Noname manuscript No.
(will be inserted by the editor)

A Weak Grothendieck Compactness Principle for Banach
spaces with a Symmetric Basis

P.N. Dowling - D. Freeman -
C.J. Lennard - E. Odell - B.
Randrianantoanina - B.Turett

the date of receipt and acceptance should be inserted later

Abstract The Grothendieck compactness principle states that every norm
compact subset of a Banach space is contained in the closed convex hull of a
norm null sequence. In [1], an analogue of the Grothendieck compactness prin-
ciple for the weak topology was used to characterize Banach spaces with the
Schur property. Using a different analogue of the Grothendieck compactness
principle for the weak topology, a characterization of the Banach spaces with
a symmetric basis that are not isomorphic to ¢! and do not contain a subspace
isomorphic to ¢ is given. As a corollary, it is shown that, in the Lorentz space
d(w, 1), every weakly compact set is contained in the closed convex hull of the
rearrangement invariant hull of a norm null sequence.

The research of D. Freeman and E. Odell was partially supported by the National Science
Foundation

P.N. Dowling

Department of Mathematics, Miami University, Oxford, OH 45056,
Tel.: +513-529-5831, Fax: +513-529-1493

E-mail: dowlinpn@muohio.edu

D. Freeman
Department of Mathematics, The University of Texas at Austin, Austin, TX 78712,
E-mail: freeman@math.utexas.edu

C.J. Lennard
Department of Mathematics, University of Pittsburgh, Pittsburgh, PA 15260,
E-mail: lennard@pitt.edu

E. Odell
Department of Mathematics, The University of Texas at Austin, Austin, TX 78712,
E-mail: odell@math.utexas.edu

B. Randrianantoanina
Department of Mathematics, Miami University, Oxford, OH 45056,
E-mail: randrib@muohio.edu

B. Turett
Department of Mathematics, Oakland University, Rochester, MI 48309,
E-mail: turett@oakland.edu



2 P.N. Dowling et al.

Keywords weak compactness - symmetric basis

Mathematics Subject Classification (2000) 46B20 - 46B50

1 Introduction

The Grothendieck compactness principle states that every norm compact sub-
set of a Banach space is contained in the closed convex hull of a norm null
sequence [3, p. 112]. In [1], an analogue of the Grothendieck compactness prin-
ciple for the weak topology was used to characterize Banach spaces with the
Schur property. To be specific, it was shown that a Banach space X has the
Schur property if and only if every weakly compact subset of X is contained
in the closed convex hull of a weakly null sequence.

In this article, another variant of the Grothendieck compactness principle
for the weak topology is considered in Banach spaces with a symmetric basis.
The weak Grothendieck compactness principle considered here involves rear-
rangement invariant hulls as well as convex hulls and is used to characterize
the Banach spaces with a symmetric basis that are not isomorphic to ¢! and
do not contain a subspace isomorphic to c¢g. Subsets of such Banach spaces
X are relatively weakly compact if and only they are contained in the closed
convex hull of the rearrangement invariant hull of a weakly null sequence in
X. Moreover, in the Lorentz sequence space d(w, 1), every weakly compact set
is contained in the closed convex hull of the rearrangement invariant hull of a
norm null sequence.

2 The main results

Before proving the main result, let us recall a few definitions and fix some
notation. If x = (a,,) is an element of ¢y, let 2* = (a}) denote its nonincreasing
rearrangement; i.e., (a%) is an enumeration of the nonzero terms of (|a,|) such
that a] > a3 > --- followed by infinitely many zeros if necessary. If S is a
subset of ¢q, the rearrangement invariant hull of S is

ri(S) = {y € ¢p : y* = a™ for some x € S}.

A set S is rearrangement invariant if ri(S) = S. A Banach space X with a
1-symmetric basis is rearrangement invariant and ||z*|| = ||z||, for all z € X. If
S is a weakly closed subset of a Banach space with a 1-symmetric basis, it does
not necessarily follow that ri(S) is weakly closed. For example, if {e, }nen is
the canonical unit vector basis in £2 and S = {e;}, then ri(S) = {e,, : n € N},
a set which is not weakly closed in ¢2. With this motivation, if S is a subset of
a Banach space with a 1-symmetric basis, ri(S) will denote the weak closure
of ri(S). Finally, the notation will follow the notation in [1]. In particular, if
{ei}§2, is a Schauder basis and n < m, Py, ) denotes the projection defined

by Py (3o aiei) = S "1 aie;, and, for a subset J of N, P; is defined

i=n

similarly. As usual, P, will denote the projection Py .
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The proof of the main result uses the following fact:

Lemma 1 If S is a subset of a Banach space with a symmetric basis, then
rico(S) C cori(S).

Since the proof of Lemma 1 is somewhat technical and the results may be of
independent interest, the proof of Lemma 1 is postponed until after Theorem
2.

Theorem 1 Let X be a Banach space with a symmetric basis. The space X
is not isomorphic to £* and does not contain a subspace isomorphic to cq if
and only if the following are equivalent for all subsets K C X:

1. K is relatively weakly compact.
2. There exists a weakly null sequence (X )nen in X such that

K Cri{x, :n €N} .

3. There exists a weakly null sequence (Xp)nen in X such that
K Crico{x, :n € N} .

4. There exists a weakly null sequence (Xp,)nen in X such that
K Ceori{x, :n € N} .

Proof Let {e;}52, denote the symmetric basis of X. Since a Banach space
with a symmetric basis {e;} can be endowed with an equivalent norm such
that {e;} is a 1-symmetric basis with respect to the new norm, there is no loss
of generality in assuming that (e;)$2; is normalized and 1-symmetric. If X is
isomorphic to ¢! then the set K = ri{e;} = {#e, : n € N} is not relatively
weakly compact and yet it is contained in the weak closure of the rearrange-
ment invariant hull of the weakly null sequence (x,), = (e1,0,0,0,...). Thus,
statement (2) is true but statement (1) is false. Consequently, the four prop-
erties are not equivalent for all K C X if X is isomorphic to ¢'. We now show
that the condition that X not contain a subspace isomorphic to ¢y is neces-
sary for all four properties to be equivalent for all K C X. In particular, we
will show that if X contains a subspace isomorphic to cg, then there exists a
K C X such that (2) is true, but (1) is false.

We assume that X contains a subspace isomorphic to ¢y, which implies,
due to ¢y not being distortable [5], that there exists a normalized block basis
(u;)$2, of (e;)$2, which satisfies,

o0
 nax la;| < || zalulﬂ < 21222; |a| for all (a;) € co. (%)
i=

For all n € N, we define the right shift operator R,, : X — X by R, (z) =
Yooy €f(x)eiprn. Inother words, if z = (a1, ag,---) then R, (z) = (0,...,0,a1, a, - - ).
——

%

n
As (u;)$2, is a block basis of (e;)$2,, we may choose a subsequence (k;)$2; such
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that (Ry, (31—, ui))22 is a block basis of (;)52,. We let z,, = Ry, (3 wi)
for all n € N. By (), we have that ||z,|| < 2 for all n € N. We define
K = Uj<peoo{ g ui}. Since K consists of a sequence which is equivalent
to the summing basis for ¢y, K is not relatively weakly compact. However,
K Cri{x, : n € N}. We thus just need to show that (x,,)%; is weakly null.
We assume that (z,,)22; is not weakly null, and hence has a subsequence
(7p, )22, which is equivalent to the unit vector basis for ¢!.

Let e > 0 and let € X be such that (Ry, x);2, is a block basis of (e;)$2;.
As X is not isomorphic to £* and (e;)52, is symmetric, (R, ®)22, is not equiv-
alent to the unit vector basis for ¢!, and is hence weakly null. Thus there exists
(A\)M, < (0,1] such that Ef\il Ai =1 and || Zf\il AiRy, z|| < e. Let Cy be
the group of M cyclic permutations of the set {1, 2, --- ,M}. As (e;)$2, is 1-
symmetric and (R, #)72; is a block basis of elements with the same distribu-
tion, we have that || Zf\il Ar(iy R, zl| = || Zf\il AiRy, x| <eforall m € Cy.

By averaging over all cyclic permutations, we obtain that || Zf\il ﬁRkpr =

M M
H% ZﬂecM Zi:l /\w(i)Rkpix” < ﬁ ZwecM [ Z¢:1 Aw(i)Rkpix” < e. We may
thus choose a strictly increasing sequence (¢;)72; of positive integers with

q1 = 1 such that || q7L+117q7L e Ri, (320 )| < 277 for all n > 2. We
set y1 = xp, and y,, = qn+117qn gi;irﬂ xp, for all n > 2, then set z; = 0 and
Zn = qn+117qn 3;;;“ Ry, (Z?q:"l u;) for all n > 2. We have that (y;)32, is a

block sequence of convex combinations of (xp,)52; and is hence equivalent to
the unit vector basis of 1. Thus if ¢ > 0 is sufficiently small, then (y; — 2;)%2,
is equivalent to the unit vector basis for ¢! as ||z;|| < 27 "¢ for all n € N. How-
ever, this is a contradiction as (y; — 2;);2, is 1-equivalent to a seminormalized
block basis of (u;)$2, and is hence equivalent to the unit vector basis for ¢g.
We now show that the conditions that X is not isomorphic to ¢! and
X contains no subspace isomorphic to ¢y are sufficient for all four proper-
ties to be equivalent for all K C X. Assume (1) holds and, without loss
of generality, assume that K is nonempty and weakly compact. Let (e,) be
a l-symmetric basis of X. Since X is separable, we can choose a countable
dense subset {2z, = (2n,1, Zn,2, ) }nen of K. For n € N, define x,, € X by
xp = (0,...,0,2,1, Zn,2, - -). Then x} = z}; the sequence (x,) converges to
——

n

0 coordinatewise; and 1i(K) = ri{x, : n € N}.

For the sake of contradiction, assume that (x,) does not converge weakly to
0. Then, as in the proof of Lemma 1.c.11 in [8], there exists a subsequence (x,,,)
of (x,) such that (x,,) is equivalent to a block basis of (e, ) and is equivalent to
the unit vector basis of £!. Since K is weakly compact, by taking a subsequence
if necessary, there is no loss in generality in assuming that the sequence (zy;)
in K corresponding to (x,;) converges weakly to z = (21, 22,---) in K. Let
h; =z,, —z = (hj1,hj2,---), and define

Cj :(0,...,0,21, 22,"') and 77j :(0,...,0,h]”1, hj’27"').
N—— N——

gy j
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Then x,,; = (; 4+ 1; and, since (x,,) is equivalent to the usual vector basis of
(', Rosenthal’s ¢! Theorem implies that either (¢;) or (n;) is equivalent to the
usual vector basis of ¢!,

Assume that (n;) is equivalent to the unit vector basis of ¢. Since (h;)

converges weakly to 0, there exists a perturbation (Hj) of (h;) which is equiva-
lent to (h;), converges weakly to 0, and, by taking a subsequence if necessary,
has disjoint supports. By taking yet another subsequence if necessary, we can
assume that the corresponding translations (7;) of (h;) also have disjoint sup-
ports and (7;) is equivalent to (n;). Therefore (7;) is equivalent to the unit
vector basis of £1. Since the basis (e,,) is 1-symmetric, there exists C > 0 such

that
o0 . o0 o0
> ajhy| = > am| > C Y eyl
j=1 j=1 j=1

Therefore (l~1j) is equivalent to the unit vector basis of ¢!, contradicting that

(h;) converges weakly to 0. Consequently, ({;) must be equivalent to the unit
vector basis of /1.

Choose 0 < K < 1o that || 372 ay¢ill > K 3% |y for (o) € €. Since
z € X, there exists N € N such that || Py11,00)(2)|| < & Define

Q}Z(O,...,O,Zl,“-,ZN,O,O,'-') and C;‘/:<O7--~707ZN+17"'7ZN+27"')-
N—— ——
nj n;+N

By the triangle inequality, it is easy to check that || Y272, a; ¢l > 5 3772, |ayl.
Therefore (¢ J’) is equivalent to the usual vector basis for #'. By taking a subse-
quence if necessary, we can assume that the C; are disjointly supported. Then,
using the 1-symmetry of (e,),

K o0
EZWH
j=1

IN

oo

!
> g
=1

IN

oo N
E a; E Z; enjﬂ
j=1 =1

N o]
= E Zi E OZjeanri
i=1 j=1

o0
< Nlizlloo | Y aje;
j=1
Therefore || 3272, aje;|| > W > 7=y lej]. But this implies that X is iso-
morphic to ¢, a contradiction that finishes the proof of (1) implies (2).
The implication (2) implies (3) is clear, and the implication (3) implies (4)
follows immediately from Lemma 1.
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Assume that (4) holds and, without loss of generality, that (e,) is a nor-
malized 1-symmetric basis for X. To see that (4) implies (1), it suffices to
prove that ri(x,) is relatively weakly compact. If not, there exists a subse-
quence (X,,) of (x,) and a sequence (X,,) such that x;; = x}, and (X,,) has
no weakly convergent subsequence. Without loss of generality, assume that
(Xn;) converges coordinatewise to x. Suppose that X,, = >°°2, Eiej and x
is the formal sum Z;‘;l &iej. Fix k € N and choose iy large enough so that

S - E;O)ejH < 1. With M = sup,, ||x,]|, it follows that

k k k
D Gel| < DG — 0| +1D o6 es|| < 1HIPeRn I < 1%, | < 14M.
=1 =1

= =1

Since X contains no subspace isomorphic to ¢g, the basis (e,) is boundedly
complete. Therefore x € X.

For i € N, define h; = X,, — x. Since no subsequence of (h;) converges
weakly to 0, there exists § > 0 such that ||h;|| > & for each i € N. A small
perturbation of (h;) yields a sequence (h}) in X such that (h}) is a block
basic sequence of (e,), (h;) has no subsequence converging weakly to 0, and
|Ih}]| > d for each i € N. As before, by passing to a subsequence if necessary,
there is no loss of generality in assuming that (h}) and (h;) are equivalent to

the usual vector basis for ¢1.
Since x € X, there exists k; € N such that HP[k:lJrl,oo)(X)H < ﬁ. By
tossing out finitely many terms of (X,,) if necessary, there is no loss of gen-

erality in assuming that HP[l’kl](INll)H < #. Then choose ¢; > k; such that

Hp[élJrl,oo)(ﬂl)H < % and define h1 = P[k1+1)gl](l~l1) = E?:kﬂrl (gjl — 5]) €j.

Let Ay = {i € [1,k]: € #0}; By ={i€[ky+1,01]: £ #0}; and, for i € N,
denote x,, = Z‘;‘;l ﬁ;'-ej. There exists a one-to-one map m : A1 UB; — N

such that ¢! = f}r(i). Let y; = Z;‘;l vje; where

g;—l lfj:ﬂ'l(l), iEAl
vl =S¢ ¢ ifj=m(i), i€ B
0 otherwise.

The element y; is defined using some of the coordinates of X,,, (and xy,) and
the coordinates of Pg, (hy). If i € [ky + 1,¢1]\ By, & — & = —& and, since
HP[kﬁLfl](X)H < #7

~ ~ 26 ) )
[Bs = 2oy ) < [ = | + s = PostB)l < 55 + 57 =
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Note also that
%0, = Y1l < 1Pty +1,00) X)) + [Py 41,0, (%) ]

<Py +1,00) )+ 1Prey41,00) () [| + (| Py 1,0 (%)
1)
<3

Let #; = maxm (A U By) and define p; = min{|¢j] : §f # 0 and 1 <
j < k1}. Then & > 0. Similar to the above, there exists ky > f; such that
||P[k2+17oo)(x)|| T 23 Again, by tossing out finitely many terms of (X,,) if
necessary, since (x,) converges weakly to 0, there exists no > ng such that

1Pl ()| < 5375 1P (6na) oo < 255, and || o (o) < 557 Then
choose #5 > ko such that HP[@H,OO)(EQ)H < W Define hy = P[kz_;’_l)gz](hg) =
D (@2 fgj) ej. Let Ay = {i € [1,ks] : €2 # 0} and By = {i € [ks +
}Jég] : §2 # 0}. There exists a one-to-one map 72 : Ay U Bo — N such that
£ = m(z) Let yo = ZJ lvjzej where

&2 if j =mo(i), i € Ay
vi=RE ¢ ifj=m(i), i€ By
0 otherwise.

Similar to before,
~ ) )
th — PBz(hQ)H < 2*3 and ||Xn2 —yzll < 2*3

Note that, since H'P[lvﬁ'l](an)Hoo < &, the support of y; is disjoint from the
support of y;.

Continuing the above argument, we get a subsequence (x,,) (of the originally-
denoted (x,,)) and sequences (h;) and (y;) such that

iz

and, if ¢ # j, the supports of y; and y; are disjoint.

PBi(hi)

and [, — il <

< it 9i+1

Since (h;) is equivalent to the usual vector basis of ¢!, this implies, by
taking a subsequence if necessary, that (Pg, (h;)) is an ¢!-basis. Note also that
(yi) is a bounded sequence in X and, since the basis (e,) is 1-symmetric, there
exists C' > 0 such that

(o)
> aiyi|| > Zaz i (B:) (Vi) > Cz |ai] -
=1

Thus (y;) is equivalent to the usual vector basis of £* and, by perturbation, we
can assume, by taking a subsequence if necessary, that (x,,) is equivalent to
the usual vector basis of ¢'. But this contradicts that (z,,) converges weakly
to 0 and completes the proof.
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In Theorem 1, the implications (1) = (2) = (3) = (4) hold even if X
contains a subspace isomorphic to ¢y. However, if X has a subspace isomorphic
to ¢, condition (4) does not imply condition (1). To see this, choose a countable
dense subset {z,, : n € N} of B,, and define x,, as in the proof of Theorem 1.
Since ri{x,, : n € N} = B,,, the sequence (x,)nen is a weakly null sequence in
co with B, = cori{x, : n € N}, but B,, is not relatively weakly compact.

Examples of spaces with 1-symmetric bases for which the four conditions of
Theorem 4 are equivalent are all the rearrangement invariant Kothe sequence
spaces that are perfect, minimal and not equal to ¢!. (For further information
about Ko6the sequence spaces, see [9, §1.b and §2.a], [6, §30], and [2]. Note
that, in [2], K6the sequence spaces are assumed to be perfect.)

In the setting of Lorentz sequence spaces, Theorem 1 can be expanded.
Recall that, if (w,) is a nonincreasing sequence of positive numbers with
(wp) € co \ £, the Lorentz sequence space d(w,1) (sometimes denoted £, 1)
consists of all sequences x = (ay,) of scalars for which ||x|| = Y07 | afw, < oco.
The set d(w, 1) endowed with the norm || - || is a Banach space. (For more in-
formation about Lorentz spaces, see [8,9].)

Theorem 2 Let K be a subset of d(w, 1), where w € co\l*. The following are
equivalent:

1. K is relatively weakly compact.
2. There exists a norm null sequence (Xp)nen @n d(w,1) such that

K Crico{x, : n € N}.

3. There exists a norm null sequence (Xp)nen @ d(w,1) such that
K Ccori{x, : n € N}.

4. There exists a weakly null sequence (X, )nen in d(w, 1) such that
K Ceori{x, :n € N}.

5. There exists a weakly null sequence (Xn)nen in d(w, 1) such that
K Crico{x, : n € N}.

Proof Let K be a relatively weakly compact set in d(w,1). Assume, for the
sake of contradiction, that the set K* %' {x* : x € K} is not relatively
compact. Then there exists a sequence (x,,) in K such that (x}) has no con-
vergent subsequence. By passing to a subsequence if necessary, assume that
(x}) converges coordinatewise to x. Since the unit vector basis (e, ) of d(w, 1)
is boundedly complete, x € X. Define I~1n = x;, —x for n € N. By perturbation
of (hy,), there exists a seminormalized block basis (h,,) of (e,) equivalent to
(fln) and, since x}, and x are nonincreasing sequences, it is easy to ensure that
lim, ||hy|lcc = 0. Proposition 4.e.3 in [8, p. 177] gives a subsequence (h,,)
of (h,) that is equivalent to the usual vector basis of ¢!. Consequently, the

sequence (h,,,) can be assumed to be equivalent to the usual vector basis of

i
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¢'. The weak compactness of K and the proof of (4) implies (1) in Theorem
1 combine to give a subsequence of (x,,;) that is both equivalent to the usual
vector basis of ¢! and is weakly convergent, a contradiction proving that K*
is relatively compact. Then, by Grothendieck’s compactness principle, there
exists a norm null sequence (y,) in d(w, 1) such that K* C ¢o{y, : n € N}.
Since K C 1i(K*) C rico{y, : n € N}, the implication (1) implies (2) is
proven.

The remaining implications are either immediate or follow from Lemma 1
and Theorem 1.

It should be noted that the proofs of Theorem 1 and Theorem 2 could
be shortened using Theorem 14 and Theorem 16 in [2]. However, the proofs
provided above are more self-contained.

3 The proof of Lemma 1

We now return to the proof of Lemma 1. Recall that a subset T of ¢ is called
rearrangement invariant if z € T whenever z € ¢y and z* = x* for some x € T'.
For sequences x,y € cq, x is weakly majorized by y (or = is dominated by y) if,

for all n € N,
dow <Yy (%)
j=1 j=1

In this case, we write © << y. (See, for example, [4, page 166], [9, page 123],
or [11, page 185].)

Considering a Banach space with a Schauder basis as a sequence space, a
Banach space with a 1-symmetric basis has the domination property [11]: If X
is a Banach space with a 1-symmetric basis, for all y € X and all x € ¢y with
x << y, it follows that z € X and ||z|| < ||y||. Indeed, if z << y for y € X and
T € co, assume that ||z[|; = oo. (If [|z([1 < oo, the result is easy.) Let € > 0 be
given and choose m € N so that ||(I — Py,)(y*)|| < e. Then choose a natural
number k£ > m such that | Py (z*)|| > || Pn(y*)|l. By (%) and the choice of k, it
follows that, if & < ¢,

‘ k m ’
o * * i - *
PR SUEDIED MRS TED DR
j=k+1 j=1 j=1 j=1 j=1 j=m+1

This shows that P, ¢(2*) << P, (y*) and, by Remark 1 in [9, page 124], it
follows that

1Pk, (2 < 1P,y (W) < 1T = P)(y7)]| <&

Therefore the sequence (P, (z*)) converges to * in X and, since the basis for
X is l-symmetric, € X. It is then easy to check that ||z|| < ||y||. Therefore
a Banach space with a 1-symmetric basis has the domination property. (This
result also follows from Theorem 3.2 in [10].)
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In what follows we will sometimes identify vectors © = (z1,...,z,) € R
with
(1,...,Tn,0,...,0,...) €Ecoo. f n € N)N,, :={1,...,n}, and y € R", define
the set

Sym,, (y) = {(&j Y(j))j=1 € R"|7: N, — N, is a bijection and e € {—1, 1}he1,

Note that Sym,,(y) = ri{y} for all y € R™. A connection between weak ma-
jorization of elements in R™ and rearrangement invariant hulls is given by the
Theorem 1.2 in [10].

Theorem 3 (Markus) Let n € N and z,y € R™. The following are equiva-
lent:

1. x <<y.
2. x € co Sym,,(y).

Define the weakly majorized rearrangement invariant hull of a set S in a
Banach space X with a symmetric basis to be

Tiym (S) = {y € ¢o : y << x for some z € co(S*)}
where S* = {z* : z € S}.

Lemma 2 Let S be a subset of a Banach space X with a symmetric basis.
Then riym(S) is a convez, rearrangement invariant subset of X containing S.

Proof Without loss of generality, assume that X is a Banach space with a 1-
symmetric basis. Since Banach spaces with a 1-symmetric basis have the dom-
ination property, riym(S) is contained in X. It is easy to check that riym(S)
is a rearrangement invariant set containing S. To show that the set riym(S)
is convex, let ¥,z € rigm(S); let 0 < ¢t < 1; and let w = (1 — t)y + tz. By
hypothesis, there exists x, ¢ € co(S*) such that for all n € N|

n n n n
D PRI SETD o' S
j=1 j=1 j=1 j=1

Set p = (1 — t)x + tg € co(S*) and note that 2* = z, ¢* = ¢, and p* = p. It is
straightforward to check that, for all u € ¢y and all n € N,

n

n
*
g uj; = max g i, | -
11 <2< <l <
Jj=1

j=1
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Consequently, for all u,v € ¢g, (u+v)* << u* + v*. Therefore, for all n € N,

n

Zw => (-t +tz);

Jj=1

(1-1¢) Zy]+t22
Jj=1 Jj=1
1=t i+t q
= =
=3 (-0 +ta)
j=1
j=1
=27
j=1

Therefore w << p. This proves that w € riym(S) and riwmn (S) is convex.

The next result establishes the relationship between the various rearrange-
ment invariant hulls.

Lemma 3 Let X be a Banach space with a symmetric basis. If S is a subset
of X, then

cori(S) = co ri(S) = riwm(S) .

Proof Without loss of generality, assume that X has a 1-symmetric basis. The
first equality is easy: @0 ri(S) C coriS C co (o (ri S)) =cori S.

Since, by Lemma 2, riy,(S) is a convex, rearrangement invariant set con-
taining S, it follows that cori(S) C riwm(S). Therefore €6 1i(S) C riym(9).

It remains to show that Tiym,(S) C o 1i(S). Fix y € riym(S).

Case 1: Assume that y* = y. By hypothesis y << z for some z € co(S*) and
note that * = z. Then, for all n € N,

n n
dDoui<y .
j=1 j=1

If n € N is fixed, the above shows that P,y << P,z. By Markus’ theo-
rem, P,y € co Sym, (P,x). Thus, there exist finite sequences (g[g")

Sym,,(P,x) and (t(ﬁn)) in [0,1] such that > 5 p " =1 and

5’ =
Py= >
nY B
BEF,

),Ban n

BEFn
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(n)

We now define the finite sequence (") ser, nri{z} by
R = ( (n) ) o x Topts ) forall g€ F
B g[ﬁp”wgﬁmy n+1ls4n42,bn43,- .- n .

We claim that each h(ﬁn) € cori(S). Indeed, since x € co(S*), there exist
21y...,20 € S* C1i(S), and s1,...,s, € [0,1] summing to 1, such that x =
> r_1 Sk zk. Clearly, by the construction, for each n € N and for every 8 € F,,
hg%) = (n.p, xﬂnﬂ(j))jeN’ for some one-to-one and onto function p, 3 : N —
N, and some sequence (1, 3,;)jen With values in {—1,1}. From above,

14
xizg Sk 2k fori e N.
k=1

Fix n € N and then fix 8 € F,,. Clearly,

v

hg,lg)‘ = n,B.J Ton p(d) = Z Sk Mn,B,j %k.pn. s(j) TOr j € N.
k=1

If k € {1,...,v}, define 4" = (4" e € co by

n,k )
V55 =g 2hp () for i EN.

Then

v

hgt =3 skvg

k=1

and, since (wén’k))* = 2} = z, it follows that z/Jén’k) € ri(S) and h(ﬁn) €

co ri(S) for every n € N and § € F,.
Therefore we may define H™ € co ri(S) by

HO = 3" 4 ni
BEF
IfneNand Q, =1 — P,, then
H™ — Py =Quz
and
ly = H™ N < Ny = Payll + |1 Pay = H™|| = 1 Quyll + | Qua]| -

Since the sequences (||@,x|) and (||Q.y||) converge to 0, the sequence (H ™)
converges to y and y € ©o ri(S).

Case 2: Assume that y € rigym,(S) is arbitrary. Then y << x for some z €
coS*. So x* = x and, for all n € N,
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As in Case 1, for each n € N, there exists a finite sequence (h(ﬂ")) sep, D
co 1i(S) and H™ € co 1i(S) of the form

H™ = 3" 10 ply

BEF,

such that the sequence (H(™)) converges to y*

There exists a one-to-one mapping 7 : N — N such that y; = |Yx (5| for all
J € N. Thus, for each coordinate j € N, there exists ;) € {—1,1} such that
Yj = Ex(j) Yn(j)- For each n € N and j € N, define

Jj =ce i H Z tﬁ En(j)
BEF,

Then, for every n € N, J™ € co ri(S) and, by the rearrangement invariance
of the norm, the sequence (J(™) converges to y,. Let A := Range(r), which
is an infinite subset of N. Then, for all kK € N\ A,

Ykl < |yr(j)| =y; forallj €N.

Since y* € cg, it follows that y, = 0 for all k¥ € N\ A. Consider the inverse
mapping 0 = 7! : A — N. Fix n € N and then fix 8 € F),. Define <p()*
(@Ean;)c) € cg by

() _ )€k h(ﬁnz)r(k:) forall k€ A

7Bk 0 forall k € N\ A.

Note that, for all § € F),, apgl) € co 1i(S). Then, if ) € co 1i(S) is defined

by
(n) _ (n) ,(n)
o= > e
BEFy
the rearrangement invariance of the norm implies that ||y—®™ || = ||y, —J ™|

Since the sequence (J(™) converges to 3, (#(™) converges to y. Thus y €
@0 1i(S), completing the proof of the Lemma 3.

Lemma 4 Let U be a rearrangement invariant subset of a Banach space X
. . . —norm . . .
with a symmetric basis. Then U 18 rearrangement invariant.

Proof Without loss of generality, let X have a 1-symmetric basis. Let z € ¢
—=norm —=norm

be such that z* = w* for some w € U . We will show that z € U
There exists a sequence (z,)nen in U converging to w. Markus’ Inequahty
[10, Theorem 5.4] states that for all u,v € ¢g, u* — v* << u — v. So, by the
domination property of X, each w* — z} € X and

| < flw =]

[w — 7]

Therefore () converges to w* and, since U is rearrangement invariant, x;; €
FFnorm

U for each n € N. Therefore, z* = w* € U . (Note that, in [10], Markus’
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Inequality is stated for compact operators on 2. That it applies in our setting
is seen by considering diagonal operators.)

There exists a one-to-one mapping 7 : N — N such that z7 = |2z (j)|, for all
J € N. Thus, for each coordinate j € N, there exists ;) € {—1,1} such that

27 = Ex(j) Zx(j)- An argument similar to the argument in Case 2 of Lemma 3,

using the rearrangement invariance of the set U and the norm || - ||, implies
FFnor

that z € U .

Proof (Proof of Lemma 1. ) Let S C X and assume that X is a Banach
space with a l-symmetric basis. Clearly S C ri(S) and ©o(S) C co ri(S). By
Lemma 3, ©0(S) C Tiwm(S). Since iy, (S) is convex and rearrangement invari-
ant, Lemma 4 implies that riym, (S) is rearrangement invariant. Consequently,
11 ©0(S) C 1iym(S) and 1ico(S) C r1iym(S). A final application of Lemma 3
yields that rico(S) C cori(S), completing the proof of the lemma.

References

1. P. N. Dowling, D. Freeman, C. J. Lennard, E. Odell, B. Randrianantoanina, and
B. Turett, A weak Grothendieck compactness principle, J. Funct. Anal. (2012),
http://dx.doi.org/10.1016/j.jfa.2012.05.014

2. D. J. H. Garling, On symmetric sequence spaces, Proc. London Math. Soc. (3) 16
(1966), 85-106.

3. A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem. Amer.
Math. Soc.16 (1955).

4. R. A. Horn and C. R. Johnson, Topics in Matriz Algebra, Cambridge University Press,
1991.

5. R. C. James, Uniformly non-square Banach spaces, Ann. of Math. 80 (1964), 542-550.

6. G. Koéthe, Topological Vector Spaces I, Springer-Verlag New York, Inc., 1969.

7. G. Kothe, Die Teilrdume eines linearen Koordinatenraumes, Math. Ann. 114 (1937),
99-125.

8. J. Lindenstrauss and L. Tzafriri , Classical Banach Spaces I: Sequence Spaces,
Ergebnisse der Mathematik und ihrer Grenzgebiete, Vol. 92, Springer-Verlag Berlin-
Heidelberg-New York, Inc., 1977.

9. J. Lindenstrauss and L. Tzafriri , Classical Banach Spaces II: Function Spaces,
Ergebnisse der Mathematik und ihrer Grenzgebiete, Vol. 97, Springer-Verlag Berlin-
Heidelberg-New York, Inc., 1979.

10. A.S. Markus, The eigen- and singular values of the sum and product of linear operators,
Russian Math. Surveys 19 (1964), 91-120.

11. A. Pietsch, Operator Ideals, North-Holland, 1980.



