 <i < Np.Foralll <j < M let (E,-,j)f.\’:1 be a partition of E; into intervals of
equal length, and forall 1 < j < My let (F;, j)IN: | be a partition of F; into intervals of
equal length. Forall 1 <i < N we let Goj—1 = UM1 E; j and let Go; = U?lzolFi,j.
By constmctlon (G; )2 | satisfies (1),(ii),(iii), and (1V)

Let (H; 2N i be a sequence of unit length intervals in R with pairwise disjoint
support which is disjoint from the support of y and the supportof z; forall 1 < j < Ny.
We now define a map ¥ : €2(Zoy @ Zon) — La2(R) by

N

N
W (@i, oo 0o, Bl B2n) = YT INYPBaj i1y 3T Y NP Bl v
Jj=1 Jj=1
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2N
+2_ il
j=1

By (i),(ii),(iii), and that ||y T|| = ¢ we have that || 1g,;_, y || = cN~"/?forall 1 < j <
N.Likewise, as ||y~ | = 1 we have that || 16,,y~|| = N~!/?forall 1 < j < N.Thus,
¥ is an isometric embedding and maps positive vectors in €2 (Zyn @D Zyn) to positive
vectorsin Ly (R). Welet Ni | = Ny+2N andletzy,j = W(x;) foralll < j <2N.
As y is piecewise constant, H; is an interval, and G; is a finite union of intervals for
all 1 <i < 2N, we have that z; is piecewise constant for all Ny < j < Ni41. Thus
we have satisfied (a).

Note that ¥ ((0, ..., 0) & (f f «Lf f)) =y, thus by (3) the distance

from y to the span of (z])/ k}} 41 s at most &’ which proves (c) if ¢ is small enough.

Letx € spanj<n,z;. Let (ej) jﬁ | denote the unit vector basis for the second coor-
dinate of £(Zoy @ Zoy). Then by (iii), we have that (¥ (e2;_1), x) = (¥ (e2i—1), X)
forall 1 < i,j < N, and by (iv) we have that (¥ (e2;),x) = (W¥(ez),x) for
all 1 < i,j < N. We have that x is orthogonal to y and y = JLNU/(el) —
j—ﬁ Ye)+...+ \/Lﬁ Y(eon_1)— \/l_ﬁ ¥ (epn). Thus the orthogonal projection of x onto
VU (Lr(Zon ®ZoN)) isamultiple of ¥ (e1)+cW (e2)+...+W (ean—1)+cW¥ (e2n). Hence
by (2) the orthogonal projection of x onto spanNk<]<Nk+]Z, = span1<j<2N!l/(xj)
has norm at most 2¢’ || x||. The sequence (zj)] Ne | 1s ]—[J<k(1 ~+¢) basic and (z])j ";}Hl
is (1 + ¢&’) basic. The inner product between a unit vector in span j<y,z; and a unit
vector in spany, <j<n,,,z; is at most 2¢’. Thus, if ¢’ is small enough then (zj)N'“j1 is
I1 <k +1(1 + &) basic which proves (b). This completes the construction of (z;) by
induction. O

Remark 1 Similar to [9], one can use classification theorems to extend the above result
to all separable L, (w). See, for example, [11] or Section 2.7 of [12]. That is, if Ly ()
is separable then for all ¢ > O there exists a positive Schauder basis for L, () with
basis constant at most 1 + .

3 A basicsequenceinL,(R) for 1 < p < oc.

Our method in Sect. 2 repeatedly makes use of orthogonal projections onto subspaces
of Ly(R). This prevents us from extending the construction to L,(R) for p # 2.
However, we are able to obtain the result for large subspaces of L, (R). Indeed, for
e>0and 1 < p < oo, we will construct a positive (2 + ¢)-basic sequence (z j);;o: 1
in L, (R) such that L ,(IR) is isomorphic to a subspace of the closed span of (z j);?‘;l

Lemma2 Foralle > 0and 1 < p < oo there exists N € N and a,, \ 0 such that
Z,Ilvzl ap, > ¢ % and Zil\;l(Z;'V:n a?)P/q < &P wherel/p+1/qg = 1.
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Proof We consider the function f : [1, 00) — R given by f(x) = ((x + 1) In(x +
1))~!. Then,

/ f(x)dx:/ ((x + DIn(x + 1)) "'dx = co.
1 1

We also have the following upper bound,

00 00 p/q ) 00 rlq
/ (/ f()d dt) dx = / (/ (¢+DlIn@i+ 1)1 dt) dx
1 X 1 x

00 00 r/q
< f (/ t+1)74 dt) Inx+1)"Pdx ashn@+1)7<In(x+1)"14
1
! o0
=(q— 1)—P/4/ (x + DU=DP/4 In(x + 1)7P dx
1

o0
=(q—1)—1’/4/ x4+ D 'Inx+D)Pdx aspl+q¢ =1
1

=@—-DPp -1

As f is a decreasing function, we have that ) oo, f(n) = oo and
Yo 25, f(HNHP/4 < oco. Hence, for all ¢ > 0 we may choose N € N and

a, ¢ 0 such that Zf:/:l a, > ¢% and Z,],V:l(zy:n a(;)”/q < &P. In particular, for
all ¢ > 0 we may choose

an = ((n +2)In(n + 2))7l ((q — Pl — 1) 1n(2)1—l’>71/pg,

and then choose N € N such that Zfzv:l a, > &2 O

The following lemma is an extension of Lemma 1 to £, (Zoy @ Zoy) where 1 <
p < 00, and the proof will follow along the same lines. In the previous section we
constructed a positive Schauder basis for all of Ly(IR) and this required a variable
0 < ¢ < 1linLemma I. For p # 2, we will only be constructing a positive Schauder
basis for a subspace of L, (IR), and for this reason we will no longer need the variable
c.

Lemma3 Lete > 0and 1 < p,q < oo with1/p + 1/q = 1. There exists N € N
and a sequence (xj)ilzv1 in the positive cone of £,(Zon @ Zoy) such that

1. (xj)iill is (1 + &)-basic.

2. If f* = (0)351 ® (N*I/‘I)fi’l € Ly (Zon ® Zon) then | f*(x)| < ellx|| for all x
in the span of (xj)iﬁl.

3. The distance from (O)?Zl ® (=) N~YP) to0 the span of (xj)ﬁﬁl is at most €.
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Proof The proof follows the same strategy as Lemma 1. Fix 0 < ¢ < 1. By Lemma
2, there exists N € N and (aj)iyzl C (0, 00) such that

r/q

N
Zan>8*2 and Z Za < gP. (17)
n=1

n=1 \j=

Consider the space £, (Zyy @ Zoy). Let Ty be the cyclic right shift operator on this
space. That is, for (a1, ..., aon) ® (Bi, ..., Bon) € £y (Zon @ Zoy) let

Ti(a1, az, ..., a2n) @ (B1, B2, ..., Bon)
= (aon, a1, a2, ...,con—1) D (Bon, B, B2, -..s Ban—1)-

Form € N,welet T, = (T1)"™. We let (e.,')?i’l be the unit vector basis of £, (Zoy) ®0
and (f; )31;'1 be the unit vector basis of 0B £, (Z> ). We denote (ej)?i’] and (ff)?ﬁl to
be the biorthogonal functionals to (e ])2N pand (f ]) - Weletxy € €,(Zon @ Zan)

be the vector x| = e; + Z _jajerj + Z lsa,fgj and x, = e; + ¢ fi. For all
1<n<N,weletxy+ = T2nx1 and xo,4+2 = Th,x2. That is,

x1 =(1, a;, 0,ap, 0,a3,...,ay-1,0, ay )® (0, ea;, 0, car, 0, ...),
x =(0, 1, 0,0,0,0, ... 0, 0 O )Y®d(e, 0, 0, 0, O,...),
x3 =(0, ay, 1, a1, 0,a,...,an—2,0,an_1)® (0, eay, 0, eay, 0, ...),
x4 =(0, 0, 0,1,0,0, ... 0, 0 0 )0, 0, & 0, 0,...),
x5 =(0,ay-1,0,an,1,ay,....,an—3,0,an—2) D (0, can_1, 0, eay, 0, ...),
xs =(0, 0, 0,0,0,1, ... 0, 0 0 )Y®(0, 0, 0, 0, ¢ ..).
xon-3=1(0, a3z, 0, a4,0,as, ... a;, 0, ao )®D (0, eaz, 0, eay, 0, ...)
xonN_2=(0, 0, 0,0, 0,0, .. 1, 0, 0 )0, 0, 0, 0, 0,...)
xXoN-1=(0, ar, 0,a3, 0,a4, ... an, 1, ap YD (0, eap, 0, €az, 0,...)
xoy =(0, 0, 0,0,0,0,.. 0, 0, 1 )Yd(o, 0, 0, 0, 0,...)

Let f* =338 N=Vaf*and y = 338, (1)) N=/P £; We will prove that the

sequence (x; )2N | satisfies:

(a) (xj)ﬁ’1 is (1+4e¢)-basic.
(b) f*(z) < ¢l|z|| for all z in the span of (xj)iﬁl
(c) The distance from y to the span of (x j)fﬁ | is at most &.
We first prove (b). As the unit ball of £, (Zan ©Z>y) is strictly convex, there exists
a unique unit norm vector z in the span of (x; )2N | so that f*(z) is maximal. As f*

is uniformly distributed on 0 Z,y, z will have the form Z _axaj— 1—}—2 1 bxaj
for some a, b € R. One can check that if ¢ = 0 then f*(z) = e(14+&P)"1/P < ¢. We
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now assume that a # 0. Thus,

fr (27:1 axyj1+30, bxzj)

fr (Zle YRS ﬂxzj)’

ff) =

= max
BeR

N N N N
HZ,-:1 axj-1+3 j—1 bxyj H H D jm1X2j-1F 20— Bx2j H

Let A = Z];’:l aj. Then we get the following simplified expansion.

N N N N N N N N
RIS PN SO (ﬂ+zai) S STy ( ) o
j=1 j=1 j=1 j=1 i=1 j=1 i=1

j=1

N N N N
= Zezj—1+2(ﬁ+A)€2_f+Z Sﬁfzj—l-l-z eAf2).
=1

j=1 j=1 j=1

This gives the following two equalities,
N N 1
Y i1+ Braj| = (N+NIB+AIP+NeP|BIP+NeP a)' /7 (18)
j=1 j=1

N N
FE 2w+ Bxaj | =NVPep+NYPeA. (19)
j=1 j=1

Let f € R such that

‘f* (Z?;l X2 1+ Y0, ,Bx2j)‘

R e

For A := B/A, we have the following two results.

N N

ZX2J>1+Z Bxaj

j=1 j=1

= (N+NA+AIP+NeP (A AP +NeP APYIP > (N12A+AP)/P

= [14+A|AN/P,

N N
* (szj_1+2ﬂx2j) =NYPerA+NYPgA = e(1+1)ANY/P.
j=1 j=l

If A = —1 then by the above equality we would have f*(Z;y:] xX2j-1+
Zj-v:l Bx2j) = 0. Otherwise, we have that,

| F*(2)| < el1+AANYP /(141 ANP) = ¢.
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Thus, we have proven (b). We _will now prove (c).
Recall that y = Z?Zl (=1)JN~Y/P f;. We have that

N N
I I B I
-X;SANUPM’*]_&NI/PXZ’ e i Z;EANI/PEZJ’1
J= J=
P

<e asA:Zaj>8_2

This proves that the distance from y to the span of (x ])ZN

we have proven (c).
We now prove (a). Let0 < M < N and (bj)ﬁill € £p(Zan). We will prove that

I3 byl < (14e) ) 23, byxj .
The series Z/ 1 bjx; is expressed in terms of the basis (e]) 1U(fj)

| is at most ¢ and hence

N N N N-1 N
ijxj‘ = Zij—ler—1+Z <b2j+ Z b2i+1aj—i> ezﬂ-z ebaj f2j-1
=1 =1 =1 i=0 =1
N / N-1
+ Z (8 Z b2i+1aj—i> f2j. (20)

j=1\ i=0
The series Ziflﬂ bjx; is expressed in terms of the basis (q)?i’l U(fﬂ?ﬁl b
2M+1 M+1 M
> bixj= Y byjieaji+yiatyiot Y ebyjfrj1+yai+yaa. (21

j=1 j=1

Where,

M M
y11=2(b2,+zbzz+1aj 1)621' and yj2 = Z (szz+1a, 1)62,,
M

j=1 i=0 Jj=M+1
N
=z( S baroras )f wd e Y (zb) .
j=1 i=0 Jj=M+1 i=0
Note that
ON P N P

N
ijxj' > Zb2j—1€2j—l =Z|sz—1|p- (22)
j=1 j=1
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We first show that [[y1 2]l < ell 35%, byx;ll.

N M p
Iyiall? = | Y <Zb2i+1a,~_,-)ezj
j=M+1 \i=0
N | M P
= Z Zb2i+laj7i
j=M+11i=0
N M M r/q
< Z <Z|b2i+1|p ) (Za?i) by Holder’s Inequality,
j=M+1 \i=0 i=0
2N PN M pla
<> bixi| D (Za?i) by (22),
J=1 j=M+1 \i=0
IN Py N r/q
=< ijxj' Z Zal
j=1 j=1 \i=j
2N p
< ijxj e” by (17).
j=1
Thus we have that,
2N
Iyi2ll <e ijxj . (23)
j=1

The same argument as above gives the following inequality.

M / N-1 2N
Z ( Z b2i+laji> ej| <e ijxj . (24)
j=1 \i=M+1 j=1

We can now estimate ||y 1]

M M
yali={>" <b2j+zb2i+laj—i> ej
j=1

i=0

M M M N—1
< Z<b2j+zb2i+laj—i> exjll— Z( Z b2i+1aj—i> e
j=1

i=0

2N
+e || bjxj| by (24)
j=1
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IA

M N-1 2N
5 <b2j+ 5 b> x| +e |3 ha;
=

=1 i=0

~.

=1 i=1

M N 2N
= Z(b2j+2b2j2ilai)62j +e ijxj
j=1

.

Thus, we have that

M 2N
Iyl < Z(b2,+2bz, 2i- 1al>ez, +e | bjxjl - (25)

i=1 j=l1

The same technique for estimating y; 1 and yj » gives that

M/ N N N
Iy21ll < | <gzb2j—2i—lai) fjl+e| D bixj| and ly22ll <& | bjx;
= i=1 j=1 j=1

(26)
We consider (21) with the inequalities (23), (25), and (26) to get

2M+1 M+1

Z bj)Cj szj 1€2j— 1+Z <b2]+zb2_] 2i— laz>62]
=1

+Z£b2jf2] 1+

j=1

N
Zb2j—l€2j 1+
j=1

N 2N
( Z 2j— 2i—1ai> fajll+4e ijxj
i=1 j=1

<sz+Zb2, 2i— 161[) e

Mz ; MZ T Mi

N
+> ebajfaj 1+
j=1 j=1
2N

2N
ijxj +4e Zb‘/xA/
Jj=1 J

P

N 2N
(&‘szl 2i— 161,) fz, +4¢e Zb Xj

i=1 j=1

This proves for all 0 < M < N that || Z””“ bixjll < (14+4e) | Y38, byx;l.
The same argument proves that also || ZFI bixjll < (14+4e)|| Z%Zl bjx;ll. Thus,
the sequence (x j)ﬁﬁ | has basic constant (1+4¢) and we have proven (a). O

We now show how the conditional positive basic sequence constructed in Lemma
3 can be inductively used to build a basic sequence in L,(R). We will construct a
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positive basic sequence in L, (IR) which contains a perturbation of a Haar type system
in L, ([0, 1]). Recall that a sequence of vectors (gj)‘?o o in L, ([0, 1]) is called a Haar
type system if there is a sequence of partitions ({E;, ,,}2 _1)°° o of [0, 1] such that
Epo = [0,1] and go = 1jp,;jand forallm € Nand 0 < j < 2"~ I'— 1 we have
that {Ej n, E2j+1,,} 18 a partition of Ej -1 with A(Ezj ) = ME2j41,0) = 27"
and gon-14; = 2(”_1)/1’(152]..” — 1£,;,,,)- Note that the Haar basis for L, ([0, 1]) is
a Haar type system, and every Haar type system in L, ([0, 1]) is 1-equivalent to the
Haar basis. Thus, if (g )°° ~ o is a Haar type system in L, ([0, 1]) then the closed span of
(g])Oo o 18 isometric to Lp([O 1]). We will denote the usual Haar basis for L, ([0, 1])
by (h ) 20 and denote its dual sequence by (h*)°° ~ o (which is just the Haar basis for

L, ([0, 1]) forl/p+1/qg =1.)

Theorem2 For all 1 < p < oo, there exists a positive Schauder basic sequence
(z J) 2o in Lp(R) such that L ,(R) is isomorphic to a subspace of the closed span of

(Zj) =0

Proof Let0 <& < lande; \(Osuchthat) 2e; < cand [[(1+¢;) < 14+ We will
inductively construct a sequence of non-negative vectors (z j)°°_0 in L, (R), increasing
sequences of integers (M )"o0 and (N;)32 =0 and a Haar type system (g ]) 2o in

L ([0, 1]) such that My = No =0,z0 = go = 1j0,1}, and for all n € N we have that

(a) gu € span(h A)j”"M,, -
(b) span(z;lpo, 1])] 2o S span(h; ) "O and each of the functions (z; o, l]c) iso " have

disjoint support from each of the functions (z; |[0 15 )I.V LNy 4

(c) If Pyy,_, is the basis projection onto span(h ; ) "0 then || Py, _ x|l < &,llx]|| for

all x € span(zj)] N1

(A @)Yy, 4 is (1 +&)—basic,
(e) dlst(gn, spann,_,<j<n,(z;)) < én.

Before proving that this is possible, we show that building such a sequence (z j)‘;" 0
will prove our theorem. By (e), the span of (z ])Oo 0 contains a perturbation of a Haar
type system for L, ([0, 1]) and hence L, ([0, 1]) is isomorphic to a subspace of the
closed span of (z j);?ozo. We now show that (z j);?‘;o is a basic sequence. Let x =
Z?io ajzj € span(z;)32, and let N € N. We will prove that | Z?io ajzjll =

1 N
m” Zj:oaijH-

We denote xg = apzg and x;, = Z;VLN’HH ajz;j foralln € N. We denote yp = x¢
and y, = x, — Py, _,x, for all n € N. By (c), we have that ||y, — x,|| < &,llxxl.
We have by (b) that (y,l[0,1])5c, is a block sequence of the Haar basis and that
(Ynlf0,11¢)52; is a sequence of vectors with disjoint support. Thus (y,,) ~ o is 1-basic

as the Haar sequence is 1-basic. As (x,);2, is a perturbation of (y,)"° ,, we have that
(x,,);’ozo is (1 + e)-basic. Let K € N U {0} such that Ny < N < Ng1. Thus,

K
Y| and xll = 1+ gl

n=0

Ixll > (14 &)~
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By (d), we have that ||xg 1| > (1 + )~ Z;V:NKH a;z;jll. Thus, we have that

Xk 41 ||>

, (14 8)_1 Z a;z;

J=Nk+1

o0
Za./z‘/ > (1+ e;")_1 max (

J=0

K
D
n=0

> (1+ e;")_1 max

K
D%
n=0

K N
> 2_1(1 + 8)_2 Zx,, + Z a;zj
n=0

j=Nk+1
N
_H—l -2 .
=2""(1+4¢) E a;z;

j=0

This proves that (z )‘]?‘;O is 2(14¢)2-basic. Thus all that remains is to construct (z j )(;O:o
and (g j)?ozo by induction.

For the base case we take zo = go = 1jo,1, Mo = No =0, M_1 = N_1 = —1,
and we formally define P_; = O as the projection onto the zero vector. Thus all five
conditions are trivially satisfied for n = 0. Now let k € Ny and assume that (gm)km=0

and (zm)Z": o have been chosen to satisfy conditions (a),(b),(c),(d), and (e). For each
m e Nweletm =2"~! 4+ j, wheren, € Nand0 < j,, < 2"~ ! . For1 <m <k,
we denote E2j,, n,, € [0, 1] to be the support of g;,' and E2j, 41,1, < [0, 1] to be the
support of g, . Being an initial segment of a Haar type system, E2j,, n,, Y E2j,+1.n, =
E;, n.—1for1 <m <k, and for the induction we must find an appropriate partition
of Ej,\ nsi—1- Note that if jx + 1 < 2"~ then ji11 = ji + 1 and ngyy = ngs if
Jet+ 1= 21 then Jk+1 =0and ng41 = ng + 1.

As (gm)ﬁlz0 is contained in the span of the initial segment of the Haar basis
(hj)j!/lz"o, we may partition Ej_ | n.,,—1 into two sets of equal measure E2j, | ..,
and E2j, | +1,n., such that both sets are a finite union of disjoint dyadic intervals and

for all x € span(hj)?/[:ko, the distribution of x| Exjy i ymsn is the same as the distribu-

). As
the support of g,:rl and the support of g, | are both finite unions of disjoint dyadic
intervals, we have that gz € span(h j)i‘;l. Let 0 < m < M. As the distribu-
tion of A, | Exjp s is the same as the distribution of 4, , we have that

hy (8k+1) = 0. Thus, geq1 € span(hj)52y, 11
Thus, we have the following three properties.

: — 2(mk1—1) _
tion of x|E2J‘k+1+1-nk+1' We let ggy = 2+ /1’(11;2]”1”+l 1152/.”1“’”“rl

|E2J'k+1+1,"k+1

() (g j)k.+1 is the initial segment of a Haar type system in L, ([0, 1]),

j=0
M;, L. . .
) FF)r ?111 x € span(hj)jzo, the distribution of x|mpp(g;r+l) is the same as the
distribution of x|, PP(8EL)"
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By Lemma 3 there exists N € Nand (x; )31;] | in the positive cone of £, (Zon ©Z2N)
such that

1. (x,)le is (1 + &)-basic.

2.1 f = (03, & (@N)" V)3, € £4(Zan) ® £y(Zon) then QN)V4|f(x)] <
Afl,;ill |x]| for all x in the span of ()c/)]=

3. The distance from (0)?21 ® (=17 2N)~VP) to the span of (xjﬁZl is at most
Ek+1-

As in the proof of Theorem 1, there exists a sequence of finite unions of disjoint
dyadic intervals (G )2N 1 in [0, 1] such that

(1) The sequence (G )2N1 is pairwise disjoint and A(G ;) = A(G;) forall i, j.
(i1) U _1G2j—11s the support of ng and UY =1 G2 is the support of g, ;.

(iii) lgor aLl x € span(h; ) =0 the sequence of functions (x|g j)ﬁil | all have the same
istribution.

Let (H; )3Z | be asequence of unit length intervals in R\ [0, 1] with pairwise disjoint
support which is disjoint from the support of z; for all 0 < j < N;. We now define a
map ¥ : £,(Zon ® Zon) — Lp(R) by

N
W (@1, 02N, iy Pan) = D _CNYPBaj 116y, 1804
j=1
2N
+Z(2N> P BajlGy; 81 + D il
j=1 Jj=1
By (i), (ii), and that [g Il = llgiy I = 277 we have that ||1g,; gl =

@2N)~YP and |16, 8¢l = @N)~V/P forall 1 < j < N. Thus, ¥ is an isometric
embedding and maps positive elements of £,(Zyy @ Zon) to positive functions in
L,(R). We let Nyt = N+ 2N and let zy, 1 j = ¥ (x;) forall 1 < j <2N. Thus,
(d) is clearly satisfied.

-1 1 —1 —
Note that lI/((Ov 0) @ ((2N)1/p7 (2N)1/p7 seey (ZN)I/ps (2N)l/p)) = 8k+1> thus by

(3) the distance from g1 to the span of (z /) e A}k 41 s at most &x+1 which proves (e).

Let z € span(zj)/’“;\}kJrl with ||z|]| = 1. We now prove that || Py, z|| < &x+1-
Note that Py, (z) = ZM_"O h j(z)h Let 1 < m < Mj;. We have that the functions
(hm|(;j)?1;/l all have equal distribution and g1 € span(h; )] M1 Hence, hm(IG )
is independent of j. Let x = (o1, ..., ®an, B1, ..., B2N) € span(x])2 | such that
W (x) =z Let f = (7Y, @ (2N) )N, € £ (Zan) ® £y (Zan). By (2), we have
that 2N)'/4| f(x)| < kL. Since the biorthogonal functionals (hj)?‘; form the

Mp+1
standard Haar basis in L, ([0, 1]), &}, is a multiple of %,,, and we denote this multiple
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by Cp,n. We now have that

1
K%)= Cpom / hyz dt
0

1
=Cpm / h ¥ (x)dt
0

1 N N
= Cpm /0 b S CNP sy 116y, 8t + S OB 16, g di
=1 =1

N N
Z'BN—I + ZIBZj QNP2 =D | (1))

J=1 J=1

1/ Ek+1
N fx)| £ —— M1

IA

Thus we have that [Pzl = | X% mi@hjll < Y05 1K @hj1 < epsr.

This proves (c). Forall 1 < j < 2N we have that Gjisa ﬁmte union of dis-
joint dyadic intervals. Thus, span(z;| Ql])j,\l:NkH - span(hj)jzo. By (B), we
also have that gk+1 € span(h;)32 We now choose Mj4+; € N such that

J =Mi+1*
span(zjo, 1])] Nk+1 C span(hj) _8' and giv1 € span(hj); L k“ . Thus, (a) holds
and our proof is complete. O

4 Schauder frames

Previously, we have considered Schauder bases for Banach spaces, which give unique
representations for vectors. Given a Banach space X with dual X*, a sequence of pairs
(xj, f J) °,in X x X*is called a Schauder frame or quasi-basis of X if

x = Z fi(x)x;  forallx € X. (27)

A Schauder frame is called unconditional if the above series converges in every order.
Schauder frames are a possibly redundant coordinate system in that the sequence of
coefficients ( f; (x))"o_1 which can be used to reconstruct x in (27) may not be unique
Note that if (x ]) ~ | 1s a Schauder basis of X with biorthogonal functionals (x ] 1
then (x;, x *)°° | 18 a Schauder frame of X. Thus, Schauder frames are a generahzat10n
of Schauder bases

For all 1 < p < oo, there does not exist an unconditional Schauder frame
(xj, f j)?il for L,(R) such that (x j)?il is a sequence of non-negative functions
[21]. However, for all 1 < p < oo, there does exist a conditional Schauder frame
(xj, fj ;’O | for L,(R) such that (x ])OO | is a sequence of non-negative functions
[21]. Indeed, if (e ]) - | is a Schauder ba51s for L ,(R) with biorthogonal functionals
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(¢7)7Z, then we may define a Schauder frame (x;, f;)72, for L,(R) by x2; = ej’,
X2j— 1—6‘ fgj—e andfgj 1——6 foralljeN

For each 1 < p<ooand A € R, we may define the right translation operator
T, :Ly,R) - L,R)by T f(t) = f(t —A).Given 1 < p < oo, f € L,(R), and
(A )°° | € R, there have been many interesting results on the possible structure of
(T, f ) - |» and the relation on the values (A )°° | can be very subtle. For example, if
1 < p =< < 2 then a simple fourier transform argument gives that (T} f) jez does not have
dense spanin L ,(RR) [2,13-15]. On the other hand, if 2 < p < oo then there does exist
f € L,(R) such that the span of (T f) jez is dense in L, (R) [2,13-15]. Surprisingly,
ife; #0forall j € Zande; — Ofor|j| — oo then there does exist f € L>(R) such
that (Tj4¢; f) jez has dense span in Ly (R) [17]. For any (2 ~)°° CR,1<p< o0,
and f € Lp(R) the sequence (T3, f )oo | is not an uncondmonal Schauder basis for

L,(R) ([19] for p = 2, [18] for 1 < p < 4, and [5] for 4 < p). However, if 2 < p

and (A j);?": | is unbounded then there exists f € L, (R) and a sequence of functionals
(g j);?il such that (73, f, g j)?‘;l is an unconditional Schauder frame of L ,(R) [5]. It
was not known for I < p < 2 if there exists (A )°° CR, f € L,(R), and a sequence
of functionals (g ])°° | such that (73, f, g;) ] | s an unconditional Schauder frame
or even cond1t10nal Schauder frame for L ,(R). However, if the sequence (g ]) 2,18
semi-normalized (in particular (||g; |~ 1)°O | is bounded) then (TA f.gp) ] | cannot
be an unconditional Schauder frame for L p(R)forl < p <2[3].

We will prove for all 1 < p < oo that there exists a single non-negative function
Jf € Lp(R)suchthat (T3, f, g j)°° | is a Schauder frame for L ,, (R) for some sequence
of constants (1 )32, and some sequence of functionals (g; )°°:1 . We will obtain this as
a corollary from the following general result about the ex1stence of certain Schauder
frames, which we believe to be of independent interest. The proof of the following
theorem is inspired by Pelczynski’s proof that every separable Banach space with
the bounded approximation property is isomorphic to a complemented subspace of a
Banach space with a Schauder basis [20].

Theorem 3 Let X be a Banach space with a Schauder basis (ej)?o:]. Suppose that
D C X is a subset whose span is dense in X. Then there exists a Schauder frame
(quasi-basis) for X whose vectors are elements of D.

Proof As (e;)32, is a Schauder basis of X, there exists ¢; “\ 0 such thatif (u;)7Z, <
Xand|lej—uj| < ¢jforall j € Nthen (u]) > ;isaSchauder basis of X (see Theorem
1.3.19 [1]). As the span of D is dense in X we may choose (u,)oO C span(D) such
that |le; — u;|| < ¢; forall j € N. Let (u*) | be the sequence of biorthogonal
functionals to (u j)°° For eachn € N, we may choose a linearly independent and
finite ordered set (x;, ,,) ", in D such that u, can be expressed as the finite sum
U, = ZJI 14j.nXjn where aj,, are non-zero scalars.

Let C), be the basis constant of (x;, ,,) In ", and choose N, € N such that C;, < Ny.

We currently have that u,, may be umquely expressed as u, = Z]J'=1 ajnXjn,
but to make a Schauder frame we will use the redundant expansion u, =

N, J; —1 . -1 .
2ol Zj”:l N, ajnxj,. We claim that ((xj ,, N, @j nl}))neN,1<i<N,,1<j<J, 1S a
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Schauder frame of X where we order {(n, i, j)}neN,1<i<N,,1<j<J, lexicographically.
Thatis, (n1, i1, j1) < (n2, i2, jo) if and only if

1. ny <ny,or
2. ny=npandi; < ip,or
3. np =mnpandi; =iz and j; < js.

Let x € X and ¢ > 0. Choose N € N such that || Z:’ﬁml wi(Xuyl < e for
all my > m; > N. Consider a fixed (no, ip, jo) withng > N, 1 < jo < Jy,, and
1 <ip < N,,. We now have that,

X — Z Ny taj ki (0)xj .
(n,i, j)=(no,io. jo)
no—1 Ny Jy ip=1 Jng
<|lx - Z ZZNn_laj’nu;(x)xjﬁ + Z ZN;;)Iaj,no“;:o(x)xj,no
n=1 i=1 j=I i=1 j=I

Jo
—1 *
+ Z Nn() aj,n()un() (x)xj,no
j=1

no—1 io—1 Jo
< — * N_1 * N—l i * .
<|x wh () uy | + o s g | + o @ gl (X)X g
n=l1 i=l1 j=1
‘I”O
—1
<e+e+ Cy, Z Ny, aj,,,ouﬁo(x)xj,no
j=1

=&+ &+ Cug Ny 1, ()t |

<ée+e+e asCyy < Ny,

We have that }, ; ) N, Ya;j yu(x)x; , converges to x, and hence the sequence of
pairs ((x; 5, Nn_laj,nuj))neN,15,-51\/,“]5]51” is a Schauder frame of X. O

The previous theorem applied to Banach spaces with a Schauder basis, and we now
show that the same conclusion can be obtained for separable Banach spaces with the
bounded approximation property.

Corollary 1 Let X be a separable Banach space with the bounded approximation
property (i.e. X has a quasi-basis). Suppose that D C X is a subset whose span is
dense in X. Then there exists a Schauder frame (quasi-basis) for X whose vectors are
elements of D.

Proof As X is separable and has the bounded approximation property there exists
a Banach space Y with a basis such that X € Y and there is a bounded projection
P :Y — X.Asthe span of D is dense in X, the span of DU (Iy — P)Y isdensein Y,
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where Iy is the identity operator on Y. By Theorem 3, there exists a Schauder frame
(xj, fj)?i1 U(yj, gj);?';l forY,where x; € Dandy; € (Iy — P)Y forall j € N. The
projection of a Schauder frame onto a complemented subspace is a Schauder frame
for that subspace. Thus, (Px;, f; |x)?i1 U(Pyj, g; |X)°o | is a Schauder frame for X.
This is the same as, (x;, f; |X);?°:1 U, g; |x) Hence (xj, fj |X)oo | is a Schauder
frame of X whose vectors are in D. O

We now give the following application to translations of a single positive vector.

Corollary 2 For all 1 < p < oo, the Banach space L,(R) has a Schauder frame
of the form (x;, fj)j | Where (xj) _, is a sequence of translates of a single non-
negative function. In the range 1 < p < 00 this function can be taken to be the
indicator function of a bounded interval in R, and for p = 1 the function can be any
non-negative function whose Fourier transform has no real zeroes.

Proof We first consider the case p = 1. Let f € L;(R). By Wiener’s tauberian
theorem, the set of translations of f has dense span in L (R) if and only if the Fourier
transform of f has no real zeroes [25]. Thus by Theorem 3 if the Fourier transform
of f has no real zeroes then there exists a sequence of translations (x j)°° , of fand
a sequence of linear functionals ( f )52 such that (x;, f )52 isa Schauder frame of

L1(R). As an example of a functlon f € L1(R) such that f has no real zeroes, one
can take f(¢) = e~ forallt € R.

We now fix | < p < oo and consider the interval (0, 1] € R. Note that the span of
the indicator functions of bounded intervals in R is dense in L , (R). Thus we just need
to prove that every indicator function of a bounded interval is in the closed span of the
translates of (0, 1] and then apply Theorem 3 to get a Schauder frame of translates of
the indicator function of (0, 1]. Let D € L ,(IR) be the span of the set of translates of
1(0’ 1]-

Letl > ¢ > 0.Foreach A € R, wedenote 7). : L,(R) — L, (R) to be the operator
which shifts functions A to the right. That is, for all f € L,(R), T;. f(t) = f(t — A)
forall t € R. Letx1 = 1(0,1] — Tgl(o,l] = 1(0’8] — 1(1’1+8]. Thus, X1 € D.Forn € N,
we define x,,+1 € D by

Xn+1 = ZT X1 = Z 1(] j+el — 1(]+1 J+l+e]l = 1(Os - 1(n+1 n+1+e]-
j=0

As 1 < p < oo, the sequence (x,)52, converges weakly to 1(g ). Thus, 1o is
in the weak-closure and hence norm-closure of D as D is convex. This proves that
every indicator function of an interval of length at most 1 is contained in D. As every
bounded interval is the disjoint union of finitely many intervals of length at most 1,
we have that the indicator function of any bounded interval is contained in D. O
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5 Open problems

Johnson and Schechtman constructed a Schauder basis for L (IR) consisting of non-
negative functions [9], and in Theorem 1 we construct a Schauder basis for L,(R)
consisting of non-negative functions. The following remaining cases are still open.

Problem 1 Letl < p < oowith p # 2. Does L ,(R) have a Schauder basis consisting
of non-negative functions?

In Theorem 2, we showed that L,(R) contains a basic sequence ( fn)floz] of
non-negative functions such that L,(R) embeds into the closed span of (f;)o2,.
Furthermore, the proof gives that for all ¢ > 0, (f,,);2; can be chosen to be (2 + ¢)-

basic.

Problem2 Let 1 < p < oo with p # 2. For all ¢ > 0, does L,(R) contain a
(1 + &)-basic sequence (f;)o2; of non-negative functions such that L ,(IR) embeds
into the closed span of (f,,)>,? What is the infimum of the set of all basis constants

of non-negative bases in L1 (R)?

The questions about non-negative bases in L, (IR) that are considered here and in
[21] naturally extend to general Banach lattices. We say that a Schauder basis (xn);';]
of a Banach lattice is positive if x,, > 0 for all n € N. We say that a Schauder basis
(xn)52 , has positive biorthogonal functionals if the biothorgonal functionals (x)7°
satisfy x; > O for all n € N. In the case of L,(u) or C([0, 1]), Schauder bases of
non-negative functions correspond exactly with Schauder bases of positive vectors.
The unit vector basis for £, is a positive Schauder basis for all 1 < p < 00, and the
Faber-Schauder system in C ([0, 1]) is a Schauder basis of non-negative functions [4].

The existence of positive bases in L1 has the following application to the general

theory of Banach lattices:

Proposition 1 Every separable Banach lattice embeds lattice isometrically into a
Banach lattice with a positive Schauder basis.

Proof It was shown in [10] that every separable Banach lattice embeds lattice iso-
metrically into C(A, L), where A denotes the Cantor set and C(A, L) denotes the
Banach space of continuous functions from A to L. Hence, it suffices to show that
C(A, L) has a positive Schauder basis.

By [9], L1 has a basis (f;) of positive vectors, and by the proof of [22, Proposition
2.5.1], C(A) has a basis (d;) of positive vectors. For each i, j € N, define d; ® f; €
C(A, Ly)via(d; ® fj)(t) =d;(t) fj forallt € A. Clearly,d; ® fj > 0in C(A, Ly).

Now note that C(A, Ly) is lattice isometric to C(A) ®, L1, the injective tensor
product of C(A) and L. We order the collection (d; ® f});, jen into the sequence
(203, by z1 = di ® f1 and for k > 1 we let

di ® fri1 fork =n®>+iwherei,neN and 1<i<n+]1,
Z =
dpy1 ® fuy1—i fork=n’>4+n+1+iwherei,neN and 1<i<n.

Then [23, Theorem 18.1 and Corollary 18.3] guarantee that (zk),fozl is a Schauder
basis. O
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We have given several examples of Banach lattices with positive bases (L(R),
Lr(R), C([0, 11), £, C(A, Ly), etc.) By duality it is easy to see that L>(IR) has a
basis with positive biorthogonal functionals, and using [23, Proposition 10.1, p. 321]
one sees that if K is compact, Hausdorff and C (K) is infinite-dimensional then C(K)
cannot have a basis with positive biorthogonal functionals. Obviously, the spaces £
have a basis with positive biorthogonal functionals whenever 1 < p < oco. A general
question to pose is:

Problem 3 Give further examples of Banach lattices possessing positive bases and/or
bases with positive biorthogonal functionals. Of particular interest are Banach lattices
possessing bases but lacking positive bases.

There are other weaker forms of coordinate systems for which one can impose pos-
itivity conditions. For example, we refer the reader to [24, Remark 7.13] for questions
regarding the structure of Banach lattices possessing FDDs with positivity properties
on their associated projections. Recall that a Markushevich basis of a Banach space
X is a biorthogonal system (x,, x;;);2 ; such that the closed span of (x,);2 | is X and
the collection of functionals (x,’f);’lozl separates the points of X. Obviously, when X is
a Banach lattice one can put positivity conditions on x,, and x,’, and in [21] it is shown
that for all 1 < p < 00, L,(R) has a Markushevich basis consisting of non-negative
functions. This leaves another general question:

Problem 4 Which separable Banach lattices have Markushevich bases consisting of
positive vectors? Which separable Banach lattices have Markushevich bases consisting
of positive functionals?

Suppose that X is a Banach lattice with a Schauder frame (x;, f| ,')?‘;1 . By splitting
up each vector into its positive and negative parts, we obtain that the sequence of pairs
(x1+, S, &, =1, (x;, f2), (x5, = f2), ... 1is a Schauder frame of X consisting of
positive vectors. Thus, every Banach lattice with a Schauder frame has a Schauder
frame with positive vectors. Similarly, every Banach lattice with a Schauder frame has
a Schauder frame with positive functionals. On the other hand, in [21] it is proven for
all 1 < p < oo that L,(R) does not have an unconditional Schauder frame consisting
of positive vectors.

Problem 5 Which separable Banach lattices have an unconditional Schauder frame
with positive vectors? Which separable Banach lattices have an unconditional
Schauder frame with positive functionals?
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